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L(x, u)dt + Ψ(x(T ))
_j�Zk/QEb

��§V¥¨�����V�~�
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d(x, u) ≤ 0
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H(x, u, λ) = λT f(x, u) −L(x, u),
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ż = F̂(z, y)
x̂ = Φ(z, y)
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z(t0) = Ψ(x(t0))
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z(t) = Ψ(x(t)), ∀t ≥ t0.
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ż =
∂Ψ

∂x
ẋ =

∂Ψ

∂x
F(x, u).
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F(x, u) = F̂(Ψ(x), h(x, u)),
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ẇ = f(t, w), t ∈ R
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f(t, w)
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ẇ = ż − ∂Ψ

∂x
ẋ = F̂(z, y)− ∂Ψ

∂x
F(x, u) , f(t, w).
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ẋ = F(x, u),
y = h(x),
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{
˙̃x = Ax̃ − g(y, u),
ỹ = Cx̃,
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ż = Az − g(y, u) + L(ỹ − Cz)
x̂ = T−1
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(z − x̃) = ż − ˙̃x = Az − g(y, u) + L(ỹ − Cz) − Ax̃ + g(y, u) = (A − LC)(z − x̃).
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{
˙̃x = Ax̃ − g(y, u)
y = h(T−1(x̃))
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{
ż = Az − g(y, u)
ˆ̃x = I(z),
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(z − x̃) = A(z − x̃).
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˙̂x = F(x̂, u) + L(x̂)
[
g(y, u) − g(h(x̂), u)
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ẋ1 = −x1 + ux3
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ẋ2 = x2 + x2
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y = x1
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x1 = [x11 x12]
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x2 = [x21 x22]
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y0(x1, t) ≡ y0(x2, t), ∀t ≥ 0.
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ẏ0(x1, t) ≡ ẏ0(x2, t) ∀t ≥ 0
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ẋ1 = u
ẋ2 = x1 + x2
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ẋ3 = −x3 + x2

y = x2
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˙̂x1 = u + α(y − x̂2)
˙̂x2 = x̂1 + y2 + β(y − x̂2)
˙̂x3 = −x̂3 + y,
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Find a maximal convex cover

Assign and order the convex sets using Tabu Search

Find the paths by solving Shortest Path Problems
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Find distances and UGV movements
between the connectivity−primitives

Find a maximal convex cover

Solve the associated TSP

Create connectivity−primitives
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S = {s1, s2, ..., sp}

dij i, j ∈ {1, 2, ..., p}

F (S), P

ª EG��K�S
Wq« ~ � tve�JpO�W�ADCrN
EGJdIr^`W�S
^�EGW�PôI�H�N
O�W�M�K����`WZMyN�WZ[xC�UG��I`S�EXN�O�A H�I�SsM�I�UG^�EGF��]\Ra�e3h ~

® O�W�zwS
MyNsMyK�i�|�S�I`i�UGW�AkEoMRN�O�W�M
C�ABWqC�MREGF � UG��I�S
EXN�O�A �V~X} n(z�F�[3EGF���C�ADCr�3EGABC�U*JLI�F(^`WL�]JLIr^`W�S n
C�F�[xEGM6M�I�UG^�W []i(_ � UX�`I�S
E,N
O�A �V~ ��~

� F�N�O�WsMyW JLI�Fw[VM�K�i�|�S
I�i�UGW�A$n�C�M�WLNvI�H�JLI`F�F�WZJLN�EG^(E,N<_�gl|�S�EGABE,N
EX^`WZMZn S = {s1, s2, ..., sp} n�EGMvJ�S�W CrN
WZ[EGFDMyKwJpO�C�P&C{_�N�O�C�NvN�O�W6WZF�N�EGS�W6C�S
WZC�EoMvJLIr^�WZS�W [*n3é
½�� ½Gn�N
O�W�S
W&EGMYC�NvUXW C�MyN�I`F�W6JLI`F�F�WZJLN�EG^(E,N<_�gl|�S�EGABE,N
EX^`W
F�I([�W�EXF°WZ^�WZS�_"MyW�N�I�H&N�O�W�JLIr^�WZSZn C

~$� M�P6EGUXUQiwW]WL�3|�UoC�EGF�WZ["EGF°hYS�I`|wI�MyEXN�EGI�F°« ~ Ä n�E,NVEoMqO�C�S
[³N
I
zwF�[]C�J�I�F�F�WZJ�N
EX^(EXN<_�g±|�S
EGA�EXN�EG^�W6^(EoMyEXN�EGF���C�MyW�NQI�H��`EX^`WZMQMyW�N
M ~�® O(K�MQPQW9|�S�I`|wI�MyW&N
IVEXN�WZS
C�N�EG^�W�UG_�|�EGJpT
J�I�F�F�WZJ�N
WZ[$|:I`M�E,N
EXI`F�M6EGFxN�O�W�_`WLNsK�FwJLIr^�WZS�W []|wC�S�NsI�H A C�F�[xN
O�W�F²M�W�WqP6OwCrN9C�[�[3E,N
EXI`F�C�UuMyW�N
M&N
O�W�_
J�Ir^�WZS ~ ö WLN V ⊆ C i:W1N
O�WRM�WLN�I�H�J�I�F(^�W���M�WLNpM@N
O�CrN�O�C{^�WYi:W�WZFV^(EoMyEXN�W [qi(_�C9JLI�F�F�WZJLN�EG^�EXN<_�g±|�S�EGABE,N
EX^`W
C�UXS
WZC`[3_ ~ � FDI�Sp[3W�S�N
IqT�WZW�|�N�O�WsF(K�A�iwWZSYI�H*JLI`F�F�W J�N�EG^(E,N<_�gl|�S
EXABEXN�EG^�WZM�UGIrPqn�EXNYEGMY|�S�W�H�W�SpC�i�UGWRN�O�C�NYN�O�W



� � ���u  ?�¡£¢

F�WL�(N1JLI`F�F�WZJLN�EG^(E,N<_�gl|�S�EGABE,N
EX^`WQOwC�M�MyI`ABWRF�I([�WZM�EGFVN
O�WsMyW�N C \V
~ hYEoJpT�I�F�WRN
O�CrNYJ�C�F�i:W6JLI`F�F�WZJLN�W [

C�F�[$C�[�[�EXN6N�I�N�O�Wq|�S�EGABE,N
EX^`W ~Y® O�EoM&|�S
I(J�WZ[3K�S�W�EoM&S�WZ|wW CrN�W []K�F`N
EXU C \ V = ∅
P6O�EoJpO�ABW C�F�MRN
O�CrN

i(_�^�EoM�E,N
EXF���N
O�W�JLI`F�F�WZJLN�EG^(E,N<_�gl|�S�EGABE,N
EX^`WZMZn S = {s1, s2, ..., sp} n�N�O�WqWZF`N
EXS
WqC�S
WZC�EGM6M�K�S
^�WZ_�WZ[ ~� FÕI`S
[3WZSBN�I£[3W JLEo[3W¬EGFòP6O�EGJpOÕI�Sp[3WZSBN�I°^(EGM�EXNDN�O�W¬|�S
EGA�EXN�EG^�W M²j
M�K�i�|�S�I`i�UXWZA H�I`K�Spm�PRW¬F�W�W [
M�I�ABWxF�I�N
EXI`F£I�H�O�IrP H
C�SDC�|wC�S�NVN�O�W�_£C�S
W ~ � FæN�O�W�N�O�EGSp[æM�K�i�|�S
I�i�UGW�A÷PRW]zwF�[æM�K�JpO¶[�EGMyN
C�F�JLW M
dij

i(_"M�I�UG^(EXF��²C�F£C�M
MyEG��F�A�WZF�N�|�S�I`i�UGW�A·H�I�SVW C�JpO°|�C�EXSVI�H9JLI`F�F�W J�N�EG^(E,N<_�gl|�S
EXABEXN�EG^�WZM ~»º F�W]M�K�JpO
C`M�M�EG��F�ABW�F�N1EoM1[�W�|�EoJ�N
WZ[DEGF ª EX�`K�S�W�« ~¿�(~'¦ W9UGWLNYN
O�W�[3EoMyN
C�FwJLWsi:WsN
O�WsADCr�3EGABC�U�UGW�F���N�O�C�F�_Ba�bdcYM
F�W�WZ[VN�I�N�SpC{^�WZU�N
I���WLN�H�S
I�Añ|�S
EXABEXN�EG^�W i N�Id|�S
EXABEXN�EG^�W j

~�® O�W p(p−1)
2

C�M
MyEG��F�ABWZF`N�|�S
I�i�UGW�ADM�C�MuPQWZUXU
C`MQN�O�W�K�F�[�W�S
UX_(EGF���M�O�I`SyN
WZMyNR|�C�N�Ox|�S
I�i�UGW�AkJZC�F]i:WqMyI`UX^`WZ[]i�_D|:I�UG_(F�I�ABEoC�U:N�EGABWqC�UG��I�S
EXN�O�ADM�ì ��} î ~® O�WV[3EoM<NpC�F�J�WZMsi:WLN<PRW�WZF$N�O�W�JLI�F�F�WZJLN�EG^�EXN<_�g±|�S�EGABE,N
EX^`WZMZn�[3W�F�I�N�W [ dij

EGF ª EX�`K�S�W�« ~ � n�C�S
W�N�O�WZF
|wC�M
MyW [³[3IrP6F»N�IxN�O�W�H�I`K�S�N�O'C�F�[³UGC`M<NqM�K�i�|�S
I�i�UGW�A P6O�EGJpO"EoM9N
I¬[3WLN
W�S
A�EGF�W�N�O�WDI�Sp[3W�SdEXF"P6O�EoJpO
N
ID^(EGM�E,N6N
O�WVJ�I�F�F�W J�N
EX^(EXN<_`gl|�S
EXABEXN�EG^�W MRC`M&PQWZUXUuC�MRN�O�W�I�i3ê<W J�N
EX^`W�H�K�F�J�N
EXI`F@n F (S)

~ ® O�EGM9EGM&EGF$H
C�JLN9C® e3h²P6O�W�S
WYJLI`F�F�W J�N�EG^(E,N<_�gl|�S
EXABEXN�EG^�WZM�|�UGC{_6N
O�WYS
I�UGWvI�H3JLEXN�EGWZMuC�F�[ dij
N�O�W1JLI`S�S
WZM�|wI`F�[3EGF��6[3EoM<NpC�F�J�WZM ~® O�EGMsC�UGM�I�WL�3|�UoC�EGF�M&I�K�S6W C�S
UXEGW�S6J�I�F�J�W�S
F�N�IDT`W�WZ|]N
O�WqF(K�AVi:W�S6I�H�JLI`F�F�W J�N�EG^(E,N<_�gl|�S
EXABEXN�EG^�WZMRUGIrPôEGF

M�K�i�|�S�I`i�UXWZA N<PQI ~ cYC�S�EGI�K�MVO�W�K�S�EoM<N
EGJ�MyI`UXK�N�EGI�F£ABWLN
O�I3[�M�WL�3EoM<N�H�I�SBMyI`UX^(EGF�� ® e(h1Mxì � ��î ~ � FæI�K�S
|wC�S�N�EoJLK�UoC�SVJZC�M�W�n�C»e(EGAVK�UoCrN
WZ[ � F�F�WZC�UXEGF��²C�UG��I`S�EXN�O�A O�C`MqiwWZW�F£C`[3I�|3N
WZ[Õì �rÄ î ~$® O�EoM�C�UG��I`S�EXN�O�A
�`W�F�WZS
C�N�W MsCBH�WZC`MyEGi�UGWVM�I�UGK3N�EGI�F$N
I�N�O�W�\Ra�e(h C�F�[xN
O�W�C�UX�`I�S
E,N
O�AÂADC{_$M<N
I�| ~så IrPQWZ^�WZSZn�EGF²I`S
[3WZS
N
Iq��W�N1JLUGI`M�W�S�N�IqC�FBI`|3N�EGADC�U�M�I�UGK3N�EGI�F@n`E,NYADC{_�i:W6i:W�F�W�zwJLEoC�U3N
I�S�W�gl[3IdN
O�W6|�S
I(J�WZM
MuH�I�SYC�|�C�SyN
EGJ�K�UGC�S
F(K�A�iwWZSsI�H�E,N
W�SpCrN
EXI`F�M&i(_�S�WZ|wW CrN
EXF���N
O�WqUGC`M<N&N
O�S�WZWqMyK�i�|�S�I`i�UGW�ADM ~
§©¨mZuÞ�Z�ß®WNX®WNZ�Và[!]Gt/]v` � ¾�ÿr��é��Yb�iâá9½ ª þ:��ÿ ýr���p�LçVèsÀL�pè{ç�é c �X��ç�ÿr���3�±é
ÿr�³�lÿa³&��ÿ c �X�2iâá�½ ª±´Õã ��¶ ³�·�½
³&��ÿZÿyÀL½ ® O�EGM�EoM�N�S
K�WxM�EGF�JLW$C�UGURJ�I�F�F�WZJ�N
EX^(EXN<_�g±|�S
EGA�EXN�EG^�W M�C�S�W�^(EGM�E,N
WZ[¶C�F�[£N�O�WZ_æC�S
W�[3W MyEG��F�WZ['N
I
i:I�N
O$S�W My|:WZJLN6N�O�W�J�I�F�F�W J�N
EX^(EXN<_]JLI`F�M<N
S
C�EXF�NpMRC�F�[�|�S�Ir^(Eo[3WqCBJLI�AB|�UGWLN
WqJLIr^�WZS
C���W�I�H�C�S�W C�n A ~

- À�î ïñð��@412��*0�;y8��Í��ò�/��Í�@ó��(;
�
® O�W&N�O�WZI�S
WLN�EoJ�C�U3S�W MyK�U,NpM�|�S�W MyWZF�N�WZ[�EGFVN
O�EGM1MyW J�N�EGI�F�EGF�JLUGK�[3W MYC�N�O�WZI�S
W�A S
W�UoCrN
EXF��dN
O�W6S�W�g±I3JZJLK�S
S�EGF��
J�I�F�F�WZJ�N
EX^(EXN<_¬I�HQN�O�W]\Ra�e3hôN
IxJ�I�F�M�W�F�M�K�M�z�UXN�WZS
MZn*i�K3N�C�UoM�I�n NP glJ�I�AB|�UGWLN
W�F�W M�MdI�H1N�O�WB|�S
I�i�UGW�A
I�H�[�WLN�WZS�ABEGF�EGF��BWL�3EGMyN�WZF�JLWqI�H�CBJLI`F�F�W J�N�EG^(E,N<_�gl|�S
EXABEXN�EG^�WdN�O�C�N6^�EoM�E,NpMsCBMyW�NsI�Hu�`EX^`W�F$MyW�N
M ~
×"ØNô�ØlÙ Ú"Ûxõu�1ã�ã`Û���Þ � á����1Ûuõ3Þj�:���
Þ®� Ý)�1ß � á��l��Ûu�l�j�l�²öv�lÜ
Þ�Ûwã��
� F»N�O�EoM�MyW J�N
EXI`F@n�N
O�W�|�S�W JLEoMyW�[3WLz�F�E,N
EXI`F»I�HvN
O�W�F�I�N
EXI`F²I�HYS
WZJ�K�S�S
W�F�N�J�I�F�F�WZJ�N
EX^(EXN<_$P6EXUGUui:W���EG^�W�F ~
e3K�i�M�WZ¸�K�W�F�N
UX_`n@C�S
WZM�K�U,NqJLI`F�JLWZS�F�EXF���N�O�W�S�WZUGC�N�EGI�F�M�O�EG|²i:WLN<PRW�W�F»N�O�EoMdPQW C�T`W�SsH�I`S�AâI�HQJLI`F�F�WZJLN�EG^�g
EXN<_¶C�F�[æJ�I�F(^�WZS��`W�F�J�W]I�HdM�I'JZC�UGUXW [ø÷ ö C�|�UGC`JLEoC�F¶J�I�F�M�W�FwMyK�M�z�UXN�WZS
M+÷»ì }ZÄ n ��Ö î EoMB|�S
WZM�W�F�N�W [ ~ «QK�N
i:WLH�I`S�WxW�A�i�C�S
T(EXF���nvUGWLNDK�M�ABW�F�N�EGI�FæN�O�W$ABI�N
EX^rCrN
EXI`F£H�I`S�EGF�N�S
I([�K�JLEGF��³N�O�W$F�I�N�EGI�FæI�H9S
WZJLK�S�S
W�F�N
J�I�F�F�WZJ�N
EX^(EXN<_�n3P6O(_DEXN&EoM&EGA�|:I�S�N
C�F�N&C�F�[]O�IrPóE,NsJZC�F]i:W�K�M�WZ[�EGFx|�S
C`J�N
EGJZC�U*MyK�S�^`W�EGUXUoC�F�J�W9ABEoM�M�EXI`F�M ~

õ»C�F(_�C�|�|�UGEoJ�CrN
EXI`F�Mx[3IæF�I�NxS
WZ¸�K�EGS
W»JLI`F�F�WZJLN�EG^(E,N<_�I�HqN�O�W"EXF�H�I�S
ABC�N�EGI�Fó�`S
C�|�OôC�NxC�UGUdN�EGABW
EGF�MyN
C�F�JLW M ~D� MVC�ADC�NyN�WZSqI�HQH
C�J�N n@N<_(|�EoJ�C�UYMyK�S
^�WZEXUGUoC�F�J�W�ABEoM�M�EXI`F�M�C�S
WDMyI`UX^`WZ[²ABI`S�WBWL¯�WZJLN�EG^�WZUX_²EXH
N
O�W�a�bdcYM&C�S
W9C�UGUGIrPQW [�N�IBMy|�UGEXNQK�|]N�W�AB|:I�SpC�S
_ ~ e(W�WZT(EXF��VN�O�S
I�K���OBN�O�WdC�S�W CqEXF ª EG��K�S�Wd« ~G} M�W�S
^�W M
C`M&C�F�EGUXUGK�MyN�SpCrN
EX^`W9WL��C�A�|�UXW�I�HuM�K�JpO]C�M�J�W�F�C�S�EGI ~�® O�EoMQABI�N�EG^{C�N�W MYN
O�W�EGF�N�S
I3[3K�J�N
EXI`F]I�H*N�O�W�F�I�N�EGI�F
I�H�S
WZJ�K�S
S�WZF`N6JLI`F�F�W J�N�EG^(E,N<_ ~® O�WxADC�EXFòH�I3JLK�MBI�H9N
O�EGM�|�C�|:W�SDEoMBI�Fò|�UoC�F�F�EGF��'P&C{_�|:I�EGF�Nygl|�CrN
O�M�H�I�SDa�bdcYM ~ ö W�N�K�MBF�IrP
C`M�M�K�ABW�N
O�CrN�C�UGI�F��BN
O�WZM�WVP&C{_(|wI`EXF�N�g±|�C�N�O�MZn�W C�JpO²adbdcµABWZC`MyK�S
WZM�MyI`ABWV¸�K�C�F�N�EXN<_ yi ∈ R

K�M�EXF��
N
O�W�I�F3gliwI�C�Sp[$MyWZF�MyI`S ~ � F³C�J�J�I�Sp[�C�FwJLW�P6E,N
O»ù�WLz�F�EXN�EGI�F"« ~ Ö n:N
O�WV|:I`M�E,N
EXI`F¬I�HvN
O�W�adbdcYM�n�EGF�[3K�J�W
C�FDEXF�H�I�S
ABC�N�EGI�FB��SpC�|�O@n G(t)

~�® O�W9MyWZF�M�I�SYABWZC`MyK�S�WZA�WZF�N
MvJ�C�FBN�O�WZS�W�H�I�S
W6iwW9|�S�I`|�C���CrN
WZ[VN�O�S
I�K��`O
N
O�W²UGEXF�T(MBI�H G(t) EXFÕI�Sp[3WZSBN�I£M�O�C�S
W�EGF3H�I`S�ADCrN
EXI`FòC�ABI�F��"N�O�W²a�bdcYM ~ � FÕI�N
O�W�SDPRI�Sp[�MZn G(t)|�S�Ir^(Eo[3WZM9N�O�Wxé��ZÀp�
è{ç����������±�3����H�I�SdEXF�H�I�S
ABC�N�EGI�F»M�O�C�S�EGF�� ~ ª I�Sd|�S
C`J�N
EGJZC�U�|�K�S
|wI�MyW M�n�PRWVPRI�K�Uo[²UGEXT`W
N
O�WVS
I�i:I�NpM&N�I]S�W C�JpO$JLI�FwMyWZF�MyKwM6S�WZ�`C�S
[3EGF���N�O�W�ABWZC�M�K�S
W�ABW�F�NpM yi

~ � N�EGMsN�O�WZS�W�H�I�S
WqEXAB|:I�S�N
C�F�N6N
I



ÅdÆuÇ@Ç ?wÈ�É*ÊGËuÊoÉ:Ì ÅdÆ�ÇuÍ É*¡ � Ê Ç ?�Î¶Ï�Ð�Ñ·Ò:Ó@¡ Ëu?�Ê�Ô`Ô � Ç È:? �`�

MyN�Kw[3_]N
O�WqEoM�M�K�W�I�HvJLI`F�^`W�S
��WZF�JLWdI�H�EXF�H�I�S
ABC�N�EGI�F�z�UXN�W�SpMRH�I�SsN�O�W�J�I�UGUXW J�N�W [$MyWZF�MyI`S6[�CrNpCBP6O�W�FxN�O�W
K�F�[3W�S
UG_�EGF��B��SpC�|�O�EoM����p�L�3���
�L�w�����DJ�I�F�F�W J�N
WZ[ ~Y® O�EoM6EoMRN�O�WqW M�M�W�FwJLW�I�H�hYS�I`|wI�MyEXN�EGI�F$« ~ ��~
RTSQU�V�WYXEWNZ�Và[!]Gù j:�6WZJ�K�S
S�WZF`NsJ�I�F�F�W J�N
EX^(EXN<_3m ]v` ¾���èpþ�b e G e éoçqç�èré
ý]�lÿ c ��S
WZJLK�S�S
W�F�N�UG_�JLI`F�F�W J�N�W [
gvé��Yb³è]ýmg1�����¯���±éGiB� e ∆ > 0 e é ÀvÀLÿ���èr��� t ∈ R

+ �Yb���������ü`éoç��
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CrN
W pc, vc

~ ö WLNqC�UGU
|�UGC�F�F�EGF��D^rC�S
EGC�i�UXW M&O�C{^�WdN<PRIDMyK�iwM�J�S�EG|3N
MsP6O�W�S
WdN�O�WqzwS
MyN6S�WZ|�S�W MyWZF�NRN
O�W�EGF�[3W���I�H�N�O�Wq|�UGC�F@n�C�F�[
N
O�W�M�WZJ�I�F�["S
W�|�S
WZM�W�F�NpMdN�O�WDN
EXABW]M
J�C�UXWDI`F°P6O�EoJpO³N
O�W]^`W�O�EoJLUGW�[3_(F�C�A�EoJ�M�EXFójl\ ~X} mqC�S
W�[3WLzwF�WZ[*n
é
½�� ½Gn pk,i

EoM&N�O�Wq|�UGC�F�F�W []|:I`M�E,N
EXI`F$I�Hu|�UGC�F k CrN h · i N�EGABWqK�F�EXN
MsC�H�N�WZS&N�O�Wq|�UoC�FxP&C�M&EGF�E,N
EGC�N�W [ ~
RTSQU�V�WYXEWNZ�V��!]N_�] ás��èBç
b�ÿ����&�l���Diñþ��Xèr� e g1�aiB�pèr�³�Gb�� c �Lç��Ír��:ÿ~gv�²ç�ÿr���3�±é
ÿr�³�lÿ��Gb��RÀLÿr���Xÿ~gvé���¾�H� ³6½

minimize
ak

N∑

i=0

h
(

‖ai‖2
2 + bg(pi) + c

)

+ Ψ(pk,N ) jl\ ~ � m
ç�½G�l½ pk,i+1 = pk,i + h vk,i i = 0, · · · , N − 1

vk,i+1 = vk,i + h ak,i i = 0, · · · , N − 1

d(pk,i) ≤ 0 i = 0, · · · , N

‖vk,i‖∞ ≤ vmax i = 0, · · · , N

‖ak,i‖∞ ≤ amax i = 0, · · · , N

(0, 0, 1) vT
k,i ≤ ‖vk,i‖ sin γ̄ i = 0, · · · , N

pk,0 = pc, vk,0 = vc

Ψ(pk,N ) ≤ Ψ(pk−1,N ) − ε

vk,N = vmax(cosφ cos α, sinφ cos α, sin α)

φ = è������lè��xü ((0, 1, 0) (pf − pk,N )T , (1, 0, 0) (pf − pk,N )T
)

g�b��L�
� k éoçRþ:�Gèr�»é���ý��
ü e N = Tp/h e èr��ýB�Gb��������Di�é���èr���pÿ{ç�� e Ψ : R
3 → R

+ e èr��ý��pÿ{ç��Rý`�
�����2iB�����
iDèr�±¾�é�� e ε > 0 e gvé���� c �$ý���ûY���pý c �L�Gÿmg1½ø��b���ûY�:è��Y��g1ÿ³�pÿr��ç�����è�é�����ç�iBèEr����Yb��]�Xè{ç��Qþ�è�����ÿ<ÀD�Yb��
�±��èpo��
����ÿr���]����éGi c é��²�Yb���ýré����p����é
ÿ��"ÿ<À��Yb����lè���¾��L��½ ` ����ÿ��Gb��L�vfrèr��é
è c �G��çVèr�
��ý`�
û1�:�pý�è{ç��Yb���é��V�
ÿ��3�x�
�����±þ�è����
ç e gvé��Gb�ÿr�3�6é���ý��
ü k e é�� ´Õã ½ ª ·�½�k�ÀV�Gb��L���DéoçV�:ÿdÀL�pè{ç�é c �X�Bç�ÿr�,�3��é
ÿ��°�lÿ"j±\ ~ � m��Yb����'�Gb���ç
b�ÿr���
�����Di þ��Xèr�³éoç��3��ý���ûY���
ý`½
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MyN
C�SyN
EXF��BM�I�UGK3N
EXI`F�EGFxN�O�WqI`|3N�EGABEX� CrN�EGI�F ~

� F³N�O�W�JZC�M�W�P6O�WZF»F�I$F�WZPñH�WZC`MyEGi�UGW�|�UGC�F»EoMdH�I�K�F�[@nvé
½��Z½Gn�N�O�W ´ ö h M�I�UG^�WZS9H
C�EXUoM�N�Ix|�S
Ir^�Eo[3WBC
M�I�UGK3N
EXI`F»N
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EXI`F°JLI�F�N
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[�E,¯�W�S
W�F�N9M�I�K�SpJLW M�n(EGF�JLUGK�[3EGF����
ú ® O�WqMyW�NsI�H�JLI�F�N
S�I`UGMQN�OwCrN6H�K�UXz�UGU@N�O�W�N
W�S
ABEXF�C�U�JLI�M<Ns[3W JLS
W�ABW�F�NsJLI`F�MyN�SpC�EGF`N&i:W�EGF��DW�AB|3N<_ ~
ú e(EGF�JLW$N
O�W¬N�WZS�ABEGF�C�U�JLI`MyN�EoM�ABI`MyN�I�H�N
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I�A C'��SpC�|�OÕS
W�|�S
WZM�W�F�NpCrN�EGI�F¶I�H�N�O�W

W�F(^(EXS
I�F�A�WZF�NZn�E,NsABEG��O�NRUGWZC`[DN
I�N
S
C�ê<WZJLN�I�S
EGWZM1N�O�C�NRN
K�S
F]I�K�NRN
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W ~

ú cYC�S
EXI`K�MdI�|3N
EXABEG�ZC�N�EGI�F"S�I`K3N�EGF�WBH
C�EGUGK�S�W M�EXFwJLUGK�[3EGF��$F�I�F í JLI`F�^`W�S
��WZF�JLW�C�F�["C�i�F�I�S
ABC�U�N�WZS�ABEXg
F�CrN
EXI`F ~

Ù^S�¬sÚJ¨+Û��!]Ðw�] º |3N
EXABEG�ZC�N�EGI�F£S
I�K3N
EXF�W�H
C�EGUGK�S�W MVADC{_°C�UGP&C{_(MVI3J�JLK�S�S
W���C�Sp[3UXW M�MqN�O�W$JpO�I�EoJLW]I�H
N
W�S
ABEXF�C�U�JLI�M<N n�C�F�[�ADC{_DN�O�W�S
WLH�I�S
W�F�I�N6i:WqF�W��`UXW J�N
WZ[�EXF¬C�F(_]JZC�M�W ~
� Øv�YØr� �9Ý/��ä$õ�á��|�&Ü±Û�Þj���l�óÞ�ã�Ý0�{Ûuõ3Þ�á�ã��
� FBN
O�EoM1M�WZJ�N
EXI`FBPQWsP6EGUGU�MyWZWsO�IrP¶N�O�W�MyO�I`SyN�N
W�S
A |�UoC�FD|�S�I3[3K�J�WZ[�i(_�N
O�W ´ ö h£J�C�FDiwW9JZC�F�I`F�EoJ�C�UGUG_
W��(N�W�Fw[3WZ[xC�UGU�N�O�W�P&C{_�N�I�N�O�WdN
C�S��`WLN n�EGF$CVP&C{_BN�O�C�NREoM6JLI`UXUGEoMyEGI�F]H�S�WZW�i(_�[3W MyEG��F@n�C`M&MyK��`��W M<N
WZ[DEGFª EG��K�S
WV\ ~X}`~Y® O�EoM&EGM6W��3|�UXEoJLEXN�UG_][3I`F�W�H�I�S6WZ^�WZS�_D|�UoC�F$EGF�MyN
C�FwJLW�n k ~
RTSQU�V�WYXEWNZ�V��!]At)]�` ��è{ç
r"�pÿmi9þ:�X���±é���¾³���
è@o��p�L��ÿr���»éoç�ý���ûY�:�pý³è{ç�è�ÀL�
èrç�é c �X�x�����Di�é���èr�1�±��èpo��
����ÿr���
g�b3é
�ÕbÕ���pè��5b��Lçx�Yb��x��èr��¾���� e pf

½ûás�°èr�ó��ü`���L��ý��pý�þ:�Xè�� e g1�TiD�pèr�ôè»ç
b�ÿ������l���DiÃþ:�Gèr� Pk
ÿ~f{���

�±éGiD�!b�ÿ���éL°Zÿ�� Tp e è���¾~iD�������
ý�gvé��YbÕè"�lèrç
r'�
ÿ~isþ��X����é��(¾°�±��è@o��p���lÿ�����½ k�À��:ÿ³ç����5bò�
è�� c ��ÀLÿr�3�:ý e�Yb��"�
ü������:ý��pý�þ��Xèr�­éoçx�3��ý���ûY���
ý`½ � éLr��2gvéoç�� e é À$�:ÿ�ÀL�
èrç�é c �X�»ç
b�ÿ����������Diâþ:�Xè��ôéoç�ÀLÿr�3��ý°é��ó�Yb���H� ³Ãjl\ ~ � m e �Yb�����ü`���L��ý��pý�þ:�Gèr�"éoç��3��ý���ûY���
ý`½
� JZC�F�I`F�EGJZC�U:PRC{_BI�Hu[3WLzwF�EXF���C�F]WL�(N
W�F�[3W [�|�UoC�FxEoM1N
I�C�K���ABWZF`NQN�O�WqM
CrH�W�N<_DABC�F�W�K�^�W�S&CrNRN�O�W

WZF�[BI�H:N�O�WsMyO�I`SyNvN
W�S
Aµ|�UoC�FBP6EXN�ODCqMyN�SpC�EG��O�NvUXEGF�WsMyN�WZC`[3_�J�UXEGAViDC�N α [3WZ��S
W�WZMuN
IrPRC�S
[�M�N
O�W&N
C�S��`WLN n
H�I`UXUGIrPRWZ['i(_"C»ADCr�3EXA�K�A S
C�N�WDN
K�S�F¶C�F�[°C²MyN�SpC�EG��O�NVUGEGF�W�[3W M�J�W�F�NVWZF�[3EGF��³C�N�N�O�W]N
C�S��`WLN ~²® O�W
[�EX^`W�EGMVEXF�E,N
EGC�N�WZ[æCrN�C¬|:I�EGF�N ptop

j
M�W�W ª EG��K�S
W�\ ~ � m�nv[3W�z�F�WZ[æC�M�N
O�W�N
I�|°^�WZSyN
WL�"I�HsC$N�S
EoC�F��`UXW`n
{pk,N , ptop, pf} n�EGF$N�O�W�^�W�S�N�EoJ�C�U*|�UoC�F�W�P6EXN�O¬W [3��WqEGF�J�UXEGF�CrN
EXI`F�M α n�H�I`S6N�O�WVN<PQIBK�|�|wWZS9WZ[���WZM ~ � F
EGF�MyN
C�F�JLW MsP6O�WZF ptop

C�F�[ pf
C�S
W�M�I�JLUGI`M�W�N�O�C�NsN�O�W�[3EX^`W�N�IrP&C�Sp[�M pf

^(EXI`UGC�N�WZM6N�O�W�^`W�O�EoJLUGWZM9[3EX^`W
J�I�F�MyN�SpC�EGF�N
MZn�I`S1P6O�WZF pf

EGM1EXF�M�Eo[3W6N�O�W9ADCr�3EGAVK�A N�K�S
F]J�EXSpJLUGW6H�S
I�A ptop
C�Fw[�J�C�F�F�I�NQiwWsS
WZC`JpO�WZ[@n

N
O�WqWL�(N
W�F�[3W [x|�UGC�F$EGM&K�Fw[3WLz�F�WZ[ ~
¦ O�W�F'|�UoC�F�F�EGF��¬C]N�SpCrê<WZJLN�I`S�_¬I`F3g±UGEGF�W�C�F�[³W�EXN�O�WZS�N�O�W ´ ö h j±\ ~ � mLn@I�S�N
O�W�H�I�S
ABC�N�EGI�F³I�H6C�F

W��(N�W�Fw[3WZ[�|�UoC�FVC`J�JLI`S
[�EXF��9N�Idù9W�z�F�EXN�EGI�F�\ ~ � H
C�EGUGMZnrF�I�F�W�P£|�UGC�FVEoM�M�W�UGWZJLN�W [VC�Fw[qN�O�WRC�W�S
EGC�U`^`W�O�EoJLUGW
T`W�WZ|�M&WL�3WZJ�K3N�EGF���N�O�WqI�Uo[�|�UGC�F ~´ I�N
WQC�UoM�I&N�O�C�N�C�F(_�JpO�I�EoJLW1I�H(N
C`MyT�JLI`A�|�UXW�N�EGF��sN
S
C�ê<WZJ�N
I�S
_9C�i:Ir^�WYN�O�W1N�S
EGC�F���UGW {pk,N , ptop, pf}EoMRC�UoMyIVJ�I�UGUXEoM�EXI`FBH�S�WZW9i(_�[�WZM�EX�`F ~ «Q_�K�M�EXF��VEGF3H�I�S
ADCrN�EGI�F�C�iwI`K3N1N
O�W9O�EX�`O�WZMyN1N
W�S
S
C�EXF�C�U,N
E,N
K�[3W�n(I`F�W
JZC�F°H�I`S�A ABI�S
W�W�UoC�i:I�SpCrN
W�n�C�F�['UGWZM
MVJ�I�F�M�W�S
^rCrN
EX^`W�n�WL�(N�WZF�[3WZ[£|�UGC�F�M ~»® O�W�EGAB|wI`SyNpC�F�NVN
O�EXF��²EGM
N
O�CrN6N
O�W�JLI`F�MyN�S
K�J�N
EXI`F�EoM&I�H�UXIrP JLI`A�|�K3N
C�N�EGI�F�C�U�J�I�AB|�UGWL�3EXN<_ ~
� Øv�YØ¡  ¢sá��l��Þ�ÛwãQ� �RÜ±Ý)���l���l�óÝ)�1ßµÞ�Û�ã��\���QÝ@Ü<õ�á��rÞ
® O�W�|�K�S
|wI�MyWBI�HRN
O�WBN�WZS�ABEGF�C�UQJLI`MyNZn Ψ : R

3 → R
+ n�EGF'N�O�W ´ ö hkjl\ ~ � mqEGM�N
I¬��K�Eo[3WBN
O�W]M�O�I�S�N

N
W�S
Añ|�UoC�FVEGF�[�EXS
WZJLN�EGI�F�M�N�O�C�N�ADC�T�WYN
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I�S
_��`I�I3[*n{EGF�N
W�S
ABM�I�H�N�O�WRI�i�ê<WZJ�N
EX^`W
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p

p
k,N

top
p

fª EG��K�S
W"\ ~¿� t ® PRIæC�UXN�WZS�FwCrN�EG^�W M�H�I�S]H�I�S
A�EGF��£C'NpC�M�TòJ�I�AB|�UGWLN
EXF��£MyN�SpCrN
W��`_ ~ñ® O�W»[�C`MyO�gl[3I�NyN
WZ[
J�K�S
^�W$EXUGUGK�M<N
S
C�N�W MBN�O�W²C�U,N
W�S
F�CrN
EX^`W¬[3WZM
JLS
EXi:WZ[òEGF�ù9W�z�F�EXN�EGI�F­\ ~¿�(~ô´ I�N�W$N
O�CrN�N
O�EoMDEGM�I�F�UG_æI`F�W
I�H�ADC�F(_°P&C{_3M�N
I³S
WZC`JpO°N�O�WxNpC�S
��WLN�P6O�EGUXWx¼�_(EGF��"C�iwIr^`W�N
O�W¬M�C�H�Wx[�C`MyO�WZ[£UGEGF�W¬C�F�[¶M�C�N�EoM<H�_(EGF��
N
O�W²^`W�O�EoJLUGW¬[3_(F�C�ABEoJ�M²jl\ ~X} m ~ � H�N�O�W�S
WxEoM�C'��C�|òiwW�N<PQWZW�F γ̄ C�F�[ α nRN�O�W$N
O�EXFóM�I�UGEo[¶J�K�S�^`W$EGM
C"UGWZM
MDJLI`F�MyWZS�^rC�N�EG^�W$MyK�JpOòI�|�N�EGI�F ~�® O�W$EGA�|:I�S�N
C�F�N�N
O�EGF��°EGM�N
O�CrNDN
O�W²JLI`F�MyN�S
K�J�N
EXI`FæEoMDI�HdUXIrP
J�I�AB|�K3NpCrN
EXI`F�C�U@J�I�AB|�UGWL�3E,N<_ ~

H�K�F�J�N
EXI`Fòjl\ ~ � m ~ � NdP6EGUGU�C�UGM�I]i:W�K�MyW [¬i:W�UGIrPñN�I�ABC�T�W�MyK�S
W�N
O�W�S
W�EGM�F�I�NqC�F»EXF3zwF�E,N
WBF�K�AVi:W�SdI�H
|�UGC�F$JpOwC�F��`WZM ~

� M]EGF@n�� ½¿¾�½Gndì Ä î ndì }{Ö î n&N�O�W»N�W�S
ABEXFwC�U�J�I`MyN�H�K�F�JLN�EGI�F@n Ψ n6EGMx[3W�S
EG^�WZ[òH�S
I�A C£M�O�I�S�N�W M<N�|�CrN
O
|�S�I`i�UXWZA EXFÕC³��SpC�|�O ~°® O�EoMBEoM�[�I�F�WxEXFòC³MyN
C�F�[�C�S
['H
C`MyO�EXI`F¶C�Fw[£EoMVN
O�W�S
WLH�I`S�WxI�F�UX_£[3W M�J�S�EGi:WZ[
i�S�EGWL¼�_�O�W�S
W ~

® O�W���SpC�|�O"EoM�JLS
WZC�N�WZ["i(_²NpC�T(EGF��²C$O�I�S
EG��I�F�NpC�UGUX_²W ¸�K�EG[�EGMyN
C�F`N�ABW MyO£C�F�["K�MyEGF��$N
O�WDN�WZS�SpC�EGF
C�U,N
E,N
K�[3W z = H(x, y) C`M&^{C�UXK�WZM&H�I`S&N�O�W�F�I([�WZM ~1� i:Ir^�WdN�O�EGMsM�WLNsI�H�F�I([�WZMZn3H�I�K�S�C�[�[3EXN�EGI�FwC�U*F�I3[3W
UoC{_�WZS
MdC�S
W�C`[�[3W [³C�N z = H(x, y) + j∆H

ABWLN
W�SpM�n j = 1, · · · , 4 n*P6O�W�S
W ∆H
EGM�N�O�W�EGF�N�WZSdUoC{_�WZS

[�EGMyN
C�F�JLW ~ ø C�JpO"F�I3[3WDEGMdN
O�W�F°J�I�F�F�W J�N
WZ[³i�_»WZ[3�`WZM�N�I¬EXN
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N
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3 → R
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C�N�EGI�F�C�U�S
WZ¸�K�EGS�WZABW�F�N
M ~9å WZF�JLW`nwEXN�EGM9WL�(N�S
W�ABW�UG_$EXAB|:I�S�N
C�F`N9N�I]T`W�WZ| N C�M9UXIrP
C`M�|:I`M
MyEGi�UGWDP6O�W�F£C�EXABEGF��»C�N�JLI`F�M<N
S�KwJ�N�EGF��²J�I�AB|�K3NpCrN�EGI�FwC�UGUX_²W�¹�JLEGW�F�NVABWLN
O�I3[�M�H�I`SqN�SpCrê<W J�N
I�S
_
I`|3N�EGABEX� CrN
EXI`F ~v® O�W�S
WLH�I`S�W`n�EXN&EGMRN
O�W�Eo[3W CVI�H r g±S
WLz�F�W�ABW�F�N&N�O�C�N&M�K�EXN
MRI�K�SR|�K�S�|:I`M�WZMQi:WZMyN ~Y® IVN
O�EGM
WZF�[*n�UGWLN p = [t1, · · · , tN ] ∈ R

N [3WZF�I�N
W�C�|�C�S�N�EXN�EGI�FxI�H [0, T ] n
0 = t1 < t2 < · · · < tN−1 < tN ≤ T.

� [�C�|3N
EX^`W���S
EG[$ABW�N�O�I3[�MdC�S
W�N�O�WZF²i�C`MyW [$I�F¬W�EXN�O�W�S��5d��3é
ýréoç��±��é c �3�±é
ÿr�'I�HYC�iDÿr�wé��lÿ��QÀp�3���L�±é
ÿr�wnwI`S
Àp�3���L�±é
ÿr��èr��i�é��wéGi�éL° èr�±é
ÿr�òj ª õ»m�ì Ä n Ö n } � î ~
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ª EG��K�S
W�ù ~ � t ® O�WDEXFwJLS
WZC�M�EGF��xC{^`W�SpC��`W�C�Fw[³ADC��(EGAVK�A S�K�F3g�N
EXABW MqI�H ´ h º h ® C`MqCxH�K�F�J�N
EXI`F'I�H
N

~ \QI�AB|�K�N
CrN
EXI`F�M6C�S
W�|wWZSyH�I`S�ABW [�I`FxCDM�O�C�S�W [ ö EXF(K3�$JLUGK�M<N
W�S n�K�M�EXF��DI�F�W�I�H�EXN
M&H�I`K�S 2.80 b å �� F�N
W�UK«9WZI�F$|�S
I3JLWZM
M�I�SpM ~

® O�W�W ¸`K�EG[3EoMyN�S
EXi�K�N�EGI�F]|�S�EGF�JLEG|�UGW�j ø hQmRS
WZ¸�K�EGS�W M1C�JpO�I`M�W�F�|:I`M�EXN�EG^�W�[�WLz�F�EXN�W�ABI�F�E,N
I�SQH�K�F�J�N
EXI`F
j
I�S�PQWZEX�`O`N�m�n w n�N
I�iwWVWZ¸�K�Eo[3EGMyN�S
EGi�K3N�W [$Ir^�WZSsC�UGU�MyK�i�EXF�N
W�S
^{C�UGM ~ õ²CrN
O�W�ADCrN
EGJZC�UGUX_`n3N�O�W ø hóJZC�F¬i:W
W��3|�S�W M�M�WZ[�EGFx^rC�S�EGI�K�MRW ¸`K�EX^rC�UGW�F�N&H�I�S
ADM�n�� ½¿¾�½Gt

mi(p)=

∫ ti+1

ti

w dt−
∫ T

0
w dt

N − 1
= 0, i = 1, · · ·, N−1,

mi(p)=

∫ ti

ti−1

w dt−
∫ ti+1

ti

w dt = 0, i = 2, · · · , N−1.

� MqC�F³W���C�AB|�UGW�n w ≡ 1 �`EX^`WZMdS�EoM�WVN
I�N
O�W�H�S�W ¸�K�W�F�N�UG_²K�M�WZ[³K�F�EXH�I�S
A j
WZ¸�K�Eo[3EGMyN
C�F�Npm�[3EoM�J�S�W�N�EG�ZC�g
N
EXI`F]ABWLN
O�I3[ ~Qº N�O�W�S6JLI`A�ABI`F�UX_BWZA�|�UXIr_`WZ[DABI�F�E,N
I�SQH�K�F�J�N
EXI`F�MREXFwJLUGK�[3W�N�O�W�÷LC�S
J�UXWZF���N
ODABI�F�EXN�I`S
H�K�F�J�N
EXI`F�÷rn w =

√
ε + ẋ2 j�JLUoC�EGA�W [�N
I�iwW&N
O�W&A�I�M<NvW�¹DJ�EXWZF�NvC�ABI�F���C�UGU3JpO�I�EoJLW M
mLn�C�F�[{÷LJ�K�S
^{C�N�K�S
W

ABI`F�E,N
I�S�H�K�FwJ�N�EGI�F�÷rn w = (ε + ẍ2)
1
4
~�å WZS�W�N�O�W�[3WZM�EX�`F3gl|�C�SpC�ABWLN
W�S n ε ≥ 0 n�[3W JLEo[3WZM�O�IrPµ[3WZF�MyW

N
O�WqF�I3[3W MsC�S
W�UGK�AB|:WZ[$EGF�N
O�W�JLEGSpJLK�A�^�W�F�N&I�H�C�S
WZC�MRP6EXN�O$UoC�S
��W�MyI`UXK3N
EXI`F$^{C�S�EoCrN
EXI`F�M ~
® O�WYH�K�F�JLN�EGI�F�C�U�H�SpC�ABWZPQI`S�T�N�I���S
EG[��`W�F�WZS
C�N�EGI�F�j ª õ»mLn{EGMui�C�M�WZ[�I�FqN
O�W1|�S
EGF�JLEG|�UGW1I�H�M�|:WZJLEXH�_(EXF��

C²A�W C�M�K�S
W�I�H&N�O�W��`S�Eo['¸�K�C�UGE,N<_ ~�® S
C`[3EXN�EGI�F�C�UXUG_�nu|�S�EGF�J�EX|�UGWZMVC�M�M�ABI�I�N�O�F�WZM
M�nuI�S�N�O�I`��I�FwC�UGE,N<_²C�F�[
J�UXKwM<N
W�S
EXF���|�S
I�|:W�S�N�EGWZM�I�HwN
O�W6��S
Eo[�C�S�W&EGF�JLUGK�[3W [�EGF�N�O�W&H�K�F�J�N
EXI`F�C�U±n I(p) n�ì Ä n }Z� î ~ õ¬EGF�EXABEG��EGF�� I(p)P6EGUGU@|�S
I([�K�JLWqC�F$I`|3N�EGADC�U*|�C�SyN
E,N
EXI`F�P6EXN�O$S
WZM�|wW J�N&N�IBN
O�W�JpO�I`M�W�F���S
EG[x¸�K�C�UGEXN<_�ABWZC�M�K�S
W ~

«&C`MyW [»I`F³N
O�WDN<PRI$WL�3EGMyN�EGF��$H�SpC�ABW�PRI�S
T3M�H�I�SVC`[�C�|3N
EX^`WB��S
EG[³��WZF�W�SpCrN
EXI`Fòj ø hµC�Fw[ ª õ»mLn�PRW
F�IrPÃI`K3N�UGEGF�W³C°�`W�F�WZS
C�UXEG��W [ÕC�|�|�S
I`C`JpO ~ �6W���C�Sp[3UGWZM
M�N�O�W"JpO�I�EoJLW²I�H w nsPRW²S�WZADC�S
T£N�OwCrN�F�I([�W
C�UXUGI3J�C�N�EGI�Fqi(_9N
O�W ø h�nrJZC�F�i:WQ[3W�N�WZS�ABEGF�WZ[�i(_�EXAB|:I`M�EXF��9C6F(K�AVi:W�S�I�H�¾���é
ý��pÿr��çp�±��è�é�����çpn m(p) ≤ 0

~
® O�WZM�W9JLI`F�M<N
S
C�EXF�NpMYC�S
W&N�I�i:W9C�K���ABW�F�N
WZ[BP6EXN�OBN�O�W9I�S
EG��EGF�C�U�J�I�F�MyN�SpC�EGF�N
MZn g(x, u)

~�´ I�N�W9N�O�C�NYN�O�EGM
C�|�|�S
I`C`JpOVEGF`N
S�I3[3KwJLWZMvC`[�[3EXN�EGI�F�C�U�JLI`F�MyN�SpC�EGF`NpM�C�F�[BMyN
CrN
W&^{C�S�EoC�i�UXW M6j�F�C�A�WZUX_ p m�EGF�N�O�WsC�K���ABW�F�N
WZ[´ ö h ~�å IrPQWZ^�W�S n�E,NsC�UoM�IVW�FwC�i�UGW�KwMRN�I�K�MyWqC�|�C�S�N�EXN�EGI�F�P6E,N
OxM�ADC�UGUXWZSQF(K�A�iwWZS6I�H�F�I([�WZM&JLI`A�|wC�S
WZ[
P6EXN�O�C�Ffè]þ���é
ÿr��éBC�F�[æz��3WZ[ò[3EoM�J�S�W�N�EG�ZCrN
EXI`F£ABWLN
O�I3[*nRM�I"N�O�C�NBN�O�WxN�I�N
C�U6F�K�AVi:W�SDI�Hd^rC�S
EGC�i�UXW M
C�F�[¬JLI`F�MyN�SpC�EGF`NpM6ABEX�`O�N9M<N
EXUGUui:W�S
WZ[3KwJLWZ[ ~R® O�WVEG[3W CDEoM6N�O�W�F$N�I�H�I�S
AVK�UoCrN
W�N�O�W�|�S�I`i�UXWZAÂI�H�F�I([�W



} � � ���u  ?�¡4Ç
[�EGMyN�S
EXi�K3N�EGI�F¬C�M6CBJ�I�F�MyN�SpC�EGF�WZ[]I�|3N
EXABEG�ZC�N�EGI�F$|�S
I�i�UGW�A$t

minimize
p

I(p) j�ù ~G} m
M ~ N ~ m(p) ≤ 0,

P6O�EGJpO¶EGM�N�I"i:WxC�K���ABW�F�N
WZ[°P6EXN�OæN�O�WxK�F�[3WZS�UG_(EXF�� ´ ö h ~ ª S
I�A j
ù ~G} mVE,NBEGMBM�W�WZF°N�O�C�N ø h C�F�[ª õ C�S
W9ABW�S
W�UG_�M�|wW JLEoC�U*J�C`MyW M1I�H�N�O�WdM�K����`WZMyN�W [�C�|�|�S�I�C�JpO ~�¦ WqJ�I�F�J�UXK�[�W9N
O�EGM&M�WZJLN�EGI�F]i(_D�`EX^(EGF��
W���C�AB|�UGWZM&I�H�N�O�WqK�M�C���WdI�H�N�O�EoMsC�|�|�S
I`C�JpO ~
�
�)Ú�¬ÝÞ'«NS R�]N_�] e(W�NyN
EXF�� di = ti+1 − ti, i = 1, · · · , N − 1 nYN
O�W²MyI`UXK�N�EGI�F£N
I"N�O�WxH�I�UGUGIrP6EXF��
I`|3N�EGABEX� CrN
EXI`Fx|�S�I`i�UXWZA$t

ÉKÊ ËFÊ ÉKÊ Ì�Í
d I(d) =

∑N−1
i=1 di − ε ln di

s.t. m(d) =
∑N−1

i=1 di − T ≤ 0 (di ≥ 0),

EoMqN
O�WDWZ¸�K�Eo[3EoM<NpC�F�Na� å \µ[�EGM
JLS
WLN
EX� CrN�EGI�F'M
JpO�W�ABWBP6E,N
O ε [3W JLEo[3EGF��$N�O�W�MyN�WZ|°UXWZF���N
O�j
C�Fw[³O�W�F�J�W
|�UGC�F�F�EGF��DO�I�S
EG��I�F:m ~v® O�EoMRH�I�UGUXIrPsM6M�EXFwJLW�E,H (N − 1)ε ≤ T n(N
O�W�F

∇iI(d) = 1 − ε

di

= 0 =⇒ di = ε.

�
�)Ú�¬ÝÞ'«NS�R�]At)] ® O�W�UGEXF�W C�SsJ�I�F�MyN�SpC�EGF�N

m(d) =

ε1(N−1)
∑

i=1

di − ε2T ≤ 0,

S
WL¼wWZJ�NpMsN
O�W�I�i3ê<W J�N�EG^�W�I�H1[3EoMyN�S
EXi�K�N�EGF�� ε1
|�C�S�N
M�I�HvN
O�W�F�I([�WZM�EXF»N�O�W�z�SpM<N ε2

|�C�SyNpMsI�H1N�O�W�N�EGABW
EGF�N�WZS�^rC�U ~

® O�W�ADC�EXF"S�W C�M�I�F¬H�I`SqiwWZEXF��xEGF�N�WZS�W M<N
WZ[³EXF³N�O�EoMdN<_(|wW M�I�H&JLI�FwM<N
S
C�EXF�N
MdUGEXW MqC�UGI�F���N�O�W�UGEGF�WBI�H
N
O�I�K���O�NRI�H�� å \6ë�õ¬hR\ÕC�|�|�S
I`C`JpO�WZMM��N
O�CrN&EGM&J�I�F�M�EG[�W�S
EXF���JLK�S
S�WZF�NQEGF3H�I�S
ADCrN�EGI�F�C�MQ|wWZS�EoMyOwC�i�UGW�M�I
N
O�CrNsEXNsEoM&H
C{^�I`S
C�i�UXW9N�I�J�I�F�J�W�F�N�SpCrN
W9N
O�WqF�I3[3WZM&EGFxN�O�WqF�WZC�SRH�K3N
K�S
W ~

Å ÀYä Å ���(;��1/ æR037�5�óG×ÜÁ ;
����;
�p�ÙØó79;�5��v/98��
® SpC�[3EXN�EGI�F�C�UXUG_�n�N�O�W�|�S
I�i�UGW�AÃI�HYMyN�W�WZS�EGF��]C�A�EoM
MyEGUXW�N�I�EXN
M9N
C�S��`WLNsEoM9i�S
I�T`W�F¬[3IrP6F¬EGF�N�I»j�CrN9UGWZC`M<N�m
N<PRIDMyK�i�|�S
I�i�UGW�ADMZt�N
O�Wq|�S
I�i�UGW�A I�HQ�±��è@o��p���lÿ����]ÿ
þ:�±éGi�éL°Zè���é
ÿ��³C�F�[DN
O�Wq|�S
I�i�UGW�A I�H&èr�3��ÿm�Gþ�é��Xÿr�6ý��2�
ç�é,¾�� ~9® O�EGM�J�C�F¬i:WV^(EGW�PRWZ[¬C`MsC�JLI`F�N�S
I�U�M�_3M<N
W�AÃO�C{^(EXF���N<PQI�[3WZ��S
W�WqI�HvH�S�WZWZ[3I`AO�:C�F²EGF�F�WZS9UGI(I�|
j�N�O�W�C�K3N
I�gl|�EXUGI�N�mRC�F�[xC�FxI�K3N
W�S6UGI(I�|'j�N�O�WqN�SpCrê<W J�N�I`S�_BI`|3N�EGABEX�ZW�S�m�j
M�W�W ª EX�`K�S�Wqù ~ � m ~

Auto−pilot

PlantOptimizer
Trajectory

Constraints
Objectives uref

xref

uc

u y

ª EG��K�S
Wqù ~ � t ® PQIBUGW�^`W�U@M�W�|�C�S
C�N�EGI�F]I�H�N
O�WqABEGM
MyEGUGWd�`K�Eo[�C�F�J�W�|�S�I`i�UGW�A ~

® O�W�N
S
C�ê<WZJLN�I�S
_$I�|3N
EXABEG��WZSq|�S�Ir^(Eo[3WZMdC�H�WZC`MyEGi�UGWVH�WZWZ[(g±H�I�S
PRC�S
[»JLI�F�N
S�I`U�C�F�[»S
WLH�WZS�WZF�JLW�N�SpCrê<W J�N
I�S
_
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N
O�CrNvEoM�I�|3N
EXADC�U�EGF�M�I�ABWQM�|:WZJLEXz�W [VM�W�F�M�WQP6EXN�O�S�W My|:WZJLNuN
I�n�� ½¿¾`½Gn�N�EGA�WQN�IdEGF`N
W�SpJLWZ|3N�I`SuEGF�N�WZS
J�W�|3N�^�W�g
UGI3JLEXN<_�n�C�F�[VM�K�i3ê<W J�N�N�I�JLI`F�MyN�SpC�EGF`NpM�I`F@n�� ½¿¾`½Gn�N�W�S
ABEXFwC�U3C�M�|wW J�NvC�F��`UXW�j��`EX^`W�F�i�_qP&C�S
O�W C�[�WL¹�J�EXWZF�JL_
C�F�[�N
C�S��`WLN&^�K�UXF�WZS
C�i�EGUXEXN<_�m1I`S&|�CrN
O$M�W��`ABW�F�NRUGI3J�C�N�EGI�F'j
[3EoJ�NpCrN�W [xi�_�N
C�JLN�EoJ�C�U@JLI�FwMyEo[3W�SpCrN
EXI`F�Mpm ~ � N
EoM&N
O�W�FxN�O�W�N
C�M�T�I�H�N�O�W�C�K3N
I�gl|�EXUGI�N&N
ID|wWZSyH�I`S�A N
O�W�N�SpCrê<W J�N
I�S
_�H�I`UXUGIrP6EGF�� ~

«R_�^(EGSyN
K�WdI�H�N
O�EoM6MyWZ|�C�SpCrN
EXI`F@n(I�F�UG_$ç�� c ÿpþ:�±éGiBè��uM�I�UGK3N�EGI�FwM6J�C�F�EXFx��WZF�W�SpC�U�i:WdH�I�K�F�[@n3i�K3N6N�O�W
C`[3^rC�F�N
C���WqEoM&N�OwCrN9N
O�WV[3W�N
C�EXUoM6I�H�N
O�W�[3_(F�C�ABEGJZM6I�H�N�O�W�ABEGM
MyEGUGW�I�F�UG_]WZF�N�W�SpM6EGF�N�IDN
O�WqN�SpCrê<W J�N
I�S
_
I`|3N�EGABEX� CrN
EXI`Fq|�C�S�N@I�H(N�O�WY|�S
I�i�UGW�AfC�MYj
S�WZUGC�N�EG^�WZUX_dMyEGAB|�UXW{m*JLI`F�[3EXN�EGI�F�M@I�F�N�O�WYS�W�H�W�S
W�F�J�W�N�SpCrê<W J�N�I`S�_ ~� F»N�O�EoM�PQI`S�T�n�N
O�W�WL�3EGMyN�WZF�JLW�I�H1C�F»C�K3N
I�gl|�EGUXI�N9EGMdC�M
M�K�ABWZ[*n�MyI�N�O�C�N�N
O�W�H�I3JLKwM9P6EGUXUvM�I�UGW�UG_�i:W�I�F
N
O�W�N�SpCrê<W J�N
I�S
_DI�|3N
EXABEG�ZCrN
EXI`F�|wC�S�N ~

«R_�A�W C�F�MYI�H*M<NpC�F�[�C�S
[�C�|�|�S�I{�3EGADCrN�EGI�F�|�S
I3JLWZ[�K�S�W M�EXF�¼�EG��O�N�glJ�I�ABAVK�F�E,N<_xj
M�W�W�n��Z½¿¾�½Gn:ì � � n �3} î mLn
N
O�WVM�E,�(g�[3W��`S�WZWLglI�H�g±H�S�WZWZ[3I`AÁj � ù�I ª m&W ¸�K�CrN
EXI`F�M6I�H�ABI�N
EXI`FxI�HuN
O�W�ABEoM�M�EXUGWqEGF

R
3 nwJZC�F$i:W�S�W [3K�J�WZ[

N
I � ù�I ª |�UoC�FwC�S&ABIr^�W�ABWZF`N&EGF]N<PRI�I`SyN
O�I��`I�F�C�U:M�K�i�M�|�C`JLWZMZn(F�C�ABWZUX_DN
O�W�|�EXN
JpO3gpn�C�F�[�_`C{P&gl|�UoC�F�W ~
e3EXF�J�W�N
O�W � ù9I ª W ¸`KwCrN�EGI�FwMqI�H6ABI�N
EXI`F�M�EGF°N�O�WZM�W�|�UoC�F�W MVC�S
W�M�EXABEGUGC�S�C�Fw[°[3WZJ�I�K�|�UGWZ[@n�EGF°P6O�C�N
H�I`UXUGIrPsMZn{ê<K�M<N6N
O�Wq|�EXN
JpO3gl|�UoC�F�Wq[3_(F�C�ABEGJZM&P6EXUGU@i:W�JLI�FwMyEo[3W�S
WZ[ ~® O�W � ù9I ª WZ¸�K�CrN
EXI`F�M�I�HVABI�N
EXI`FóEGFôN
O�W³|�E,NpJpOô|�UoC�F�W'JLI`F�M�EG[3WZS]N
O�W"S�I�N
CrN
EXI`FóI�H�C£i:I([�_`g
z��(W ['JLI(I�Sp[3EGF�CrN
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M
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O�W�M�_(MyN�WZADM6C�F�[$JLI`F�N�S
I�U�|wI`EXF�NsI�Hu^(EXWZP­EGF�N�W�S
ADM6I�H�I�i�M�W�S
^�WZS6[3WZM�EX�`FxMyN�EGUGU@UGC`JpT3M�n�ì � î ~
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M1N�O�Wq|�S�I`i�UXWZA I�H�C�J�N
EX^`W�I`i�M�W�S
^�W�S&[3W MyEG��F�H�I�S6CBJLUoC�M
MRI�HuABI`i�EXUGW�S�I`iwI�N�EoJ

M�_3M<N
W�ADM&C�F�[]C�F�C�U,N
W�S
F�CrN
EX^`W9[3W MyEG��F�A�W�N�O�I3[]EGMR|�S
WZM�W�F�N�W [ ~ � N&W��(N�W�Fw[�M1|�S�WZ^�EGI�KwM1PRI�S
T�EGF»ì } ��î i�_
|�S�Ir^(Eo[3EXF��]ABI�S
W�H�I`S�ADC�U�C�F�[»��WZF�W�SpC�UGEX�ZWZ[¬[3W�z�F�EXN�EGI�F�MdI�HYN�O�W�N<PRI�M�WLN
M�K3N
EXUGEX�ZWZ[»EXF»N�O�W�|�S
I�|:I`M�WZ[
[�WZM�EX�`FqA�W�N�O�I3[*nrFwC�ABW�UG_sN
O�WQM�WLN�I�H(H�WZC�M�EGi�UXWQJLI�F�z���K�SpCrN
EXI`F�M*C�Fw[dN�O�WRMyW�N�I�H3I�K�N�|�K3Nu¼�IrP'WZ¸�K�EG^rC�UGW�F�N
MyN
C�N�W M ~v� UoM�IVEGFDN�O�EoMQ|�C�|:W�S n�N
O�WdF�I�N
EXI`F�I�H�M�ADC�UGU,g±N�EGABWsI�i�M�W�S
^rC�i�EGUGE,N<_�H�I�SRABI�i�EGUXW9S�I`iwI�N�EoJ9M�_(MyN�WZADM
EoM6EGF�N�S
I([�K�JLW [ ~ � NsEGM6M�O�IrP6F�N
O�CrN&N
O�WqEXF�N
W�S�g±S
W�UoCrN
EXI`F�iwW�N<PQWZW�FxN�O�WZM�W�N<PRIBMyW�N
M&EGA�|�UXEGWZMsM�ADC�UGU,g±N�EGABW
I`i�M�W�S
^{C�i�EGUXEXN<_�C�F�[]O�W�FwJLWdABC{_�M�W�S
^�WdC�MQN�O�WdiwC�M�EGM1H�I�S6[3W MyEG��F�I�H�C`J�N
EX^`W9I�iwMyWZS�^`W�SpM ~ ª K�S�N�O�WZS�ABI`S�W`n
H�I`S�N�O�W�M�|:WZJLEXzwJD[3W MyEG��F'MyN�K�[3_³I�F³N�O�WDK�F�EGJ�_3JLUGW�S
I�i:I�NqABI3[3W�U±n�PRWDJLI`F�MyEo[3WZS�N
O�W�J�C`MyWBI�HQO�C{^(EGF��
ABI`S�W�N�O�C�F � SpC�F��`WLg�MyWZF�MyI`S
MYi�K3N9C�UoM�I�[3WZA�I`F�MyN�SpCrN�W�N�O�WdS
I�i�K�M<N
F�WZM
MQ|�S�I`|wWZSyN
EXW MRI�H@N
O�WqMyK��`��W M<N
WZ[
I`i�M�W�S
^�W�S&EGFxN�O�W�H
C`JLW�I�H�F�I�EoMy_]A�W C�M�K�S
W�ABW�F�N
M ~® O�W�[3EGM�|:I`M�E,N
EXI`F³I�HQN
O�WD|�C�|:W�SVEGM�C`MdH�I�UGUXIrPsMM� � F£e(W J�N
EXI`F ø ~ � nuC$i�S
EXW�HRS
W�^(EGW�P I�F"F�I�F�UGEGF�WZC�S
I`i�M�W�S
^{C�i�EGUXEXN<_³C�F�["I�i�M�W�S
^�WZS
M�EoMq��EG^�WZF ~$® O�EGMVPQI`K�Uo["M�WLN�M<NpC���WBH�I`S�I�K�SVM<N
K�[3_"I�F°I`i�MyWZS�^rC�i�EXUGEXN<_
C�F�[�C�JLN�EG^�W$I�iwMyWZS�^`W�SD[3WZM�EG��FòH�I�S�ABI`i�EXUGW¬S
I�i:I�N�EoJ$My_3MyN�WZABM�EXFôe(W J�N
EXI`F ø ~ ��~­® I°EXUGUXKwM<N
S
C�N�W$N�O�W
J�I�F�J�W�|3NpMsEGF�N�S
I([�K�JLW [$EXF»e(W J�N
EXI`F ø ~ ��~X} n:CDJZC�M�W�M<N
K�[3_$EGMs��EG^�W�F¬EGF»e(W J�N�EGI�F ø ~ Äw~&® O�WVMyEGAVK�UGC�N�EGI�F
S
WZM�K�UXN
MRN
O�W�S
W�I�H�C�S
W�|�S
WZM�W�F�N�W [�EGF¬e3WZJ�N
EXI`F ø ~ Ö C�F�[�zwF�C�UGUX_`n�MyI`ABW�J�I�F�J�UXKw[3EXF���S
W�ADC�S�T3MRC�S
W�ADC�[�W
EGF²e(WZJLN�EGI�F ø ~ ��~
ß À:� �»2x���y;
	 ;�/���2�;
���
\QI`F�M�EG[3WZS&N�O�WqF�I�F�UGEXF�WZC�S6J�I�F�N�S
I�U@M�_3M<N
W�A

Σ :

{
ẋ = F(x, u) j
M�_3M<N
W�A [�_�FwC�ABEGJZM
m
y = h(x) j
M�_3M<N
W�AÂI`K3N�|�K3Npm

P6EXN�OóMyN
C�N�W x ∈ X nsJ�I�F�N�S
I�U u(·) ∈ U C�F�[òI�K3N
|�K3N y ∈ Y ~­å W�S
W X ,U C�F�[ Y C�S�W²M�ABI(I�N�O
ADC�F�E,H�I`UG[�M�I�HQ[3EGABW�F�M�EGI�F n, p C�F�[ m S
WZM�|wW J�N
EX^`W�UG_ ~V� UXUvADC�|�|�EXF��`MdEXF³N�O�EGMd|�C�|wWZSZn@C�S�WBC�M
MyK�A�W [
N
I�i:WDMyABI(I�N
O ~ � H Σ EGM�JLI`AB|�UXW�N�W`n�N�O�WDJLI`AB|wI�MyW [¬ADC�|�|�EGF���H�S�I`A u(·) N�I y(·) EoMdS�W�H�W�S
S�W [$N�I$C�M
N
O�WqEGF�|�K3N�g±I`K3N�|�K�N9ADC�|xI�H Σ CrN x0

ì }`} î t
IOΣ

x0
: u(·) 7→ y(·).

® O�W]ABI`MyN�JLI`ABA�I`F£[3WLzwF�E,N
EXI`F�M�I�H&N�O�W�I�i�M�W�S
^rC�i�EGUXEXN<_»|�S�I`|wWZSyN
EXW MqI�H Σ N�O�W�F°i:I�EGUR[3IrP6F'N
I¬N�O�W
EGFrê<W J�N�EG^(E,N<_D|�S�I`|wWZSyN
EXW MvI�H IOΣ

x0

P6E,N
O]S
WZM�|wW J�NYN
I�N
O�W9EGF�EXN�EoC�UwJ�I�F�[�E,N
EXI`F@n x0
~ \QI`F�MyEo[3WZSYN<PRIVM<NpCrN
WZMZn

x1
C�F�[ x2

nri:W�EGF��9W ¸`K�EX^rC�UGW�F�NQj�[3W�F�I�N�W [ x1 ∼ x2
m*EXH�C�Fw[qI�F�UG_dE,H�N
O�W�_�O�C{^`W�N�O�WRM�C�ABWYEXF�|�K3NyglI�K�N�|�K3N

ADC�|�H�I`SsC�UGU@C�[3ABEoM�M�EGi�UXW�EGF�|�K3NpM�n�é
½��Z½Gn
x1 ∼ x2 ⇐⇒ IOΣ

x1
(u(·)) = IOΣ

x2
(u(·)), ∀u(·) ∈ U .

ª K�S�N�O�WZSZnvUGWLN
I(x0)

[3W�F�I�N�W]N�O�W'�Õd��3éGfrèr�X���:�p�¬���Xè{çpç]I�H x0
n&é
½�� ½GnYUGWLN

I(x0) = {x ∈ X : x ∼ x0}
~

«&C`MyW []I`F]N
O�EGMZn�PRW�C�S
S�EG^�WdCrN6N
O�W�H�I�UGUXIrP6EGF���N<PQID[3W�z�F�EXN�EGI�F�M�ì } � n }Z� î ~
RTSQU�V�WYXEWNZ�VÐ�h]N_ j � F�[3EoM<N
EXF��`K�EoMyO�C�i�EGUXEXN<_�m ] ��g1ÿDçp��èr���Lç e x1

èr��ý x2
èr�
��ç�èré
ý]�lÿ c �VEGF�[3EoM<N
EXF��`K�EoMyO3g

C�i�UGW]é À�èr��ý�ÿ������Dé À��Yb�����è������5d��3éGf{è��X������½
RTSQU�V�WYXEWNZ�V��h]At j º i�M�W�S
^{C�i�EGUXEXN<_�m ] Σ éoç]çLè�é
ý³�lÿ c �xI�i�M�W�S
^rC�i�UGW�CrN x0

é À
I(x0) = {x0} ½²k���éoç

Àp�3���Yb�����ç�èré
ý]�lÿ c ��ÿ c ç����Df{è c �X��é À
I(x) = {x} ÀLÿr��èr��� x ∈ X ½

� N�EoMBF�I�N
C�i�UXWxN�OwCrNDN�O�W¬WZ¸�K�EG^{C�UXWZF�JLW$S
W�UoCrN
EXI`F¶I`F X n6C�F�[æO�W�F�J�WxI`i�M�W�S
^{C�i�EGUXEXN<_�nQEGM�C°¾��Xÿ c è��
�pÿ��:�p�lþ��&EXFxN<PRIBM�W�FwMyW M�t
§©¨mZuÞ�SQ¨+X"âA�h]N_�] � UXURç��lè��l�Lç�é�� X è�������ÿ c ��ýréoç���é��(¾��3éoç
b��
ý�Àp��ÿ~iÁ�pè`�Õb»ÿr�Yb�����½
§©¨mZuÞ�SQ¨+X"âA�h]At)] ��b���¾��L���L�
èr���
ý����
è@o��p�L��ÿr��é
�Lç�èr�
���3�w����ç��±��é
�L���pý�½
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� UGM�I�n3I`i�M�W�S
^{C�i�EGUXEXN<_DEGM9C�F"é��ZûY�wé��l�2�:b�ÿ���éL° ÿr�°�
ÿ��:�p��þ:�±n�MyEGF�JLW`t
§©¨mZuÞ�SQ¨+X"âR�a]Aw)] ��b�������éoç��:ÿ]� þ�þ��L� c ÿ��3�:ýxÿr�"�Gb�����éGiD�8��é��w�l���Dfrèr���Yb�è���b�è{ç��lÿ c ���pÿ���ç�é
ý������pý�é��
ÿ���ý�������ÿ]ý�éoçp�±é���¾��3éoç
b�þ�ÿré��w�
ç�½

\QI`F�M�WZ¸�K�W�F�N
UX_"E,N�EGMV|wI�M�M�EGi�UXW�N�I»EGF�N�S
I3[3K�JLW]^{C�S�EGI�KwMqS�W M<N
S�EoJ�N
EXI`F�MZnuI`SVS
W�UoCr��CrN
EXI`F�MqI�F£ù�WLzwF�E,g
N
EXI`F ø ~ ��~ e(I�ABW�I�H�N�O�WZM�WqA�I3[3EXzwJZCrN�EGI�FwM6C�S
WdJ�I�F�M�EG[�W�S
WZ[�iwWZUXIrP<� ~
RTSQU�V�WYXEWNZ�V��h]Ðw j ¦ WZC�T"I�iwMyWZS�^rC�i�EXUGE,N<_�m ] ��b���ç��{ç��l�2i Σ éoç��
è����X�pýñg1�pè®r����"ÿ c ç����Df{è c �X�»èr� x0

é À
�Yb������³��ü`éoç���è'���Lé,¾+b c ÿr�
b�ÿZÿ ýòÿ<À x0 e N(x0) e ç����5b¶�Gb�èr�

I(x0) ∩ N(x0) = {x0} ½ Σ éoç$PRWZC�T(UX_
I`i�M�W�S
^{C�i�UGW�é À�é��Qéoçvg1�pè®r�����ÿ c ç����Df{è c �G�Dèr�R�2fr�L��� x ∈ X ½
Ù^S�¬sÚJ¨+ÛA�a]:_u] ® O�W�F�I�N
EXI`F¬I�HYPRWZC�TxI�iwMyWZS�^rC�i�EXUGE,N<_'j
ù�WLzwF�E,N
EXI`F ø ~ � msEGMdC�S
W�UoCr��C�N�EGI�F$I�HYhYS
I�|�g
WZSyN<_ ø ~X}`~

bdEG^�WZFxC�M�_(MyN�WZA Σ C�F�[xC�F]I`|wWZFxM�WLN Ω ⊆ X n(N
O�W�S�W M<N
S�EoJ�N
EXI`F ΣΩ
S
WLH�WZS
MQN�IBCBJLI`F`N
S�I`U*My_3MyN�W�A

P6EXN�O°MyN
C�N�WDMy|wC�JLW Ω n�[3W�z�F�W [³i(_¬N
O�WBS�W M<N
S�EoJ�N
EXI`F»I�H F C�F�[ h N�I Ω × Ux0

Ω
C�F�[ Ω S�W My|:WZJLN�EG^�WZUX_ ~å W�S
W Ux0

Ω
[3WZF�I�N
WZM9N�O�W�MyK�i�MyW�N�I�H1C�UGU�C`[3ABEGM
MyEGi�UGWVEGF�|�K3NpMsN
O�CrN���WZF�W�SpCrN
WZM&N
S
C�ê<WZJLN�I�S
EGWZM&N
O�CrNqM<NpC�S�N

EGF x0
C�F�[�UXEGWqEXF Ω

~
RTSQU�V�WYXEWNZ�Va�a]Ð} j Ω glEXF�[�EGMyN�EGF���K�EGM�O�C�i�EXUGE,N<_�m ] ��g1ÿ¬é���é��±é
èr�Yçp��èr���Lç e x1, x2 ∈ Ω èr�
�Dç�èré
ý²�lÿ c � Ω �EGF�[3EoMyN�EGF���K�EoM�O�C�i�UGW]é À

IOΣΩ

x1
(u(·)) = IOΣΩ

x2
(u(·)), ∀u(·) ∈ Ux1

Ω ∩ Ux2

Ω .

® O�EGM6S
W�UoCrN
EXI`F]P6EGUXU�iwW�[3WZF�I�N
WZ[ x1
∼
Ω x2

C�F�[
IΩ(x)

~
RTSQU�V�WYXEWNZ�VR�h]A� j�e(N�S
I�F���I�i�M�W�S
^rC�i�EGUXEXN<_�m ] ��b��Dçp�{ç����8i Σ éoç�çLè�é
ý$��ÿ c ��ç��±��ÿr�(¾��,�$ÿ c ç����Df{è c �X�xèr�
x0

é À1ÀLÿr�]W�^�WZS�_°ÿ
þ����"���Lé,¾+b c ÿ��
b�ÿ ÿZý Ω ÿyÀ x0 e IΩ(x0) = {x0} ½ Σ éoç��pèr���G�
ý³MyN�S
I�F��`UX_�I�i�M�W�S
^rC�i�UGW
é À�é��Qéoç�ç����
ÿr��¾����]ÿ c ç����Df{è c �X�RÀLÿ���èr��� x ∈ X ½
Ù^S�¬sÚJ¨+Û��h]At)] ® O�WVF�I�N
EXI`F¬I�HvM<N
S�I`F��DI�i�M�W�S
^rC�i�EGUGE,N<_»j�ù9W�z�F�EXN�EGI�F ø ~ Ö m&S�W M<N
S�EoJ�NpM6hYS
I�|:W�S�N<_ ø ~¿�3~
å W�F�J�W�nRM<N
S�I`F��³I`i�M�W�S
^{C�i�EGUXEXN<_'EXAB|�UGEXW MBI�i�M�W�S
^rC�i�EGUGE,N<_°M�EXF�J�W

IΩ(x) = {x} H�I�SDC�UGU Ω ⊆ X �`EX^`WZM
I(x) = {x} H�I�S&N
O�W�My|:WZJ�EGC�U@JpO�I�EoJLW�I�H Ω = X ~
RTSQU�V�WYXEWNZ�VS�a]Aé j � F�MyN
C�F�N1I�i�M�W�S
^rC�i�EGUGE,N<_�m ] ��b��dç��{ç����8i Σ éoçsç�è�é
ý��lÿ c �9é���ç��lè�����èr�:�pÿ��(çp�,��ÿ c ç��L�DfE�
è c �G�Dèr� x0

é À��Yb������B�
ü�éoç��sè]�:��é,¾Eb c ÿ��
b�ÿ ÿZý N(x0) e ç����Õb²�Yb�èr�*ÀLÿ����2f{������ÿ
þ����"���Lé,¾+b c ÿ��
b�ÿ ÿZý Ω ÿyÀ
x0

�pÿ�����èré��:�pýVé�� N e IΩ(x0) = {x0} ½ Σ éoç��pèr���X�pýBEGF�MyN
C�F`NpC�F�WZI�K�M�UG_qI�i�M�W�S
^rC�i�UGW�é À6é���éoç&çLÿ�èr�v�8fr�����
x0 ∈ X ½
Ù^S�¬sÚJ¨+Û]�a]Aw)] ® O�W�F�I�N
EXI`F²I�HQEXF�MyN
C�F�N�I�iwMyWZS�^rC�i�EXUGE,N<_'j
ù�WLzwF�E,N
EXI`F ø ~ � m6S
W�UoCr�3WZM9hYS�I`|wWZSyN<_ ø ~G} n
P6O�EXUGWqS�W M<N
S�EoJ�N
EXF���h1S�I`|wWZSyN<_ ø ~¿�3~

ª I�S&N
O�W�[3_(F�C�ABEoJ�C�U@My_3MyN�W�A$n Σ n�C�F�I`i�M�W�S
^�W�SRADC{_�i:W�[3WLz�F�WZ[$C�MRH�I`UXUGIrPsMqj���ÀL½uì } n Ä n }�Ä î m ~
RTSQU�V�WYXEWNZ�Vä�a]Gù j º i�MyWZS�^`W�S�m ]�` ý��r�:èmi�é
�pèr�&ç��{ç��l�2i gvé��Ybæçp��èr���TiDèr��é ÀLÿ��Xý Z e é���þ:�3�viDèr�wé ÀLÿr�Xý
U × Y e ��ÿ
¾`���Gb��L�hgvé��Gb'è^iDè
þ`þ:é���¾ F̂ : (Z × U × Y) → TZ éoçDèr�°I�iwMyWZS�^`W�S&ÀLÿr���Gb���çp�{ç����8i Σ eé À��Yb������D��ü`éoç���ç�è]ç5iDÿ ÿr�Yb�iBèpþ�þ:é��(¾ Ψ : X → Z e ç����Õb»�Yb�èr�6�Yb��Dý�é
è�¾���èmi ç
b�ÿmgv�'é�� ¡ é,¾��3�
�V!6½ ª e�pÿ~ihi��3�l�LçVèr��ýD�Yb����L����ÿ��q���
è@o��p�L��ÿr��� z(t) − Ψ(x(t)) �
ÿ��xfr�L�±¾`�Lçq�lÿ�°Z����ÿ�è{ç t → ∞ ½

� F�[3EoC��`S
C�A ø ~G} n Ψ∗
[3WZF�I�N
WZMBN
O�W$N
C�F���WZF�N�ABC�|�|�EGF���n π EGM�|�S�I�ê<WZJLN�EGI�FòK�|wI`FóCæ\RC�S�N�W MyEoC�F

H
C`J�N
I�S n�P6O�EGUXW τ [�W�F�I�N�WZM6N�O�W�|�S�I�ê<WZJ�N
EXI`F�I�H�N�O�WqNpC�F��`W�F�Nsi�K�Fw[3UXW ~ \QI`ABAVK3N
EX^(EXN<_]I�H�N
O�WV[3EoC��`S
C�A
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X Z

Ψ∗
τX

πX
X × U

(Ψ◦πX , πU , h◦πX )

Z × U × Y

τZ

πZ

TX TZ

Φ

F F̂

ª EG��K�S�W ø ~G} tQ\QI`A�A�K3N
C�N�EG^�W�[3EoC���SpC�Ak[�WLz�F�EGF���C�F�I`i�MyWZS�^`W�S ~
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S
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C�S�S
EG^{C�U� JZJLI`S
[3EGF���N
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O�W9I`i3ê<WZJLN�EG^�W6P6O�WZF�[3WZM�EX�`F�EGF��VCq�`W�F�WZS
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C�U
ý�é Ú9�����L�w�RH�K�UXU�I�i�M�W�S
^�WZSRADC�|�|�EGF��`MZn Φ n�C�F�[�N
O�CrNsEGF��`W�F�WZS
C�U�n�C�H�K�UGU�MyN
C�N�W�I�i�M�W�S
^�WZS

Σ̂ :

{

ż = F̂(z, u, y)
x̂ = Φ(z, u, y)

ADC{_²��ÿr�&i:Wd|�K3N9EGF]N
O�W�H�I�S
A ˙̂x = Ξ(x̂, u, y)
~
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A­EGF�EXN
Mlg1ÿr�
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ÿ��x�lç±þ�è��p�Ln C nrMyI&N
O�CrN x = (xw, xc) ∈ W×C = X ~�® O�WYPRI�S
T�glM�|�C�J�WuI�H(N�O�WQS�I`iwI�NZn
W n{EoMuC`M�M�K�ABWZ[�N�I9iwWRCsMyABI(I�N
O�C�F�[qJ�I�F�F�WZJ�N
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EX|3N
EXI`F�I�HuN
O�WqEGF`N
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Σrob :







ẋw = fw(x) + gw(x)u
ẋc = fc(x) + gc(x)u
y = he(x)
0 6= e(xw),

P6O�W�S
W xw ∈ W n xc ∈ C n u(·) ∈ U C�F�[ y ∈ Y ~R® O�W�ADC�| e(q) = 0 [3WLzwF�WZM9I�i�MyN
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N
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WsN
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W�S
S
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I`i�MyN
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[�WLz�F�W [xi�_ e(q) = 0 J�C�F�i:Wq|�C�S
C�A�W�N�WZS�EG��W []C�M

q = θ(sθ), sθ ∈ S ⊆ R
(nw−1),
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O�W6H�K�UGUwMyN
C�N�W6^`WZJ�N
I�S n
x nQC�NVN�O�WxM
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I�i�UGW�A÷EGF
e ö � õ£n�FwC�ABW�UG_VN
O�W9S
WLglUGI(JZC�UGEX� CrN
EXI`F�|�S�I`i�UXWZA P6O�W�S
W6N�O�WdM<NpCrN
W9^�W J�N
I�S n x n(EoMYN
I�i:W9S
WZJLI`F�MyN�S
K�J�N
WZ[
iwC�M�WZ[�I�F¬CBJLI�A�i�EGF�CrN
EXI`F�I�HuWL�(N
W�S
I(J�W�|3N
EX^`WqC�F�[�EXF�N
S�I3JLWZ|3N�EG^�WqM�W�F�M�I�S�glS�W C�[3EGF��`M ~
�
�)Ú�¬ÝÞ'«NSÂ�h]N_�] \QI�F�M�Eo[3W�SvN
O�WsK�F�EGJ�_(J�UXW6^`W�O�EoJLUGWsABI3[3W�UwWZ¸�K�EG|�|:WZ[BP6EXN�O�CqSpC�F��`W6MyWZF�MyI`SvABI�K�F�N�W [
C�UXI`F��DEXN
M9[�EXS
WZJLN�EGI�F$I�HvI�S
EGW�F�N
C�N�EGI�F@n φ

~ � N�ABIr^`WZM&EGF�MyEo[3WVC�F¬W�UGUXEG|3N
EGJ�zwW�Uo[*n�P6EXN�O²OwC�UXH�glC��(W M c1
C�F�[

c2
n�J�W�F�N�WZS�W [�C�N6N�O�WqI`S�EG��EGF]I�H W j
�
ÀL½ ª EX�`K�S
W ø ~ � m ~

x1

x2

φ

c1

c2

ª EG��K�S
W ø ~ � t ® O�WVK�F�EGJ�_(J�UXWVS�I`iwI�N�WZ¸�K�EG|�|:WZ[¬P6EXN�O³I�F�WVS
C�F���W�g±ABWZC`MyK�S�EGF��DMyWZF�M�I�SpM6ABIr^�EGF���EGF�M�EG[�W
C�F$W�UGUXEG|3N�EoJdz�WZUG[ ~

® O�W�FxN�O�WqO(_(|:W�S�glM�K�S�H
C�JLW
(q1

c1

)2

+
(q2

c2

)2

− 1 = 0,

ABI3[3WZUGM&N
O�W�M�K�S�S
I�K�F�[3EGF���EGF
R

2 ~ � N9JZC�FxiwWq|�C�S
C�ABWLN�WZS�EG��W [�i(_DN
O�W�C�F��`UXW τ ∈ S1 n�M�I�N�O�C�N

q =

[
q1

q2

]

=

[
c1 cos(τ)
c2 sin(τ)

]

= θ(sθ),

P6EXN�O sθ = τ
~Y® O�W�JLI`F`N
S�I`U*My_3MyN�W�A J�C�F$i:WqABI([�W�UGWZ[xC�M

ẋ1 = u1 cos(φ)
ẋ2 = u1 sin(φ)

φ̇ = u2

y = (c1 cos(τ) − x1) cos(φ) + (c2 sin(τ) − x2) sin(φ),

P6O�W�S
W (x1, x2) ∈ R
2 EoM�N�O�W�|wI�MyEXN�EGI�F¶I�H6N�O�W�S
WLH�WZS�WZF�JLW�|:I�EGF�N�I`F°N�O�W]S
I�i:I�NZn φ ∈ S1 [3W�F�I�N�W M

EXN
MBI`S�EGW�F�NpCrN�EGI�F¶C�F�[£N�O�WxN<PRI³JLI`F�N�S
I�UREXF�|�K3N
MZn u1
C�F�[ u2

C�S
W]N
O�WxS�I`iwI�NM© M�UGEGF�WZC�SygqC�F�[æUGC�N�WZS
C�U
^`W�UGI3JLEXN�EGWZM&S
WZM�|wW J�N�EG^�WZUX_ ~ � F$C`[�[3EXN�EGI�F@n τ C`M6CVH�K�F�J�N
EXI`FxI�HuN
O�WqM<NpCrN
WqEGM&EGAB|�UXEoJLEXN�UG_�[�WLz�F�W [xi�_

c2 sin(τ) − x2

c1 cos(τ) − x1
= tan(φ).
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^(Eo[3W�I�J�C�ABWZS
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S
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IxJ�I�F�MyN�S
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W�A EoM�N�I¬MyW�N�N�O�WB��I�C�Uu¼wC��$C�M�N
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N
O�WVMyN
C�SyN&¼wC���I`FxN�O�W x1

g�Cr�3EoM�n�é
½�� ½GnwP6EXN�O¬JLI(I`S
[3EGF�C�N�WZM (d0, 0)
~ � H�PQW�C`M�M�K�ABWdN�O�C�NsI�FxN�O�WqEGADC��`W

|�UGC�F�WqP6O�CrN6PRWqJ�C�FxEo[3W�F�N�EXH�_]EoMRN�O�W�[�EGMyN
C�F�JLW�I�H�N�O�Wd^`W�S�N�EoJ�C�U*UXEGF�WdH�WZC�N�K�S
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O�WqI�K3N
|�K3NsI�H�N�O�W�My_3MyN�W�A J�C�F$i:WqWL�3|�S
WZM
MyW []C`M

y1 = tan(φ − CrNpC�F (−x2, d0 − x1))
y2 = tan(φ − CrNpC�F (−x2,−x1)).
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T(M ø ~G} n ø ~¿� C�F�[ ø ~ � m ~ � F
J�I�F�N�SpC�MyNZn(N
O�W�F�I�N�EGI�F$I�HvM�ABC�UXUXg±N�EGA�WqI`i�M�W�S
^{C�i�EGUXEXN<_�[3I(WZM6F�I�Ns|�K3NdC�F(_�J�I�F�MyN�SpC�EGF�N
MRI�FxN�O�W���WZF�W�S�g
C�N�W [VN
S
C�ê<WZJLN�I�S
EGWZM�F�I�S�N
O�W6|�C�S�NvI�H*M<NpCrN
WLg�My|�C`JLWQN�O�C�NYO�C�M�N
I�iwWs[3EoMyN�EGF���K�EoM�O�WZ[*n`i�K3N6ç�ÿr�G�L���VS�W M<N
S�EoJ�NpM
N
O�W�N�EGABWLglEXF�N
W�S
^{C�U�N�O�C�NsO�C�MRN
IDiwW�J�I�F�M�Eo[3W�S
WZ[]EXF$I�Sp[3WZSQN
IBz�F�[$[3WZ^�EoCrN
EXF���I`K3N�|�K3N ~

bdEG^�WZFBN�O�W�W�F(^(EXS
I�F�A�WZF�N
C�U�ABC�|@n θ(sθ)
n�N�O�WdMyWZF�M�I�SYABWZC`MyK�S�WZA�WZF�N
M1C�S�WsJ�I�F�M�Eo[3W�S
WZ[DC`M1CqADC�|�g

|�EXF��wn he : X → Y ~ ª I`SsCB��EG^�WZF�ABWZC`MyK�S�WZA�WZF�NZn y ∈ Y n�N�O�W�EXF(^`W�SpMyWdEXADC���W�I�H y K�Fw[3W�S he
EoM&N�O�W

M�WLN�I�H1C�UXU x ∈ X M�K�JpO¬N
O�CrN he(x) = y
~ � F²�`W�F�WZS
C�U�n X C�F�[ Y [3I�F�I�NdO�C{^�WqN
O�W�M
C�ABWVJZC�Sp[3EGF�C�U

F(K�A�iwWZS�M�I¬N�OwCrN�C¬ABW C�M�K�S�WZABW�F�N�ABEX�`O`N�JLI�S
S
WZM�|wI`F�[²N
I²ABI�S
WBN�O�C�NVI�F�W]M<NpCrN
W�EXF X ~²® I²J�I�|:W
P6EXN�O$N
O�EoM�n(N
O�W�H�I�UGUXIrP6EGF��D[3W�z�F�EXN�EGI�F�M6C�S�W�ADC�[3W ~
RTSQU�V�WYXEWNZ�VS�a]¡î j�e(W�N1I�H�H�W C�M�EXi�UGW9MyN
C�N�WZMpm ] ��b��VMyW�N1I�H�H�W C�M�EXi�UGWsMyN
CrN
WZMHgvé��Yb��
��ç±þ��
�����lÿ y e ý`�L��ÿr���pý
FSy e éoçVý`�
û1�:�pý]èrç��Yb��Vé��xfr���pçL�VéGiDè�¾���ÿyÀ y �3�:ý���� he

é��»�Yb���ç���èr���8�lç±þ�è��p� e E ~ W ~ e
FSy = {x ∈ X : he(x) = y}.

® I]EGF�N�S
I3[3K�JLW�C�ABWZC`MyK�S
W�I�HYO�IrPfPQWZUXU�C�JLWZSyNpC�EGF²|:I�EGF`NdEXF²N�O�WBM<NpCrN
WLg�My|�C`JLWqADCrNpJpO�WZM�C��`EX^`W�F
ABW C�M�K�S�WZABW�F�NZn�C�H�K�F�JLN�EGI�F�C�U@I�Svfrèr�,���8��Àp�3���L�±é
ÿr�²EoM&F�WZWZ[3W [*t
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RTSQU�V�WYXEWNZ�V¤�a]:_)ï j�cYC�UXK�WLg±H�K�F�J�N
EXI`Fwm ]�` �pÿ����±é�����ÿr�(ç�����ý�é Ú9�L�
�L�w��é
è c �X� e ��ÿr�u���:�l¾`è���éGfr�QÀp�3�:����é
ÿ��:èr� e
Vy : X → R

+,
ç����5b$�Yb�è�� e

x ∈ FSy ⇐⇒ Vy(x) = 0,éoç��pè����X�pý�è�f{è������8��Àp�3���L�±é
ÿr��½
� NREGM1F�I�NpC�i�UGW6N
O�CrNQù�WLzwF�E,N
EXI`F ø ~G} � EoMQPQWZUXUXglM�K�EXN�W [�H�I�S1M
JLWZF�C�S
EXI�MvP6O�WZS�WsI`F�WsABEG��O�N1O�C{^`W6F�I�EoMy_

ABW C�M�K�S�WZABW�F�N
M ~ � F²M�K�JpO²J�C`MyW M�n(N
O�WqH�W C�M�EXi�UGWVMyN
C�N�WZMsABC{_xJLI`F�MyEoMyNsI�HYC�UGU x n:MyKwJpO$N�O�C�N Vy(x) ≤ ε nH�I`S9M�I�ABW ε ∈ R
+ ~

«R_"K3N�EGUGEX�ZEXF��»N�O�W�^rC�UGK�WLg±H�K�F�JLN�EGI�F@n�EXNVEGM�|:I`M
MyEGi�UGWDN�I»[�S�EG^�WDN
O�W]MyN
C�N�W]W M<N
EXADC�N�EGI�F°P6EXN�O�EGF°N�O�W
M�WLNqI�HYH�WZC`MyEGi�UGW�MyN
C�N�WZMZn FSy

~�® O�EoMdP6EXUGUvi:W�M�O�IrP6F»EGF"��S
WZCrN
W�Sd[3WLNpC�EGUvEXF'e(WZJLN�EGI�F ø ~ Äw~V´ W��(NZn@PRW
H�I3J�K�M9I`F¬N�O�W�|�S
I�i�UXWZA I�HYUXI3J�C�UXEG��EGF��DN
O�WBC�J�N
K�C�U�M<NpCrN
W!gvé��Yb(é��"N�O�EoMdMyW�N ~ � F²I�Sp[3W�SsN�I�[�EGMyN�EGF���K�EGM�O
N
O�WVMyN
C�N�WZMsEXF FSy

n�EXN9EoM6F�W JLWZM
M
C�S
_DN�O�C�N6N�O�W�My_3MyN�W�A I�K3N
|�K3N�[�IDF�I�N9S
W�ADC�EXF¬JLI`F�MyN
C�F�N n@é
½��Z½GnwN�O�W
W���JLEXN�EGF���J�I�F�N�S
I�UuO�C�M9N�I�iwWB[3WZM�EG��F�W [¬MyK�JpO²N�O�C�N ẏ 6= 0

~ ª I�SdWZC`JpO¬|wI`EXF�N x0 ∈ X n*E,N�EGM�|:I`M
MyEGi�UGW
N
I�C�M
MyI3J�EGC�N�W�C�F�I�N�O�WZSsMyW�NRN
IDE,N9J�I�F�M�EoM<N
EXF���I�HvC�UGU*|:I�EGF`NpMRN�O�C�NsO�C{^�WdN
O�W�M�C�ABWdI`K3N�|�K3N6¼�IrP ~
RTSQU�V�WYXEWNZ�V£�a]:_u_ j�e(W�NxI�HVI�K�N�|�K3Nx¼�IrPâWZ¸�K�EG^rC�UGW�F�N¬M<NpCrN�W M
m ] q éGf{��� èr���Õè�ý~i�éoçpç�é c �G�æ�pÿr�w����ÿ�� e
u(·) ∈ U e ÀLÿr�¬�
è`�Õb£ç���èr��� x0 ∈ X e �Yb���ç��L�VÿyÀDç���èr����ç]�Yb�è��Vèr���¬I�K3N
|�K3N�¼�IrP WZ¸�K�EG^{C�UXWZF�NVN�I x0K�F�[3W�S u(·) e ý`�L��ÿr���pý OFu

x0
e éoç�ý���ûY�:�pýBè{çqèr���:ç��lè��l�Lç x1 ∈ X e ç����Õb]�Yb�è����Yb������q�
ü`éoçp��ç T > 0 ç����Õb

�Yb�è��:ÀLÿ���èr��� t ∈ [0 T ] e
he(x(t, x1, u(·))) − he(x1) ≡ he(x(t, x0, u(·))) − he(x0).«R_�ABW C�F�MRI�HuN�O�W�N<PRIBMyW�N
M6[3W�z�F�WZ[�EGF�N
O�EoM6MyW J�N�EGI�F�n3E,N6EoM&|wI�M�M�EXi�UXWdN�IB|�K�N9JLI�FwM<N
S
C�EXF�N
MQI�F�N�O�W

W���JLEXN�EGF���JLI`F`N
S�I`U ~ð ì�S�Zu¨+S�¬ �a]:_u] q éGfr�L� x0 ∈ X e é À³�Gb��L���æ��ü`éoç��
ç³è��µ��ü(��é���é��(¾��pÿr���±��ÿ�� e ux0
(·) ∈ U e èr�:ý�è

���Lé,¾+b c ÿ��
b�ÿ ÿZý e N(x0)
ç����5b$�Yb�èr�

FSy ∩ OFux0
x0 ∩ N(x0) = {x0}, j ø ~X} m

�Yb����»�Yb���ç��{ç��l�2iÂéoçvg1�pè®r����DçDiDèr���¯���±éGiB�Bÿ c ç����Df{è c �X�Bè�� x0
½

³&��ÿZÿyÀL½ ¦ W�|�S�Ir^`W6i(_�J�I�F�N�SpC�[3EoJ�N
EXI`F ~ e(K�|�|:I`M�WsN
O�W�M�_3M<N
W�A EGM��:ÿ��YPQW C�T(UG_�M�ABC�UXUXg±N�EGA�W�I�i�M�W�S
^rC�i�UGW
C�N x0

n*é
½��Z½Gn
∃ x1 ∈ N(x0)\x0

C�F�[ T > 0 : ∀t ∈ [0 T ] C�F�[ ∀u(·) ∈ U ,

he(x(t, x1, u(·))) ≡ he(x(t, x0, u(·))). j ø ~¿� m
ª I�S&N
O�W�My|:WZJ�EGC�U�JpO�I`EGJ�W�I�H t = 0 n ø ¸�K�CrN
EXI`F"j ø ~¿� mQ��EG^�W M

he(x1) = he(x0) = y, j ø ~ � m
ABW C�F�EGF��DN
O�CrN x1 ∈ FSy

~ \QI�F�M�EG[�W�S6N
O�W�F¬N
O�W�M�|:WZJLEoC�UuJpO�I�EoJLW�I�H u(·) = ux0
(·) nwP6O�EoJpO$N�I`��W�N�O�WZS

P6EXN�O ø ¸�K�CrN
EXI`F¶j ø ~ � m9C�F�[²ù�WLz�F�E,N
EXI`F ø ~G}�} EXAB|�UGEXW MsN
O�CrN x1 ∈ OFux0
x0

~då W�F�J�W�PRWVOwC{^�WVM�O�IrP6F
N
O�CrN9C`M�M�K�ABEGF��²j ø ~¿� mREGAB|�UGEXW M&N�O�WqW��3EGMyN�WZF�JLW�I�H x1

M�K�JpO�N�O�C�N
(x1 ∈ N(x0)\x0) ∧ (x1 ∈ FSy) ∧ (x1 ∈ OFux0

x0 ), ⇔
FSy ∩ OFux0

x0 ∩ N(x0) 6= {x0}.

\QI`F�MyN�SpC�EGF`Nqj ø ~X} m&MyWZS�^`WZM&C�MRN
O�W�i�C�M�EoMRH�I�Ss[3W MyEG��FxI�HvC�JLN�EG^�W�I�i�M�W�S
^�WZS
M ~® O�W�I�S
W�A ø ~G} C�UoMyI�|�S�Ir^(Eo[3WZMdC�F²EGF�N�K�EXN�EG^�W�EGF`N
W�S
|�S
WLN
C�N�EGI�F¬I�HYN�O�WBJLI`F�JLWZ|3N�I�H1M�ABC�UXUXg±N�EGA�W�I�i�g
M�W�S
^rC�i�EGUGE,N<_ ~V´ C�A�WZUX_`n*E,HQH�S�I`AâN�O�WBT(F�IrP6UGWZ[3�`WVI�HYN�O�WBABWZC`MyK�S�WZA�WZF�NZn y(t) j�P6O�EoJpO³[3W�z�F�W M FSy

m
C�F�[DEXN
MR[3W�S
EG^{C�N�EG^�W6¼wIrPÕC�NYN�EGABW t j
P6O�EGJpO�[3WLz�F�WZM OFu

x
mYI�F�WdJ�C�FDK�F�Eo¸`K�W�UG_B[�WLN�WZS�ABEGF�W6N
O�W�MyN
C�N�W�n

x(t) n�N�O�WZF¬C�[�_�FwC�ABEGJZC�U@M�_3M<N
W�AÂEoM6M
C�Eo[�N
IDiwW�M�ADC�UGU,g±N�EGABWdI`i�M�W�S
^{C�i�EGUXEXN<_ ~
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� F]N�O�EoM&MyW J�N
EXI`F@n`PRWdS�WZ^�EoM�E,NYN
O�WdS�I`iwI�NQABI3[3W�U:H�S
I�A ø ��C�AB|�UGW ø ~G}�~�® O�W�M�W�F�M�I�SQS�W C�[3EGF��`M1O�IrPRW�^�WZS
P6EGUGU1[3EX¯:WZS ~ � NqEGM�F�IrPµC�M
M�K�ABWZ[»N�O�C�NdN
O�WDS
I�i:I�N�EGMqW ¸�K�EX|�|wW [»P6EXN�O l S
C�F���W�g±ABW C�M�K�S�EGF��]M�W�FwMyI`S
MZn
I`S�EGW�F�N
WZ[ÕCrN�C�F���UGWZM αi, i = 1, · · · , l P6E,N
O�S�W My|:WZJLNDN�I φ

~ �6WLH�WZS�S
EGF��'N�I ª EG��K�S
W ø ~ � n6M�W�F�M�I�S iABW C�M�K�S�W MB[3EGMyN
C�F�JLW ρi
C���C�EGF�MyNBM�I�ABW$MyABI(I�N
OòJ�UXI�MyW [¶J�K�S�^`W�n θ : S1 → R

2 n1N
O�CrN�ABI3[3W�UoM�N�O�W
N
W�S
S
C�EXF ~ ø C�JpO°M�W�F�M�I�SqEoM�[3EGS
WZJ�N
WZ['C�UGI�F��$C$SpC{_²ADC�T(EGF��¬C�F°C�F���UGWDI�H φ + αi

P6EXN�O'N�O�W x1
glC��(EoM ~® O(K�M6N�O�WqI`K3N�|�K�N
MRH�I�SsN�O�WqM�_(MyN�WZA C�S�W

yi = ρi, i = 1, · · · , l.

x1

x2
φ

u2 u1

α1

α2
αl

ρ1

ρ2
ρl

θ(s1)

θ(s2)
θ(sl)

ª EG��K�S
W ø ~ � t ® O�WqK�F�EGJ�_(J�UXW�S
I�i:I�N6WZ¸�K�EG|�|:WZ[xP6EXN�O l S
C�F���W�g±ABWZC`MyK�S�EGF���M�W�FwMyI`S
M ~

® O�W¬��I`C�U&EGM�N
I°S�W JLI�FwM<N
S�K�JLN�N
O�W$H�K�UGU�MyN
C�N�W�n x = [x1, x2, φ] n&i�C�M�WZ[¶I�FÕMyWZF�M�I�SDS
WZC�[�EXF���M
ρ = (ρ1, · · · , ρl)

~ � M�S�WZABC�S�T`WZ[òEGF­JLI`Frê<K�F�JLN�EGI�FóP6EXN�O ù9W�z�F�EXN�EGI�F ø ~ � n6N�O�W³I`i3ê<WZJLN�EG^�W²P6O�WZF
[�WZM�EX�`F�EXF��$Cx�`W�F�WZS
C�U�I`i�M�W�S
^�W�S�EoMdN�IxN�SpC�JpT z = Ψ(x) nuS
C�N�O�WZS�N�O�C�F x EXN
M�W�UXH ~]® I�N
O�EoM�W�F�[*nuE,N�EoM
F�I�N�W [xN�O�C�NsN�O�W�|�S
I�i�UGW�A I�H�S�W JLI�FwM<N
S�K�JLN�EGF�� x EGF$N�O�EoMs|�C�SyN
EGJ�K�UoC�S6|�S
I�i�UGW�A$nwEGM6W ¸�K�EX^rC�UXWZF`N6N
IDN�O�W
S
WZJ�I�F�MyN�S
K�JLN�EGI�F'I�H6^�WZO�EoJLUGW�I�S
EXWZF�N
CrN
EXI`F@n φ nvC�F�['N�O�W�|�C�SpC�ABW�N�W�SV^{C�UXK�WZMZn si ∈ S1 n i = 1, · · · , l nJ�I�S
S�W My|:I�Fw[3EXF��°N�IæN�O�W³|wI`EXF�N
MxI`F�N�O�W"JLK�S
^�W»A�W C�M�K�S
WZ[óC��`C�EGF�MyN ~ � N$EoM�M�I¶M�EXFwJLW²N
O�W»S
W�UoCrN
EX^`W
I`S�EGW�F�NpCrN�EGI�F$C�F���UGW�I�H�W C�JpO$MyWZF�MyI`SZn αi

n3EoM6T(F�IrP6F ~ e(W�NyN
EXF��BN
O�WqI�iwMyWZS�^`W�S&M<NpCrN�W
z = Ψ(x) = [s1, · · · , sl, φ]T ∈ Z ,

N
O�W�H�I�UGUGIrP6EXF��B�`W�I�ABW�N�S
EGJZC�U�S�WZUGC�N�EGI�F�M�O�EG|]i:WLN<PRW�WZF x C�F�[ z O�I�Uo[�MZt
θ(si) = [x1, x2]

T + ρiR(φ+αi)e1, i = 1, · · · , l, j ø ~ Ä m
P6O�W�S
W e1 = [1 0]T C�F�[ Rα

[3WZF�I�N
WZMRN
O�WqS�I�N
C�N�EGI�F]ADC�N�S
E,�*n

Rα =

[
cos(α) sin(α)

− sin(α) cos(α)

]T

.

� EXABEGF���CrNsJ�I�F�MyN�S
K�J�N
EXF��BC�FxC�|�|�S
I�|�S
EoCrN�W�^rC�UGK�WLg±H�K�F�JLN�EGI�F�N�O�C�N9J�C�F$C�Eo[]N�O�WqI`i�MyWZS�^`W�S&[3WZM�EG��F@n(H�I`S
W C�JpO$MyWZF�M�I�S i n�[3WLzwF�WqCBABC�|�|�EGF�� vi : Z → R

2 C`J�J�I�Sp[3EXF���N�I
vi(z) = θ(si) − ρiR(φ+αi)e1.
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� F�N
K�E,N
EX^`W�UG_�n vi(z) |wI`EXF�N
MVI�K3N�P6O�W�S
WDABWZC�M�K�S
W�ABW�F�N i EXFw[3EGJZCrN
WZM�N
O�CrN�N�O�W�^`W�O�EoJLUGW�EoMqUGI(JZCrN
WZ['EGF
R

2 ~Y´ W��(NZn�[3W�z�F�W vij : Z→R
2 C`M

vij(z) = vi(z) − vj(z),

P6O�EGJpO³EXF�[�EGJZCrN�W M�N�O�WB[3EX¯:WZS�WZF�JLW�iwW�N<PQWZW�F²N
O�W�^�W�O�EGJ�UXW�UXI3JZCrN�EGI�F»WZMyN�EGABC�N�W [¬i(_¬A�W C�M�K�S
W�ABW�F�N
M ρiC�F�[ ρj
~ ª EGF�C�UGUG_�n(N�O�Wq^{C�UXK�WLg±H�K�F�J�N
EXI`F$EGM6[3W�z�F�W [xC`M

Vρ(z) =
1

2

l−1∑

i=1

∑

j>i

vij(z)T vij(z).

® O�W�F�I`F3glF�W���CrN�EG^�W9^{C�UXK�WLg±H�K�F�J�N
EXI`F@n Vρ(z) n3M�W�S
^�W MYC�MRC�ABWZC`MyK�S�W�I�H@O�IrP�PRW�UGU z n(ADCrN
JpO�WZMRCVM�WLNQI�H
ABW C�M�K�S�WZABW�F�N
MZn ρ ~�® I�M�W�W&N�O�EGMZn`EXN1EoMvF�I�N�EoJLWZ[�N
O�CrN Vρ(z) = 0 EGA�|�UXEGWZMYN�O�C�N1EXF�N
O�WsI�iwMyWZS�^`W�SvM<NpCrN
W�n
z j�P6O�EGJpO³F�CrN
K�S
C�UXUG_¬JLI`S�S
WZM�|wI`F�[�M&N
IxC�M<NpCrN
W�n x ∈ X n*i�_$S
W�UoCrN
EXI`Fæj ø ~ Ä mym�n�N
O�W�^�W�O�EGJ�UXW�|�S�W JLEoMyWZUX_
ABW C�M�K�S�W M*N
O�W1[3EoM<NpC�F�J�WZM ρi

C���C�EGF�M<N*N
O�W1|:I�EGF�N
M θ(si), i = 1, · · · , l
~ � FqN�O�W1I�N
O�W�S�[3EGS�W J�N�EGI�F�n J�UXW C�S
UX_

EXH ρ C�S
W6N�O�W�ABWZC�M�K�S
WZ[B[3EoM<NpC�F�J�WZMQC�F�[ z EGMYN�O�WdC�J�N
K�C�UwI�i�M�W�S
^�WZSYM<NpCrN
W�n`N�O�WZF vi(z) = [x1, x2]
T , ∀i nC�F�[³O�W�F�J�W Vρ(z) = 0

~�® O�EoMqC�UGUXIrPsMdK�MdN
I¬My|:WZJ�E,H�_¬N
O�WDMyW�NqI�H1H�W C�M�EXi�UXWDMyN
CrN
WZM�i(_¬ABWZC�F�M�I�HQN�O�W
^rC�UXK�W�g�H�K�F�J�N
EXI`F@n�C�M6[�EGM
JLK�M
M�WZ[�WZC�S
UGEXWZS ~� M&H�I�S&N
O�W�M�WLN6I�H�I�K3N
|�K3N6¼�IrP­WZ¸�K�EG^rC�UGW�F�NsM<NpCrN�W M�n(H�S
I�A·j ø ~ Ä mRPRW�I�i3NpC�EGF

0 = θ′(si)
T Rφ(u1e2 + ρ̇iRαi

e2 − ρiu2Rαi
e1) , Qi,

i(_³z�SpM<N�[�E,¯�W�S
W�F�N�EoCrN
EXF��¬P6E,N
O£S�W My|:WZJLN�N�I$N
EXABWxC�F�["N
O�W�F°A�K�U,N
EX|�UX_(EGF��²i(_ θ′(si)
T Rπ

2

H�S
I�A·N�O�W
UGWLH�N ~ ù�WLz�F�EXN�EGI�F ø ~G}�} EGAB|�UXEGWZM6N�O�C�N&I`F]N
O�W�M�WLNsI�H�I�K3N
|�K3N6¼�IrP­WZ¸�K�EG^rC�UGW�F�NsM<NpCrN�W M�n(N
O�W���WZI�ABWLN
S�EoJ
S
W�UoCrN
EXI`F£j ø ~ Ä m6AVK�MyN�i:W�|�S
WZM�W�S
^�W []I`F²CDF�I�F�g±WZA�|�N<_�N�EGABWVEGF�N�W�S
^rC�U±n�P6O�EoJpO¬EGA�|�UXEGWZMsN�O�C�N Qi = 0H�I`S9C�UGU i

~vå W�FwJLW�n�N�O�WqADC�|�|�EXF��B[�WLz�F�W [xi�_
Q = [Q1, · · · , Ql]

T = 0,

J�I�F�N
C�EXFwMRN�O�W�M�WLNsI�HuI�K�N�|�K3N6¼wIrPôWZ¸�K�EG^rC�UGW�F�NsM<NpCrN
WZMRH�I�S&N
O�EoMsMy_3MyN�WZA ~
a9F�[3WZS�M�K�E,NpC�i�UGW³C`M�M�K�AB|3N
EXI`F�MDI�FóN�O�W²W���JLEXN�EGF��¶J�I�F�N�S
I�U±nRN�O�W"MyWZF�MyI`S�I�S
EGW�F�N
C�N�EGI�F�M�C�F�[òN�O�W

WZF(^�EGS
I�F�ABW�F�NpC�U3ADC�|¬j
M�W�Wqì } ��î H�I�SQ[3WLNpC�EGUGMpm�n`E,N1JZC�FBiwW�MyO�IrP6F�N�OwCrNYN
O�EGM1MyW�N1C�F�[�N
O�WsMyW�NYI�H�H�WZC`MyEGi�UGW
MyN
C�N�W M�N
I��`WLN�O�W�SuH�K�U,zwUXU(N
O�W6JLI�Fw[3E,N
EXI`FVI�H ® O�W�I`S�WZA ø ~X} nrP6O�EoJpOVEGA�|�UXEGWZM�N
O�CrN�PQW&C�S
W1i:I�K�F�[qN
I�O�C{^`W
PRWZC�T(UX_]M�ADC�UGU,g±N�EGABWqI�i�M�W�S
^rC�i�EGUGE,N<_ ~�® O�WqPRC{_DN
O�W�N<PRI�MyW�N
MRH�K�UXz�UGU@N�O�W�JLI�Fw[3E,N
EXI`F$I�H ® O�W�I`S�WZA ø ~G}
EoM�N�O�C�N�N�O�WB[3EX¯:WZS�WZF`N
EGC�U�I�H Q n@[�W�F�I�N�WZ[ ∂zQ

n@M�O�I`K�UG[»F�I�N�i:W�|:W�S
|wWZF�[3EoJLK�UoC�SLë{I`SyN
O�I��`I�F�C�U*N�I�N�O�W
T`W�S
F�W�UwI�H�N�O�W9ADC�| ∂zVρ

~'¦ WdJ�C�FBN�O�WZF�JLI�FwJLUGK�[3W6N
O�CrNQN�O�W9N<PQI�M�WLNpM1C�S
W6F�I�NQUGI(JZC�UGUX_�|�C�SpC�UGUGW�U�C�F�[
O�W�F�J�WqP6EXUGU�JLS
I`M
MRWZC`JpO�I�N�O�WZS6EXFxI�F�W�M�EGF���UGW�|wI`EXF�N ~Y® O�EGM&EoM&N�O�WqS�W ¸`K�EXS
W�ABW�F�N&I�H ® O�W�I`S�WZA ø ~G}�~

ª S�I`A÷N�O�W$S
WZM�K�UXN
M�I�H�ì } �rî nYE,NDEoMDJLI`F�JLUGK�[3W [°N�OwCrNBN�O�W$W��3J�E,N
EXF��'J�I�F�N�S
I�URAVKwM<NDi:W$JpO�I`M�W�F°N
I
M
CrN
EGMyH�_






sin α1 −ρ1~~~ ~~~
sin αl −ρl






[
u1

u2

]

6= 0. j ø ~¿Ö m

´ WL�(NZn:PRWVMyO�IrP­N<PRI�M�|wW JLEoC�U@H
C�ABEXUGEXW MsI�H�W���JLEXN�EGF��]JLI`F�N�S
I�U*N
O�CrN�H�K�U,zwUXU&j ø ~¿Ö mLn:C�S�Wqi:I�K�F�[3WZ[@nwO�C{^`W
i:I�K�F�[3WZ[°[�W�S
EX^rCrN
EX^`W�n�C�F�["��WZF�W�SpCrN
W�|:W�S
EXI3[3EoJ�N�SpCrê<W J�N
I�S
EXW M9N
O�CrN�P6EGUGUYS�WZADC�EGF"EGF�M�EG[�W�N
O�W�WZUXUGEX|�N�EoJ
WZF(^�EGS
I�F�ABW�F�N n�[3W�F�I�N�W [ Ω

~�® O�W&z�SpMyN�I`F�W&K�M�WZM�N�S
EG��I�F�I�ABWLN
S�EoJvH�K�FwJ�N�EGI�FwM�N�I���WZF�W�SpCrN
WQABI�N�EGI�F�N�O�C�N
ABIr^`WZMYiwC�JpTDC�F�[DH�I�S�N�O�P6O�EGUGW9N
O�W�I�N�O�WZSQI`F�WsH�I`UXUGIrPsMvN
O�W�JLK�S
^rCrN�K�S�WsI�HuC�F]W�UGUXEG|3N�EoJ�S�W�H�W�S
W�F�J�Ws|�CrN
O
iwC�JpTDN
IBN�O�WqEGF�EXN�EoC�U*|:I`M�E,N
EXI`F ~
�
��ñjWNX®W:V�ë4�hZuV�X®¨mZu«H_ j ® S�EG��I`F�I�ABW�N�S
EGJ ª K�F�JLN�EGI�F�Mpm ] ¦ Wdz�S
MyN6W�UoC�i:I�SpCrN
W�P6EXN�O$WL��J�E,N
EXF��DJ�I�F�N�S
I�UoM
I�HuN
O�W�H�I�UGUGIrP6EXF���H�I�S
A

ux0
(t) =

[
u1(t)
u2(t)

]

=

[
a1 sin(k1 + p1t)
a2 sin(k2 + p2t)

]

.
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«RWZUXIrPqn:E,N�EoM�M�O�IrP6F$N�OwCrN9H�I`S�|wC�S�N�EoJLK�UoC�S9JpO�I�EoJLWZM9I�HvN
O�W�|wC�SpC�ABWLN
W�SpM�n k1, p1, k2, p2

n:N
O�W�W���JLEXN�EGF��
J�I�F�N�S
I�U±n ux0

(t) n3��W�F�W�SpCrN�W MY|:W�S
EXI3[3EoJ9N�SpCrê<WZJLN�I`S�EGWZM ~uå W�F�J�W9H�I`SRC���EG^�WZF�EXF�E,N
EGC�U:|:I`M�EXN�EGI�F@n x0
n3EGF�N�O�W

EGF�N�WZS�EGI�S�I�H Ω n�i(_$C`[{ê<K�MyN�EGF���N
O�W�S�WZABC�EXF�EXF���H�S�WZWV�`C�EXF¬|wC�SpC�ABWLN
W�SpM�n a1, a2
n�PRW�C�S�WVC�i�UGW�N�I�T�WZW�|

N
O�Wq��WZF�W�SpCrN
WZ[]N�SpCrê<W J�N�I`S�_DEGF�M�EG[�W Ω H�I�SsC�UXU�N
EXABW ~
e(N
C�S�N�EGF��BP6EXN�OxN�O�Wq^`W�O�EoJLUGW�I�S
EXWZF�N
CrN
EXI`F@n φ n�i(_]EGF`N
W��`S
C�N�EGF���EXN
M9[3_(F�C�ABEoJ�MZn3PQW�I�i�N
C�EGF

φ(t) = φ0 −
a2

p2
cos(k2 + p2t).

� FwMyWZSyN
EXF���N
O�EGMsEXF�N�I�N
O�Wq|wI�MyEXN�EGI�F¬[3_(F�C�ABEGJd_(EXWZUG[�M

ẋ1 = u1(t) cos
(

φ0 −
a2

p2
cos(k2 + p2t)

)

, u1(t)c1(t),

ẋ2 = u1(t) sin
(

φ0 −
a2

p2
cos(k2 + p2t)

)

, u1(t)c2(t).

å W�F�J�W�n

x1(t) = x1(t0) +

∫ t0+t

t0

u1(τ)c1(τ)dτ,

x2(t) = x2(t0) +

∫ t0+t

t0

u1(τ)c2(τ)dτ.

® IDI�i�N
C�EGFx|wWZS�EGI3[3EGJ�E,N<_]I�H�A�I�N�EGI�F@n3PRW�PRC�F�NRN
ID|�K3N9J�I�F�MyN�SpC�EGF�N
MRI�F�N�O�W�H�K�F�J�N
EXI`F u1
M�K�JpO]N
O�CrN

∫ t0+T̄

t0

u1(t)ci(t)dt = 0, i = 1, 2,

H�I`S9M�I�ABW T̄ ∈ R
+ n@é
½�� ½Gn�PRWdS
WLN
K�S
F]N
IBN�O�WqEGF�EXN�EoC�U@|:I`M�E,N
EXI`FxC�N&N�EGA�W t0 + T̄

~
® IDN
O�EGM9W�F�[@n�F�I�N�EoJLWqN
O�CrN ci(t), i = 1, 2 n�C�S�Wq|:W�S
EXI3[3EoJ�H�K�FwJ�N�EGI�FwMsP6EXN�O²|:W�S
EXI3[ 2π

p2

C�Fw[xN�O�C�N
N
O�W�JpO�I`EGJ�W k2 = 0 �`EX^`WZM

ci(t) = ci(
2π

p2
− t), i = 1, 2.

® O�W�F$E,H�PRW�JpO�I�I�MyW u1
C�M6C�|wWZS�EGI3[3EoJdH�K�F�J�N
EXI`F$P6E,N
Ox|:W�S
EGI([ 4π

p2

P6O�EGJpO�H�K�S�N�O�WZS9M�C�N�EoM<zwWZM

u1(t) = −u1(
4π

p2
− t),

PRWq��W�N
∫ t0+

4π
p2

t0

u1(t)ci(t)dt = 0, i = 1, 2,

P6O�EGJpO$EGA�|�UXEGWZM&N
O�CrN6N
O�W�^�WZO�EGJ�UXWqP6EGUGU*S�W�N�K�S
F]N
IDE,N;© M9M<NpC�S�N�EGF���|:I`M�EXN�EGI�F¬CrN t = t0 + 4π
p2

~
® O�W�H
C�ABEXUG_�I�HuH�K�FwJ�N�EGI�FwM�n u1(t)

n�H�K�UXz�UGU*N�O�W�C�i:Ir^�WdA�WZF�N�EGI�F�W [�S
WZ¸�K�EGS
W�ABW�F�N
MREXH�PRWqMyW�N

p1 =
p2

2
,

k1 +
2π

p2
p1 = πn,

H�I`SVM�I�ABW n ∈ Z
~ � F'N
O�W�M�EXA�K�UGC�N�EGI�F�M�|�S�W MyWZF`N
WZ[³EXF£e(W J�N
EXI`F ø ~ Ö n�PRWDO�C{^�WDM�WLN a1 = 0.5, k1 =

−π, p1 = π, a2 = 1.5, k2 = 0 C�Fw[ p2 = 2π n�P6O�EoJpO]H�K�UXz�UGU@N
O�WqS�W ¸�K�EXS
W�ABWZF`NpMRP6E,N
O n = 0
~
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�
��ñjWNX®W:V�ëä�aZ�V�X2¨mZ�«^t jl\QK�S
^{C�N�K�S
W ª I`UXUGIrP6EGF���m ] � F�I�N
O�W�S�H
C�ABEXUG_æI�H�JLI�F�N
S�I`UGM�N
O�CrN�ABW�W�N]I�K�S
I`i3ê<WZJLN�EG^�W M6J�C�Fxi:WqWL�(N�SpC�JLN�WZ[�i(_]C�|�|�UX_(EGF��DM<NpC�F�[�C�Sp[�J�K�S�^rC�N�K�S
W9H�I`UXUGIrP6EGF���N�WZJpO�F�EG¸�K�W M ~ª S�I`A N�O�W�My_3MyN�W�A [3_(F�C�ABEoJ�M&PRWqI�i3NpC�EGF]N
O�CrN

φ = arctan
ẋ2

ẋ1
,

u1 =
√

ẋ2
1 + ẋ2

2,

u2 = φ̇ =
ẋ1ẍ2 − ẍ1ẋ2

ẋ2
1 + ẋ2

2

.

ö WLN
xr

1 = a1 cos(wt)

xr
2 = a2 sin(wt)

[�W�F�I�N�W�N�O�Wq|wWZS�EGI3[3EGJdS
WLH�WZS�WZF�JLWdN�SpCrê<W J�N
I�S
_�n(EXFxN
O�EGM9J�C�M�W�n3C�FxWZUXUGEG|�MyW ~'¦ WqO�C{^`W
ẋr

1 = −a1w sin(wt)

ẍr
1 = −a1w

2 cos(wt)

ẋr
2 = a2w cos(wt)

ẋr
1 = −a2w

2 sin(wt),

C�F�[xO�W�FwJLW�PQW�NpC�T`W
u1(t) = w

√

a2
1 sin2(wt) + a2

2 cos2(wt)

u2(t) =
a1a2w

3

u2
1

=
a1a2w

a2
1 sin2(wt) + a2

2 cos2(wt)
.

Ù^S�¬sÚJ¨+ÛA�a]Aé)] � F²|�S
EGF�JLEG|�UGW�n:N�O�W�JpO�I�EoJLWVI�HvN�O�W���C�EGF¬|�C�SpC�ABWLN
W�SpM�n a1
C�Fw[ a2

n*MyO�I�K�Uo[²[3WZ|wWZF�[
I`F]N
O�WqEGF�E,N
EGC�U@M<NpCrN
W�n x0

n�I`SRABI`S�Wd|�S
WZJLEoM�W�UG_�n(N�O�W�[3EGMyN
C�F�JLW�N�IBN
O�WqJLUGI`M�WZMyN6I�i�MyN
C`JLUGW�P6O�EoJpO$J�C�Fxi:W
W M<N
EXADC�N�WZ[xi(_DN
O�WqS
C�F���W�M�W�F�M�I�SpM ~

h1K3NyN
EXF��$EXN�C�UXUuN�I`��W�N�O�WZSZn:N�O�WVH�I`UXUGIrP6EXF��]I�iwMyWZS�^`W�S9[3_(F�C�ABEGJZM9EoMd|�S�I`|wI�MyW [xH�I�SdN�O�EGMd|�C�SyN
EGJ�K�UGC�S
|�S�I`i�UXWZA$t

ż = −kV

[∂Vρ

∂z

]T

− kQ

[∂Q

∂z

]T

Q, j ø ~ � m
P6O�W�S
W kV , kQ > 0 C�S
WdM�K�EXN
C�i�UX_xJpO�I`M�W�F�I�i�M�W�S
^�WZS&�`C�EGF�M ~® O�Wvz�SpM<N@N
W�S
A­EGF�j ø ~ � m*MyWZS�^`WZM�N
I9[3S
EX^`W�N�O�WQM<NpCrN�WYN�I6N
O�W1M�WLN�I�H�H�W C�M�EXi�UXWYMyN
C�N�WZMZn FSy

n P6O�EXUGWvN�O�W
I`i3ê<WZJLN�EG^�W�I�H�EGF�JLUGK�[3EGF���N�O�W�M�WZJLI`F�[BN
W�S
A EoMQN�IBM<N
S�EG^�WsN�IrP&C�Sp[�MvN
O�WdM�WLN&I�H@I`K3N�|�K3N&¼�IrP�WZ¸�K�EG^rC�UGW�F�N
MyN
C�N�W M�n OFu

x

~ e(EGF�JLWVN�O�W MyWqN<PRI]M�WLNpM6H�K�UXz�UGU�N
O�W�J�I�F�[3EXN�EGI�F¬I�H ® O�W�I`S�WZA ø ~G} n:P6O�EoJpO¬EXAB|�UGEGWZM9N�O�C�N
N
O�W�M�_(MyN�WZAÂEoM&PQW C�T(UG_]MyADC�UXUXg�N
EXABW�I�iwMyWZS�^rC�i�UXW`n(C�F(_DN<PQIDMyN
C�N�WZM6JZC�FxiwWqUGI3J�C�UXUG_][3EoM<N
EXF���K�EoMyO�WZ[ ~® IæI`i3N
C�EXF­C°H�K�UGUqM<NpCrN�W"I�iwMyWZS�^`W�S nQN
O�W³H�K�UXU�I`i�MyWZS�^`W�S�ADC�|�|�EGF���n Φ n9EoM�N
Iæi:W"[3W JLEo[3WZ[ j���ÀL½ª EG��K�S
W ø ~G} m ~ «R_�S�WZUGC�N�EGI�F°j ø ~ Ä mLnwC�F�_�|�C�SpC�ABW�N�W�S6^rC�UXK�W`n si

n�N�I`��W�N�O�WZS6P6E,N
O φ n�M�K3¹�JLW�H�I�S�S�W JLI`F3g
MyN�S
K�JLN�EGF�� x

~9® O(K�MsN
O�W�S
WVC�S�WVM�W�^`W�SpC�U�JpO�I�EoJLWZM6H�I�S Φ
~då IrPRW�^`W�S n�EXF²N�O�W�J�C�M�WqI�HvH
C�K�UXN<_xABW C�M�K�S�W�g

ABWZF`NpM�n([3EX¯:WZS�WZF�NY|�C�SpC�ABWLN
W�Sv^rC�UGK�W MvABEX�`O`NQ��EG^�W&EXFwJLI�FwMyEoM<N
W�F�N1MyN
CrN
W6WZMyN�EGADCrN�EGI�F�n�P6O(_VH�I`SYEGF�M<NpC�F�J�W
CDM�EGA�|�UXW�^�W J�N
I�SsC{^�WZS
C���W9JZC�FxiwW�JpO�I`M�W�F ~® O�W1H�I`UXUGIrP6EXF��9|�S
I�|:I`M�E,N
EXI`F�C�[�[�S�W M�M�WZM@N�O�W6JLI`F(^�W�S
��WZF�JLWv|�S�I`|wWZSyN
EXW M�I�H�N�O�WR|�S
I�|:I`M�WZ[�I`i�MyWZS�^`W�S ~
§©¨mZuÞ�Z�ß®WNX®WNZ�VO�a]:_u]�` çpç��JiD�1�Yb��6�pÿ����±��ÿr�3èr��ý9é�� º çwû1�pçp�*ý�����éGfrèr�±éGf{��èr��� c ÿr�Yb c ÿr�3�:ý`�pýdè��:ý&¾��L���L��è��l�
þ�����é
ÿZý�é
��iDÿr�±é
ÿr��ç�½���b��L�B�Yb��6�Lç���éGiDèr�±é
ÿr��������ÿr�&ÿ<ÀQ�Gb���þ:��ÿpþ�ÿrçL�pýqÿ c ç����Df{����j ø ~ � mQéoç1�Xÿ �
è������ c ÿr�3�:ý`�pý
è��:ýx�pèr� c �aiBè`ý��Bèr� c é����
èr��é����DçDiDèr��� c �D�±�3��é��(¾D�Yb���ÿ c çL���Dfr�L�Rþ�èr��è~iB�����L�pç e kV
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∂ẑ
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C�F�JLW
i:WLN<PRW�WZF�C�F(_�N<PRI�N�SpCrê<W J�N
I�S
EXW M�N�W�Fw[�MYN
Iq��WZS�I�j
�
ÀL½:ì � î m ~v® O�EoMYEoM1C�|�S
I�|:W�S�N<_VI�H�N�O�W9J�I�F�N�S
I�UwMy_3MyN�W�A
W C�UGI�F�W ~ � F²JLI�F�ê<K�F�J�N
EXI`F¬P6E,N
O²hYS
I�|:W�S�N<_ ª ~G} n�N
O�EoMsEGA�|�UXEGWZM9hYS�I`|wWZSyN<_ ª ~ ��~ õ²I�S
Wq|�S�W JLEoMyWZUX_`n�PRW
OwC{^�WdN�O�C�N

d

dt

∫

Υt

F̂
ρ0

ds =

∫

Υt

F̂
ρ0

1

2
(LF̂G)(

dτ

ds
,
dτ

ds
)ds,
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M�IBE,H LF̂G < 0 n(N
O�W�F

inf

∫ w2(t)

w1(t)

ds ≤
∫

Υt

F̂
ρ0

ds <

∫

ρ0

ds , inf

∫ w2(0)

w1(0)

ds.

w1(0)

w2(0)

ρ0

w1(t)

w2(t)

Υt

F̂ρ0

ρt

ª EG��K�S
W ª ~¿� t ® O�W"UXWZF���N
OôI�HVN�O�W"��WZI([�WZM�EGJ³JLK�S
^�W ρt
ndiwW�N<PQWZW�FóN<PRI£N
S
C�ê<WZJLN�I�S
EGWZM][�WZJLS
WZC`MyW M]EXH

LF̂G < 0
~

å IrPQWZ^�WZSZn(N
O�WVC�M
M�K�AB|3N�EGI�F�N�O�C�NsN�O�W�I�i�M�W�S
^�WZS6[3_(F�C�ABEoJ�M&EoMsJLI`F`N
S
C`J�N
EX^`W�n3EoM6^�WZS�_�S
WZMyN�S
EoJ�N�EG^�WqC�F�[
EGF$ABI`MyN9J�C�M�WZMZn(hYS
I�|:W�S�N<_ ª ~ � O�C`MRN�IDi:W�MyO�IrP6Fxi(_�ABWZC�F�M&I�H�[3EXS
WZJLN ö _�C�|�K�F�Ir^DA�W�N�O�I3[�M ~

� F'N
O�EoM�|�C�|wWZSZn�PQW�MyN�Kw[3_»N
O�W]I`i�M�W�S
^�W�Sq[3W MyEG��F'|�S
I�i�UXWZA H�I`SVC¬JLUoC�M
MqI�H6F�I`F�UGEXF�W C�SVM�_3M<N
W�ADMZn
f éL° ½ ø K�UGW�S�g ö C��`S
C�F���W�M�_(MyN�WZADM�nwP6O�W�S
W�N�O�WVI�K3N
|�K3N�I�H�N�O�WVM�_3M<N
W�A EGM�C�M
MyK�ABW []N
I�i:WqN�O�W���WZF�W�S�g
C�UXEG��W [D|:I`M�E,N
EXI`F�C�Fw[BH�I�SpJLW`n�C�F�[BN�O�W��`I`C�UwEGM1N�I�S
WZJLI`F�MyN�S
K�J�NYN
O�Wd��W�F�W�SpC�UGEX�ZWZ[B^�WZUXI3J�E,N
EXW M ~�� F�I�H�N�WZF
|�S
C`J�N�EoJLW [$MyI`UXK3N
EXI`FxN�IBN�O�W�|�S
I�i�UGW�AkI�H�S
WZJ�I�F�MyN�S
K�JLN�EGF���N�O�W�^`W�UGI3JLEXN<_�^rC�S
EGC�i�UXW M&EGM6N�IDF(K�ABW�S
EGJZC�UGUX_
[�E,¯�W�S
W�F�N�EoCrN
W�N
O�W�T(F�IrP6F°|:I`M�E,N
EXI`F°A�W C�M�K�S
W�ABW�F�N
M ~¬® O�EoM�C�|�|�S
I`C�JpO"O�IrPRW�^`W�S n@H
C�EGUoMqN�I³|wWZSyH�I`S�A
H�I`S&O�EX�`O]C�Fw[DH
C�MyN&^{C�S�_(EGF���^`W�UGI(J�E,N
EXW M�n(i�K�NRF�C�N�K�SpC�UGUG_BC�UGM�IVP6O�W�F�N
O�Wd|wI�MyEXN�EGI�F�A�W C�M�K�S
W�ABW�F�N
MQC�S
W
J�I�S
S�K�|3N�W []i(_�F�I`EGM�W ~

® O�W ø K�UGW�S�g ö C���SpC�F���W]W ¸�K�CrN
EXI`F�MBC�S
W"é��w����é���ç�é
�¬C�F�[¶ADC{_£i:W¬P6S�EXNyN
W�FÕEXF�C'JLI(I`S
[3EGF�C�N�WLg±H�S
W�W
P&C{_"ì Ä î ~ � NdEoM�F�CrN
K�S
C�U@N
I]T�WZW�|¬N
O�EoM�J�I�I`S
[�EXF�C�N�W�EGF�[3WZ|wWZF�[3WZF�JLW�EXF»N�O�W�I�i�M�W�S
^�WZS9[3W MyEG��F»C`MsPRW�UGU ~® O�WO�6EGW�ADC�F�F�EGC�F��`W�I`A�W�N�S
EGJR|:I�EGF�N1I�H*^(EXWZP¶OwC�MvEGF3¼�K�WZF�JLW [B|�C�S�NYI�H*JLI`F�N�S
I�U(N�O�W�I�S
_�n��Z½¿¾�½Gn�I�|3N
EXADC�U
J�I�F�N�S
I�U@C�F�[xJLI�F�N
S�I`U�[�WZM�EX�`F ~Yå IrPRW�^`W�S n�N
O�WqEXAB|�C`J�NsI`F�I`i�MyWZS�^`W�S&[3WZM�EG��F@n�OwC�M&i:W�W�F$ABI3[3WZMyN ~

� FÕì Ö î n*N�O�W�C�K3N
O�I�SpMqMyKwJ�JLW M�MyH�K�UGUX_³C�[3I`|3N�N�O�WBH�I`S�ABW�S
UG_¬A�WZF�N�EGI�F�W ["J�I�F�N�SpC�JLN�EGI�F"C�F�C�UX_3M�EGM�C�|�g
|�S�I�C�JpO¶N�IæC`[�[3S
WZM
MDJLI�F(^`W�S
��W�FwJLWxI�H�C�FÕEGF`N
S�EGF�M�EGJ$I`i�M�W�S
^�W�SBH�I`S ø K�UGW�S�g ö C��`S
C�F���W$M�_(MyN�WZADMDP6E,N
O
|:I`M�EXN�EGI�FæABW C�M�K�S�WZABW�F�N
M ~"® O�WZM�W�S
WZM�K�UXN
M�O�C{^�W�iwWZW�F¶M�|:WZJLEoC�UGEG��WZ[°N�I³N�O�W$J�C`MyW�I�H9UGWLH�NBEXF(^rC�S
EoC�F�N
M�_3M<N
W�ADMqI`F ö EXWD�`S�I`K�|�M�EGFÕì � î ~ � F'N
O�WD|�S
WZM�W�F�N�|�C�|wWZSZnuPQWBWL�(N
W�F�["N
O�WDS�W MyK�U,NpMqI�H�ì Ö î i(_»K�M�EGF��ö _`C�|�K�F�Ir^»N�O�WZI�S
_²N�I"MyO�IrP J�I�F(^�WZS��`W�F�J�W�EGF'N�O�W�JLI`F�MyN
C�F�NVJ�K�S�^rC�N�K�S
W�J�C`MyW`nuP6O�WZF�W�^`W�S�PQWDO�C{^`W
è$þ:��é
ÿ���é��`EX^`W�Fæi:I�K�F�[�MDI`FæN
O�W¬^�WZUXI3JLEXN<_£^rC�S
EoC�i�UGWZM ~ � FòN
O�W²J�C`MyWxI�H�|�O(_3MyEoJ�C�U�j
ABWZJpO�C�F�EGJZC�U6I`S
WZUXW J�N
S�EoJ�C�Uom ø K�UGW�S�g ö C��`S
C�F���WdMy_3MyN�WZABMZn(N�O�EGMsC`M�M�K�AB|3N
EXI`F�EoMsC�S�W C�UGEGMyN�EoJ�I�F�W ~

® O�W»I�S
�`C�F�EG�ZCrN
EXI`FÕI�H�N
O�EGM�|�C�|wWZS�EoM�C`M�H�I`UXUGIrPsM ~ e(W J�N�EGI�F ª ~ � EGMx[3W�^`I�N
WZ[ÕN
IæEGF`N
S�I3[3KwJLEGF��
M�I�ABWd|�S
W�UGEXABEGF�C�S
_�J�I�F�J�W�|3NpMRI�H@NpC�F��`W�F�NQi�K�F�[3UGW��`W�I�ABW�N�S
_$j±e(WZJLN�EGI�F ª ~¿�3~G} mQC�F�[ ø K�UGW�S�g ö C��`S
C�F���W
M�_3M<N
W�ADM$j�e(W J�N
EXI`F ª ~ ��~ � m ~°® O�W$[3WZM�EX�`F£I�H9N�O�WxI�i�M�W�S
^�WZSVEoM�N
O�W$MyK�i�ê<WZJ�NBI�H�e(WZJLN�EGI�F ª ~ � nYP6O�EGUGW
e3WZJ�N
EXI`F ª ~ Ä EGMD[3WZ^�I�N�WZ[£N�I"N�O�W$J�I�F(^�WZS��`W�F�J�W�|�S
I�|:W�S�N�EGWZM�I�HdE,N ~ ª EGF�C�UGUG_�nYN
O�WZM�W$|�S
I�|:W�S�N�EGWZMBC�S
W
EGUGUXK�MyN�SpCrN
WZ[xEGF¬e3WZJ�N
EXI`F ª ~¿Ö n�P6O�W�S
WdPRW�|�S
WZM�W�F�NsMyI`A�WqM�EXA�K�UoCrN�EGI�FxS
WZM�K�U,NpM ~
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® O�EGM�|�C�|:W�S�C�M
MyK�ABW M9CB|�S
W�^(EGI�K�M6T(F�IrP6UGWZ[���WqI�HYJ�UGC`M�M�EGJZC�U*N
W�F�M�I�S�C�F�C�UX_3M�EGMsC`MsPRW�UGUuC`M&H
C�ABEGUXEoC�S
E,N<_
P6EXN�OÕJLI(I`S
[3EGF�C�N�WLg±H�S
W�W�J�I�F�J�W�|3NpMVUGEGT�W�N
C�F���W�F�NBi�K�F�[�UXW`n ö EGW$[3W�S
EX^rC�N�EG^�WZM�C�Fw[æCr¹DF�W$JLI`F�F�W J�N�EGI�FwM
j�JLI`F�MyK�U,N nR� ½¿¾`½GnYì � î I`SBì ï î m ~B® O�S�I`K���O�I�K3NdN�O�WD|wC�|:W�S n ø EXFwM<N
W�EGF'M�K�ABADCrN
EXI`F"J�I�F(^�WZF`N
EXI`F²EoM�K�MyW [
jyé
½��Z½GnuPQW�MyK�AÁIr^�W�SdC�UGUuEGF�[3EoJLW M�C�|�|:WZC�S�EGF��]S
W�|:WZC�N�W [3UX_�mLn:|wC�S�N�EoC�U�[3W�S
EX^rC�N�EG^�WZM�C�S
WVEGF�[3EoJ�C�N�WZ[»P6E,N
O
CBJ�I�ABADC�n U,i = ∂U

∂xi

n3P6O�EGUGW�J�Ir^rC�S
EGC�F`N&[3W�S
EG^{C�N�EG^�W M1I�HuJLI`F`N
S
C{^rC�S�EoC�F�NYN
W�F�M�I�SpM&C�S
W9EGF�[3EoJ�CrN
WZ[�P6E,N
O
C�i�C�S n F i

|j = F i
,j + Γi

kjF
k ~ � H gij

C�S�W�N
O�WVJ�I�AB|wI`F�W�F�NpM6I�HYC��6EGW�ADC�F�F�EoC�F$ABWLN�S
EoJ�n gij [3W�F�I�N�W M
N
O�W'JLI�AB|:I�F�WZF�N
M�I�HqN�O�W"[3KwC�UBj
÷�EGF(^�WZS
M�WQ÷Zm�A�W�N�S
EGJ�n�C�F�[ÕN�O�W"J�I�AB|wI`F�W�F�NpM�I�HVN�O�W ö W�^(EXg<\QEG^(E,NpC
J�I�F�F�WZJ�N
EXI`F�MBj�N
O�W�\QO�S
EGMyN�I�¯:WZU�M�_(AVi:I�UoM
m�C�S
W���EG^�W�F³i(_ Γi

jk(x) = 1
2gil(glj,k + gkl,j − gjk,l)

~ «Q_
�`S
C`[ U n3PQWqABW C�F�N�O�Wq^`WZJ�N
I�SRz�WZUG[ gijU,j

∂
∂xi

~Y® O�W�J�K�S�^rC�N�K�S
W9N
W�F�M�I�S n R n�EoM6[3WLz�F�WZ[xi(_
R(X, Y )Z = (∇X∇Y −∇Y ∇X −∇[X,Y ])Z.

¦ EXN�O$N
O�WqEGF�[3WL��I�Sp[3W�S
EXF���J�I�F(^�WZF`N
EXI`F�MQH�S�I`A ì � î n3N�O�W�N<_(|:W (1, 3) N�WZF�MyI`S R O�C`M6JLI�AB|:I�F�WZF�N
M

R i
j kl

∂

∂xi
= R(

∂

∂xl
,
∂

∂xk
)
∂

∂xj
,

M�I�N�O�C�N
R i

m jk = Γi
mj,k − Γi

mk,j + Γi
nkΓn

mj − Γi
njΓ

n
mk,

C�F�[�N�O�W�N
O�W��6EoJ�J�E*EG[3WZF�N�EXN<_�n
Y i

|j|k − Y i
|k|j = R i

m jkY m, j ª ~X} m
O�I�Uo[�M   ~

¦ WxF�IrP S�WZ^(EXWZP M�I�ABW�UXW M�M�PQWZUXUXglT�F�IrP6FæJLI`F�M<N
S�KwJ�N�EGI�FwM�n�F�C�A�WZUX_'UGE,H�N
EXF��³�`W�I�ABW�N�S
EGJZC�UQMyN�S
K�JLg
N
K�S
WZM&I�F$C�ABC�F�EXH�I�Uo[ X N�IB��WZI�ABWLN
S�EoJ�C�U:MyN�S
K�JLN�K�S
WZMRI�FxEXN
MRN
C�F���WZF�N&i�K�F�[3UGW�n TX j���ÀL½@ì � î m ~Y® O�WZM�W
I`|wWZS
C�N�EGI�F�M�P6EGUGU3iwW6O�WZUX|�H�K�U�P6O�EGUXWsMyN�Kw[3_(EXF��dN
O�WsJLI`F�^`W�S
��WZF�JLWQ|�S�I`|wWZSyN
EXW M�I�HwN�O�W6I`i�MyWZS�^`W�SuN�O�S
I�K���O
J�I�F�N�SpC�JLN�EGI�F¬C�FwC�UG_(M�EoMqj�e(W J�N�EGI�F ª ~ Ä�~ � m ~ ö WLN x iwW�UXI3J�C�U�JLI(I`S
[3EGF�C�N�WZM&I`F X C�F�[ (x, v) N
O�WVJ�I�S
S�W�g
M�|:I�F�[3EGF��DEGF�[3K�J�WZ[$JLI(I`S
[3EGF�C�N�WZMRI`F TX ~
ú ® O�W²fr������é
�pèr�Q��é Àp�qI�HsC$^`WZJ�N
I�S�z�WZUG[ Y = Y i ∂

∂xi

I�F X n�EoM�N�O�W]^�WZJLN�I`S�z�W�Uo['I�F TX ��EG^�WZF"i(_
Y V = Y i ∂

∂vi

~
ú ® O�W�b�ÿr��éL° ÿr�w�lè��u�,é Àp�6I�H Y [3W�|:W�F�[�M6I�FxN�O�WVJpO�I�EoJLW�I�HvCDJ�I�F�F�WZJ�N
EXI`FxC�F�[xEGM6N�O�W�^`WZJLN�I�S&zwW�Uo[$I�F

TX ��EG^�WZF]i(_ Y H = Y i(∂
∂xi − Γm

li vl ∂
∂vm )

~
ú ® O�W�¾��
ÿ ý��Lç�é
�Vç�þ���èr�DEoM&C�^�WZJLN�I`S1z�WZUG[ O

Z
I�F TX n(K�F�Eo¸�K�W�UG_]J�I�F�MyN�S
K�J�N
WZ[�H�S�I`AkC�J�I�F�F�WZJ�N
EXI`F ∇I�F X C�M O

Z= vi ∂
∂xi − Γi

jkvjvk ∂
∂vi

~
� H φ EoMRC�[3EX¯:WZS�WZF�N�EoC�U:H�I�S
A I�F X n τ∗φ [3W�F�I�N�W M1EXN
M&|�K�UXUGi�C`JpTBN�I TX ~v� [�E,¯�W�S
W�F�N�EoC�U } g�H�I`S�A φI`F X nwC�UGM�ID[3WLzwF�WZMsCDM
J�C�UGC�S&H�K�F�JLN�EGI�F

I(φ) I�F TX ��EG^�WZF�i(_
I(dxi) = vi j ® O�EGM9F�I�NpCrN�EGI�F$EoM6F�I�N

MyN
C�F�[�C�S
[ ~&® O�WqUGWLN�N�W�S
I
MyN
C�Fw[�M&H�I�SVé
ý������±é ûQ�pèr�±é
ÿr�wn:M�EXFwJLWVCDJ�Ir^�WZJLN�I`S φ n:EXF²CDM�W�FwMyW`nwC�UGS
WZC�[�_²éoçVC

H�K�F�J�N
EXI`F¬I�F�N�O�W�NpC�F��`W�F�N6^�WZJLN�I`S
Mpm ~�® O�W
I
JLI`F�MyN�S
K�J�N
EXI`F�W���N
W�F�[�MRN�IDO�EG��O�WZS&I�Sp[3W�S&N
W�F�M�I�SpM ~ø �(|�S�W M�M�EXI`F�MVH�I�S�N�O�Wxi�SpC�JpT`WLN�i:WLN<PRW�WZF£N
O�WZM�W�UGEXH�N�WZ[¶^�W J�N
I�S�z�W�Uo[�MBC�S
W]UGEGMyN�W [£EGF ® C�i�UXW ª ~G}�~

® O�WZM�WQW��(|�S�W M�M�EXI`F�MuP6EXUGU3iwWRK�M�WZ[VH�I�SuN�O�W6J�I�AB|wI`F�W�F�N í P6EoMyWRJLI�F�N
S
C`J�N�EGI�F�C�F�C�UX_3M�EGMuEXFDe(W J�N�EGI�F ª ~ Äw~ �3~
¸"åA7�(EB 4¿© ,�9�(+.p6+.@38.pM�7:(+. ¨ BD6+6+. ¨ 7:*-BD6v*-,)7:BDMN,�*-BD6E?AILMN.
.��+9�(+* ¨ (<7:(+. � .@3E* ? � * 3®* 7 ¥1¨ BD6+6+. ¨ 7�*-BD6+,�*-,
P
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[·, ·] Y H Y V
O

Z

XH [X, Y ]H −(∇XY )V
I((R(·, X) −∇X))V

XV −[Y H, XV] 0 XH − I(∇X)V

O

Z −[Y H,
O

Z] −[Y V,
O

Z] 0

® C�i�UGW ª ~G} tY«RSpC�JpT�W�N
MQI�H�N�O�WqUGEXH�N�WZ[x^`WZJ�N
I�S&z�WZUG[�M ~

bdEG^�WZF²C��6EGW�ADC�F�F�EGC�FxABW�N�S
EGJ�n g n�I�F X nwN�O�W�S
WqEGM�C�H
C�ABEXUG_xI�HvF�CrN
K�SpC�U@ABWLN
S�EoJ�MsI�F TX ��EG^�WZF
i(_

G(XH + Y V, XH + Y V) = τ∗(ag(X, X) + bg(Y, Y ) + 2cg(X, Y )),

P6O�W�S
W a, b C�F�[ c C�S�W�J�I�F�MyN
C�F`NpM�n�I�SsEGF¬��WZF�W�SpC�U±n3H�K�F�JLN�EGI�F�M9I�H gijv
ivj ~&® O�WVJ�C`MyW a = b = 1 C�F�[

c = 0, P&C�M6MyN�K�[3EGWZ[xEGF'ì } �rî ~�® O�Wd�`W�F�WZS
C�UXEG��W [�e3C`M�C�T(E*A�W�N�S
EGJdS
WZC`[�M

G =

[
dxi

Dvi

]T

⊗
[

a c
c b

]

gij

[
dxj

Dvj

]

,

P6O�W�S
W Dvi = dvi +Γi
jkvjdxk ~vå WZS�W`n [dxi, Dvi] EoMvN�O�W�JLI�H�S
C�ABWs[3K�C�UwN�I�N�O�W9H�S
C�A�W [∂

∂xi

H

, ∂
∂xi

V

]
~

� N1N�O�WsI`S�EG��EGFBI�H*Cq��WZI3[3WZM�EGJ&F�I�S
ABC�U�JLI(I�Sp[3EGF�CrN
WsMy_3MyN�WZAxn�N�O�W ö EGW9[3W�S
EG^{C�N�EG^�W M�I�H�N�O�W�JLI�H�SpC�ABW`n
W ¸�K�C�U

LY V

[
dxi

Dvi

]

=

[

0 0

Y i
|j 0

] [
dxj

Dvj

] j ª ~ � m

LY H

[
dxi

Dvi

]

=

[
Y i

|j 0

R i
k jl vk Y l 0

] [
dxj

Dvj

]

LO

Z

[
dxi

Dvi

]

=

[

0 δi
j

R i
k jl vk vl 0

] [
dxj

Dvj

]

LI(R(·,Y ))V

[
dxi

Dvi

]

=

[

0 0

(R i
m klY

l)|j vk vm (R i
j kl+R i

k jl)Y
lvk

][
dxj

Dvj

]

.

ö�Ø � Ø � ê��RÜ±Û�ãB�M¢sÝ/��ã�Ý)�l��Û �'�K�rÞ�Û��|�
\QI`F�M�EG[3WZSvCdM�_3M<N
W�AñP6EXN�O���WZF�W�SpC�UGEX�ZWZ[V|wI�MyEXN�EGI�F�JLI(I�Sp[3EGF�CrN
WZMZn x n�C�F�[V�`W�F�WZS
C�UXEG��W [q^�WZUXI3J�E,N
EXW M�n v n�H�I�SP6O�EGJpO²PRW�C�S�W�C�i�UGW�N
I�[3W�z�F�WVT(EGF�WLN
EGJLg&C�F�[¬|:I�N
W�F�N�EoC�U�W�F�WZS��`_ ~ ª I�SdMyK�JpO³My_3MyN�W�ADMZn�N
O�W�H�I`UXUGIrP6EGF��
M
J�C�UGC�SRH�K�F�J�N
EXI`F@n

L(x, v) , T (x, v) − U(x),

P6O�W�S
W T (x, v) C�F�[ U(x) [�W�F�I�N�W�N�O�WDT(EGF�WLN
EGJLg9C�F�[³|:I�N�WZF�N�EoC�UvW�F�W�S
��_²S
WZM�|wW J�N
EX^`W�UG_�n@[3W�z�F�WZMqN�O�W� è�¾���è���¾�é
èr�æI�HYN�O�WBM�_3M<N
W�A ~ � F³N�O�EGMdPRI�S
T:n*PRW�H�I(J�K�M�I�K�SdC�NyN�WZF�N�EGI�F"I�F³M�_3M<N
W�ADMdP6O�I`M�W�T�EGF�W�N�EoJ
WZF�W�S
��_�H�K�F�J�N
EXI`F$EGM&I�HuN
O�W�H�I�S
A

T (x, v) =
1

2
gij(x)vivj ,

P6O�W�S
W gij
EoMqCT�6EXWZADC�F�F�EoC�F"ABWLN
S�EoJ�I�F³N�O�WDJLI`F3z��`K�S
C�N�EGI�F²ADC�F�E,H�I`UG[@n X ~D® O�W ø K�UGW�S�g ö C��`S
C�F���W

[�E,¯�W�S
W�F�N�EoC�U*W ¸�K�CrN
EXI`F�M�n�P6O�EoJpO�PRW�C�M
MyK�ABWd��Ir^`W�S
FBN�O�W�ABI�N
EXI`F]I�H�N�O�WqJLI`F�M�EG[3WZS�W []M�_3M<N
W�A$n3[3WLz�F�W
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Cx[3_(F�C�A�EoJ�C�UuM�_3M<N
W�AâI�F»N�O�W�M<NpCrN�WBM�|�C�J�W�n Z = TX n:N�O�WVNpC�F��`W�F�N�i�K�F�[3UGW�I�HvN�O�WBJLI`F3z���K�S
C�N�EGI�F
ADC�F�E,H�I`UG[@n X n�C�F�[$C�S
W��`EX^`W�Fxi�_

ẋi = vi,
d

dt
(
∂L

∂vi
) − ∂L

∂xi
= gijF

j , i = 1, . . . , n,

P6O�W�S
W F j C�S
WBN�O�W�W��(N�W�S
F�C�UYH�I�SpJLW M�C�JLN�EGF��¬I�F'N
O�W]M�_3M<N
W�A$n�P6O�EGJpO iDèr�³iwW]EXF�N�WZS�|�S�W�N�WZ['C`MqN�O�W
EGF�|�K�N ~�¦ W�H�K�S�N�O�WZS9C�M
M�K�ABW�N
O�CrN�PQW�O�C{^`W�[�EXS
WZJLNsA�W C�M�K�S
W�ABW�F�N
MRI`F�N
O�Wq|:I`M�E,N
EXI`Fx^rC�S�EoC�i�UGWZM&C�F�[
H�I`S
J�WZM ~ \QI�A�i�EGF�EXF���N
O�EoMsP6EXN�O$N�O�WqWL�3|�S
WZM
MyEGI�F�H�I�S&N
O�W ö C���SpC�F��`EGC�F@n`N�O�WVM�_3M<N
W�AÃJ�C�Fxi:W�P6S�EXNyN
W�F@n
EGF$UXI3JZC�U@JLI(I`S
[3EGF�C�N�WZMZn3C�M

Σ0 :







ẋi = vi, i = 1, . . . , n
v̇i = −Γi

jk(x)vjvk − gijU,j + F i

y = h(x, v, F ) = (x, F ).

� F�N
W�S
ABM�I�HwN
O�WsC�iwMyI`UXK3N
WRN�EGA�W�gl[�W�S
EX^rCrN
EX^`W�n Dtv
i = dvi

dt
+Γi

jkvj dxk

dt

n�My_3MyN�WZA Σ0
J�C�F�W ¸�K�EX^rC�UXWZF`N
UX_

i:WqP6S
E,N�N�W�F¬C`M

Σ :







ẋi = vi

Dtv
i = −gijU,j + F i

y = (x, F ).

a�MyEGF��xN�O�W�EGF�N�S
I3[3K�JLW [²UGE,H�N
EXF��xI`|wWZS
C�N�EGI�F�MZn:N�O�WD[3_(F�C�ABEGJZM9I�HRM�_(MyN�WZA Σ n@EoM��`EX^`W�F³i�_$N
O�WB^�W J�N�I`S
zwW�Uo[

F =
O

Z −( ��SpC�[ U)V + F V

¥ºÀ�£ Ès¤H����2ÄÔ��@2 Å ���(;|�1/
ª I�S�N
O�W6JLUoC�M
MuI�H:M�_3M<N
W�ADM�n Σ n�[3WZM
JLS
EGiwW [VEGF�e(WZJLN�EGI�F ª ~¿�3~¿� n�PRW&F�IrP£EGF�N�S
I([�K�JLW6C�H�K�UGU�M<NpCrN�W&Eo[3W�F�N
E,N<_
I`i�M�W�S
^�W�S n Σ̂ ~

�sWLH�W�S
S
EXF��RN
I ª EX�`K�S�W ª ~ � n PQWvUGWLN (ξ, η) [3WZF�I�N
W�N�O�W1MyN
C�N�WvI�H�N
O�WvI�iwMyWZS�^`W�S n S(x, ξ) = 1
2
[3EoM<N (x, ξ)2 n

Sβ = ∂S
∂ξβ

C�F�[ Rα = I(R(·, �`S
C`[ S))α = R α
β γιη

βSγηι n�P6O�WZS�W R α
β γι

EGMsN�O�W�J�K�S
^{C�N�K�S
W�N�WZF�M�I�S ~
� F�C`[�[3EXN�EGI�F@n Φα [3W�F�I�N�W M�N�O�WRþ�è���èr���X�������
èr��ç±þ�ÿr����I�H F i C�UGI�F���N
O�W6��WZI3[3WZM�EGJ&J�K�S�^`W�n ρ n�H�S�I`A x N�I ξ

~

X

x

Φ

ξ

ξ̇
η

v v̂

Sx

Sξ

ρF

ª EG��K�S
W ª ~ � t ® O�W�M�_3M<N
W�A�g�C�Fw['I�i�M�W�S
^�WZSq^{C�S�EoC�i�UXW M�n�C�S
W�[3W�F�I�N�W [°i(_ ö CrN
EXF£C�F�[£bdS�WZW�T³UXW�NyN�WZS
M
S
WZM�|:WZJ�N
EX^`W�UG_ ~

® O�Wq|�C�SpC�UGUXWZU�N�SpC�F�M�|:I�S�N&I`|wWZS
C�N�I`SZn Ki
α
n�O�C�M6N�O�W�H�I`UXUGIrP6EXF���|�S�I`|wWZSyN
EXW M�n3P6O�EoJpO¬C�S
W�WZC�M�EGUX_�^`W�S
E,zwWZ[

EGF ª WZS�ABE�J�I�I`S
[�EXF�C�N�W M�t
Ki

α|βSβ = 0. j ª ~ � m
Ki

αSα = −Si j ª ~ Ä m
Ki

αKj
βgαβ = gij j ª ~ Ö m
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a9|wI`F$EXF�N�S
I3[3K�J�EXF���N
O�EGMsF�I�NpCrN�EGI�F�n(N�O�W�H�I`UXUGIrP6EXF���I`i�MyWZS�^`W�S&[3_(F�C�ABEoJ�M6EoM6M�K����`WZMyN�WZ[�H�I�S Σ t
ξ̇α = ηα − AgαβSβ , α = 1, . . . , n

Dtη
α = −BgαβSβ − gαβU,β + Φα + CRα, j ª ~ � m

P6O�W�S
W A, B C�F�[ C C�S
WVI`i�MyWZS�^`W�S��`C�EGF�MZn�|wI�M�M�EXi�UX_¬[3WZ|wWZF�[3EGF��$I�F S C�F�[ |η|g
~V´ I�N�W�N�O�C�NdP6O�WZF

ξ = x n�N
O�W�F Sβ = 0 C�Fw[ Ki
α = δi

α
j�N�O�W & S�I`F�WZJpT`W�Sq[3WZU,NpC`m�n�O�WZF�JLW»j ª ~ � mqM�C�N�EoM<zwWZM�N
O�W][3EoC��`S
C�A

|�S�I`|wWZSyN<_�I�HYù9W�z�F�EXN�EGI�F ª ~G}�~6� M9I�i�M�W�S
^�WZS6I�K3N
|�K3N�ADC�|�|�EGF���n Z nwPQWqADC{_�H�I`S9EGF�MyN
C�FwJLWqK�M�W Z1 =
(ξα, ηα) n�I�S Z2 =(xi, Ki

αηα)
~ \QO�I(I�MyEGF���N�O�W6UoCrN�N�W�SvC�|�|�S
I`C�JpOu¢rnrN�O�WR^`W�UGI3JLEXN�EGWZMZn vi n�C�S�WRWZMyN�EGADCrN�W [

C`M
v̂i = Ki

αηα. j ª ~ � m
® O(K�MZn�|�K�NyN�EGF��»j ª ~ � m&C�F�["j ª ~ � mQN�I`��W�N�O�WZSZn(N
O�W�H�I�UGUXIrP6EGF���I�i�M�W�S
^�WZSZn Σ̂ n�EoM6M�K����`WZMyN�WZ[�H�I�S Σ

Σ̂ :







ξ̇α = ηα − AgαβSβ

Dtη
α = −BgαβSβ − gαβU,β + Φα + CRα

v̂i = Ki
αηα

a�MyEGF��"N�O�W¬EXF�N�S
I3[3K�J�WZ[£UGEXH�N�EGF��°I�|:W�SpCrN
I�SpM�n�N
O�W²[3_(F�C�ABEoJ�M�I�H�N�O�W¬I`i�M�W�S
^�W�S�EGMB�`Ir^�WZS�F�W [°i(_°N�O�W
^`WZJLN�I�S&zwW�Uo[

F̂ =
O

Z −A( ��SpC�[ S)H − B( �`S
C`[ S)V − ( ��SpC�[ U)V + ΦV + CR
P6O�W�S
W R = Rα ∂

∂vα

~ � N1EoMvF�I�N
C�i�UXW&N
O�CrNQEXFBN
O�W9J�C`MyW6I�H�¼wCrNYABWLN
S�EoJ�n Σ̂ S�W [3K�JLW M�N�I�N�O�WsPRW�UGUXg±T(F�IrP6Fö K�W�F(i:W�S
��WZS6I�i�M�W�S
^�WZS ~® O�W�I�i�M�W�S
^�WZS Σ̂ nuEoM�W M�M�W�F�N�EoC�UGUG_¬N�O�W�M�C�A�W�C`M�N�O�W�I�F�WDEGF�N�S
I3[3K�JLW ["EXF�ì Ö î n�M�W�W�C�UGM�I'ì � î ~T¦ W
O�W�S
W�C�UXUGIrP N�O�WBI�iwMyWZS�^`W�Ss��C�EGF�MsN
I]^rC�S
_¬C�F�[»O�C{^�W�C]JpO�I`EGJ�WVI�H1ABIr^�EGF��DH�I`S
J�W�N
W�S
ABMdi:WLN<PRW�WZF UC�F�[ F n:P6O�EGJpO¬C�S�W�N
S�W CrN�W [¬[3EX¯:WZS�WZF`N
UX_xEGF¬I�K�SsI`i�M�W�S
^�W�S ~Q® O�EGM6UoCrN�N�WZSsH�S
W�WZ[�I�AÂP6EGUGU�O�IrPRW�^`W�S6F�I�N
i:WDWL�3|�UGI�EXN�W [»EGF³N�O�WB|�S
WZM�W�F�N�|�C�|:W�S ~ � F°e(W J�N�EGI�F ª ~ Äw~ � n@PQW�H�I`UXUGIrPkì Ö î n@i(_»JpO�I(I`M�EXF�� C = 1 C�Fw[
N
O�WqI�K�N�|�K3NsADC�|�|�EGF�� Z1

n3P6O�EXUGWqEGF¬e3WZJ�N
EXI`F ª ~ Ä�~ Ä PQWqK�M�WqC���W�F�W�SpC�U C C�F�[ Z2
~

¥ºÀNä �"41/HÔ��@2��K�u/98��$ò�/��Í�@ó��(;
�
� F�N
O�EoM�M�WZJ�N
EXI`F@nZJ�I�F(^�WZS��`W�F�J�WuEoM
MyK�W M@C�S
W�N�S
WZC�N�WZ[di(_9ABW C�F�M*I�H(J�I�F�N�SpC�JLN�EGI�F�C�F�C�UX_3M�EGMvj±e(WZJLN�EGI�F ª ~ Ä�~ � m
C�F�[*n3EGF]N
O�WqJ�C`MyW�I�H�J�I�F�MyN
C�F�NRJLK�S�^rCrN
K�S
W�n(i(_DA�W C�F�MRI�H�C�JLI�F(^`W�F�N�EGI�F�C�U ö _`C�|�K�F�Ir^�ABWLN�O�I(["j�e3WZJ�g
N
EXI`F ª ~ Äw~ Ä m ~v® IdN�O�EGM1W�F�[�O�IrPRW�^`W�S nrPQW6[3WZ^�I�N
W9e(WZJLN�EGI�F�M ª ~ Ä�~G} C�F�[ ª ~ Ä�~¿� N
I�[3W�S
EG^�EGF���WL�3|�S
WZM
M�EXI`F�M
H�I`S6N�O�Wd^rC�S�EoCrN
EXI`F�I�H�M�I�ABWq¸`KwC�F�N�EXN�EGWZMsC�UXI`F��BC��`W�I3[3W MyEoJ ~
ö�Ør 1Ø±Ù �9ã�Ý)���j�sá�ã`Þ ê��K�QÝ�Þj�±á��l�
ö WLN�N�EGF�� Sα = gαβSβ

n3N�O�W å C�ABEGU,N
I�F3g . C�JLI`i�E�WZ¸�K�C�N�EGI�F σ|ασ|βgαβ = 1 n(H�I`S σ =
√

2S n�EGAB|�UGEXW M
SαSα − 2S = 0, j ª ~ ï`m

® C�T(EGF��DN
O�WVJLIr^rC�S�EoC�F�N9[3WZS�EG^rCrN�EG^�WqI�H�j ª ~ ï`mLnwK3N
EXUGEG��EGF��DN�O�W�H
C�JLNsN�OwCrN9N
O�W ö W�^(EXg<\QEG^(E,NpCDJLI�F�F�WZJLN�EGI�F
EoM&N
I�SpMyEGI�F3g±H�S
W�WBj Sα|β = Sβ|α

m&C�F�[�S
C�EGM�EGF��VN
O�W�z�SpM<N6EGF�[3W���n�PQW�O�C{^`W

Sβ

|αSα − Sβ = 0. j ª ~ � m
Ö åG6<7:(+.ÍI ¥p¨ .ÍB5I�6+BD*-,NF<;�. ¥ ,:1+M:.p;�.p687�,|�+* 7);�*-=D(87 § . ¥p© 3 ¥ 687 ¥ =D.pBD1+,'7:B ¨ BD6+,�* © .
M

Z1

*-6+,:7:. ¥p© P
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® O�W�F@n�J�I�A�i�EXF�EXF��²j ª ~ � mLn@j ª ~ Ä m�n@j ª ~ ï`m&C�F�['j ª ~ � m�n�EXN6H�I�UGUGIrPsM1N
O�CrN

Si
|βSβ − Si = 0. j ª ~G} � m

® O�W�JLIr^rC�S
EGC�F�NR[3WZS�EG^rCrN�EG^�W�I�Hqj ª ~ � mR��EG^�WZM
Sβ

|α|γSα+Sβ

|αSα
|γ−Sβ

|γ = (Sβ

|α|γ − Sβ

|γ|α)Sα + Sβ

|γ|αSα + Sβ

|αSα
|γ − Sβ

|γ = 0.

asN�EGUXEG��EGF����6EoJ�J�E�© M6Eo[3W�F�N
E,N<_`n Sβ

|α|γ − Sβ

|γ|α = R β
ι αγSι n3PQWq�`WLN

Sβ

|γ|αSα = Sβ

|γ − R β
ι αγSιSα − Sβ

|αSα
|γ . j ª ~G}�} m

� F¬CBM�EXABEGUGC�S&H
C�M�O�EXI`F@n3PRWdI`i3N
C�EXF
Ki

β|γ|αSα = R ε
β αγKi

εS
α + Ki

β|αSα
|γ . j ª ~G} � m

� N�MyO�I`K�Uo[�i:WY|:I`M
MyEGi�UGW�N�Is[3WZS�EG^�W1bdS"¹�F(P&C�UGU,glUGEXT`W�WZMyN�EGADCrN
WZM*I�H Sβ

|γ
C�F�[ Ki

β|γ
H�S�I`A j ª ~G}�} m�C�F�[Bj ª ~G} � m ~� FxN
O�Wq|�S
WZM�W�F�N6|�C�|:W�S n3O�IrPRW�^�WZSZn(PRWdH�I(J�K�M&I�F¬M�|�C�J�WZMRI�HvJLI`F�MyN
C�F�NsJLK�S�^rCrN
K�S
W ~

ö�Ør 1Ø � � á��l�rÞ�Ý)��Þ � �1ã��*Ý�Þj�1ã�Û

� FxN
O�W�J�C`MyW�P6O�WZF X O�C`M6JLI`F�M<NpC�F�N6JLK�S
^rCrN�K�S�W`n*é
½��Z½GnwP6O�W�F
R β

ι αγ = κ(δβ
γ gια − δβ

αgιγ), j ª ~G}Z� m
W ¸�K�CrN
EXI`F"j ª ~G}�} mRADC{_�iwWqW��3|�UXEoJLEXN�UG_]M�I�UG^�W [�H�I`S Sβ

|γ
i(_]ABWZC�F�M&I�HuN�O�W � F�M�C�N��

Sβ

|γ = Υ1(S)δβ
γ + Υ2(S)SβSγ . j ª ~G}�Ä m

õ²K�U,N
EX|�UX_(EGF���P6EXN�O Sγ H�S
I�AñN
O�WsS
EX�`O�NvC�F�[�K�M�EXF���j ª ~ � m�EXABABWZ[�EGC�N�W�UG_V_(EGW�Uo[�M�N
O�CrN Υ1 +2SΥ2 = 1
~

e3K�i�MyN�EXN�K3N
EXF���N�O�EoM6i�C`JpTDEXF�N�I²j ª ~X}`} mLn3EXNsS
WZC�[�M

(2SΥ′
1 + 2Sκ + Υ2

1 − Υ1)(δ
β
γ − 1

2S
SβSγ) = 0,

H�S
I�A P6O�EoJpO�PRW�I�i3NpC�EGF

Υ1(S) =







√
2κS cot

√
2κS E,H κ > 0

1 EXH κ = 0
√

2|κ|S coth
√

2|κ|S E,H κ < 0,

C�F�[$C�M6MyN
C�N�WZ[�WZC�S�UGEGW�S n
Υ2(S) =

1 − Υ1(S)

2S
.

Ù^S�¬sÚJ¨+Û��©]:_u] ® O�WDH�I�S
AVK�UGC`M�P6O�W�F κ ≤ 0 n�C�S
W�N
O�W]C�F�C�UG_�N�EoJ�C�UYJ�I�F�N�EGF(K�CrN
EXI`F'I�HRN�O�WDH�I`S�A�K�UoC
P6O�W�F κ > 0

~ � F�N
O�W�M�WZ¸�K�W�U±n3I�F�UX_DN
O�W κ > 0 H�I`S�AÂEGM6�`EX^`W�F ~
\QI`F�M�EG[3WZS�EGF���N�O�Wq|wC�SpC�UGUXWZUwN
S
C�F�M�|wI`SyN6I�|:W�SpCrN
I�S n(PQW�ADC�T`W�N
O�W � FwM�C�N��

Ki
α = Υ3(S)Si

|α + Υ4(S)SiSα. j ª ~G} Ö m
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õ²K�U,N
EX|�UX_(EGF���j ª ~X}{Ö mqP6EXN�O Sα H�S
I�A·N�O�W�S�EG��O�N�C�F�['K�M�EXF��òj ª ~ Ä mLnvC�F�[ój ª ~X} � mLn�PRW�I�i�N
C�EGF Υ3 +
2SΥ4 = −1

~ e(K�i�MyN�EXN�K�N�EGF��]N
O�EoM9i�C`JpT�EGF²N
O�W � F�M
CrN��xj ª ~G} Ö msC�Fw[¬K3N�EGUGEX�ZEXF��xhYS
I�|:W�S�N<_°j ª ~ � mLn�PRW
�`WLN

Ki
α|βSβ

(
2SΥ′

3 + Υ3 − Υ3Υ1

)
(Si

|α − 1

2S
SiSα) = 0.

e3I�UG^�EGF���H�I�S Υ3(S) n�PQWqC�S�S
EX^`WdC�N

Υ3(s) = − sin
√

2κS√
2κS

,

C�F�[$JLI`F�MyW ¸�K�W�F�N�UG_�n

Υ4(s) = − 1

2S
(1 + Υ3(S)) = −κ

√
2κS − sin

√
2κS

(
√

2κS)3

P6O�EGJpO$_(EXWZUG[�MRN�O�W�z�FwC�U@W��(|�S�W M�M�EXI`F�H�I`S&N�O�Wq|�C�S
C�UXUGW�U:N
S
C�F�My|:I�S�N

Ki
α = − sin

√
2κS√

2κS
Si

|α − κ

√
2κS − sin

√
2κS

(
√

2κS)3
SiSα.

´ I�N
EGJ�EXF����6WZADC�S
T ª ~X} n3PQW�[3EX¯�W�S
W�F�N�EoCrN
WBj ª ~X}{Ö mRP6E,N
O$S�W My|:WZJLN6N�I ξβ C�F�[�I�i3NpC�EGF
Ki

α|β = Υ′
3(S)SβSi

|α + Υ3(S)Si
|α|β + Υ′

4(S)SβSiSα + Υ4(S)Si
|βSα + Υ4(S)SiSα|β .

�sW��`C�S
[�EXF���N�O�W�z�S
MyN9C�Fw[�H�I`K�SyN
OxN�W�S
A$n(H�S�I`A j ª ~G} Ö m�n�PRW�O�C{^�W

Si
|α =

1

Υ3(S)

[
Ki

α + Υ4(S)siSα

]
.

® O�W9N
O�EXSp[DN
W�S
A EGM&M
CrN�EoMyH
C�J�N
I�S
_�n`P6O�EXUGW Sα|β
EGF�N
O�W�z�H�N�O�N�WZS�AkJZC�F�i:WdJZC�UoJLK�UoCrN
WZ[D^(EoC]j ª ~G}�Ä m1C�F�[

W ¸�K�C�UoM
Sα|β = Υ1(S)gαβ + Υ2(S)SαSβ . j ª ~G}Z� m

hvC{_(EGF��DCrNyN
W�F�N�EGI�F�N�IBN
O�W�M�WZJLI`F�[]N�W�S
A$n�MyEGF�J�WqPQW�O�C{^`W
Si

|α|β = gijSα|β|j ,
j ª ~G} � m

PRW�[3EX¯:WZS�WZF�N�EoCrN�WDj ª ~G}Z� mQP6E,N
O¬S�W My|:WZJLNRN
I xj n3_(EGW�Uo[3EXF��
Sα|β|j = Υ′

1(S)Sjgαβ + Υ′
2(S)SjSαSβ + Υ2(S)Sα|jSβ + Υ2(S)SαSβ|j .

e3K�i�MyN�EXN�K3N
EXF���N�O�EoM6i�C`JpTDEXF�N�I²j ª ~X} � mLn3PRW���W�N
Si

|α|β = Υ′
1(S)Sigαβ + Υ′

2(S)SiSαSβ + Υ2(S)Si
|αSβ + Υ2(S)SαSi

|β .

\QI`AVi�EGF�EGF���N�O�WsI�i3NpC�EGF�WZ[�W��(|�S�W M�M�EXI`F�M�O�W�S
W í C�i:Ir^�W`nrP6E,N
OBN�O�I�MyW6I�H Υ1, Υ2, Υ3
C�F�[ Υ4

|�S
WZM�W�F�N
WZ[
W C�S
UXEGW�S n3��EG^�W MRK�MRN�O�W�zwF�C�U@W��3|�S�W M�M�EGI�F

{
Ki

α|β = Υ(S)(Sigαβ + Ki
βSα),

Υ(S) = κ
tan 1

2

√
2κS√

2κS
.

j ª ~G} ï�m

«R_�ABC�F�EG|�K�UoCrN�EGF��²j ª ~G} ï�m�n�P6EXN�OxN
O�WqS�I`UXW MRI�H x C�F�[ ξ S
W�^`W�SpMyW [*n(PQWqC�UGM�I�I`i3N
C�EXF
Kj

α|βKα
mKβ

k =Kj

α|kKα
m =Υ(S)(Sjgkm − δj

mSk). j ª ~G}Z� m
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ö WLN A, B C�Fw[ C i:W�JLI�FwM<NpC�F�N
M ~�® O�W�F"N
O�W�JLI`A�|�K3N
C�N�EGI�F�MZn@P6O�WZF"W���C�ABEXF�EXF��¬P6O�WLN�O�W�S LF̂G EGM
F�W��`C�N�EG^�Wq[3W�z�F�EXN�WqI�S6F�I�NZn�JZC�FxiwW�[�I�F�W�J�I�AB|wI`F�W�F�N�g±P6EoMyW`n�N�O�C�NsEGM

LF̂G = LO

Z
G − AL( ������� S)HG − BL( ������� S)VG −L( ������� U)VG + LΦVG + CLRG.

a�MyEGF��BN
O�W�H�I�S
AVK�UoC�M�j ª ~¿� mLn�PRW�C�S�S
EG^�W�CrN

LF̂G =

[
dξα

Dηα

]T

⊗M
[

dξβ

Dηβ

]

, j ª ~¿� � m
P6O�W�S
W�N
O�WqADCrN
S�EX�

M=

(
a c
c b

)(
Mαβ Nαβ

Pαβ Qαβ

)

+

(
Mβα Pβα

Nβα Qβα

)(
a c
c b

)

,

OwC�M6JLI`AB|wI`F�W�F�N
M&�`EX^`W�Fxi(_
Mαβ = −ASα|β

Nαβ = gαβ

Qαβ = C(Rβαγι + Rγαβι)S
ιηγ

Pαβ = Yαβγιη
γηι + ARγαβιη

γSι − BSα|β − Uα|β + gmnF mKn
α|β,

P6EXN�O Yαβγι = (Rγαβι − C(RγαειS
ε)|β)

~
� F$N
O�WVJZC�M�W�P6O�W�F¬PRW�M�WLN C = 1 C�F�[ S = 0 nwPQW�OwC{^�W�n Sα|β = gαβ

n Sι = 0 C�F�[ Kn
α|β = 0 nC�F�[ M i:WZJ�I�ABWZM

M =

[
−2(aA + cB)gαβ − 2cUα|β Dαβ

Dαβ 2cgαβ

]

,

P6O�W�S
W Dαβ = (a − bB − cA)gαβ − bUα|β
~ ª S�I`AâN�O�EoM�EXN�EoMd|wI�M�M�EGi�UXW�N
Ix[3WZS�EG^�WBJLI`F�[3EXN�EGI�F�M�H�I`S

J�I�F�N�SpC�JLN�EG^(E,N<_ ~a¦ O�WZF U ≡ 0 ÿ�n*N
O�WBI�i�M�W�S
^�WZSd[�_�FwC�ABEGJZMdEGMqJ�I�F�N�SpC�JLN�EG^�W�H�I`SqMyK�EXN
C�i�UGW a, b C�F�[ c
~

® O�EGM9EGM9EXF¬C�JZJLI`S
[�C�F�JLW�P6EXN�O$N
O�W�S
WZM�K�U,NpM6EGF°ì Ö î ~&å IrPRW�^`W�S n�P6O�W�F�WZ^�W�S S > 0 C�F�[ Yαβγιη
γηι 6= 0H�I`S9M�I�ABW η n3N
O�W�F

M =

[
2c b
b 0

]

Yαβγιη
γηι + O(η). j ª ~ ��} m

«&C`MyW []I`F]N
O�WZM�W�J�C�UGJ�K�UGC�N�EGI�F�MZn�N�O�W�H�I`UXUGIrP6EGF��BS�W MyK�UXNsJ�C�F�i:W�H�I�S
AVK�UoCrN
WZ[ ~
ð ì�S�Zu¨+S�¬��©]N_�] ��b����pÿ����±��è�����é��(¾$�:��é,¾+b c ÿr�
b�ÿZÿ ý³ÿyÀB�Gb��Bç���� S = 0 ç
b�ÿ~gv�£é�� ��§ � e éoç�EXF�z�F�EXN�W�UG_
N
O�EGFòè{ç |η|g → ∞ ½
³&��ÿZÿyÀL½ ¦ W³I�K3NpMyW�N�H�S
I�A j ª ~¿�3} m�C�Fw[óMyO�IrP N
O�CrNxH�I�S η UoC�S
��W²WZF�I�K��`O@n6N
O�W»ADCrN
S�EX��|�S
WZJLW [3EGF��
Yαβγιη

γηι C�F�[�O�WZF�JLW LF̂G EGM�é���ý���ûY�wé��l� ~Y® IBN
O�EoM&W�F�[*n�F�I�N
W�N�O�C�N
[

a c
c b

]

> 0 =⇒ b > 0.

\QI`F�M�EG[3WZS&N�O�W�[�WLN�WZS�ABEGF�C�F�N6I�H�N�O�WqABC�N�S
E,��I�HuEGF�N�WZS�W M<N t
∣
∣
∣
∣

2c b
b 0

∣
∣
∣
∣
= −b2 < 0.

� åA7�*-, ¥54 9 ¥ FE,�C~BD,�,:* §+4 .�7:B�;�B
38.�7:.pM:;�, § .@7G9/.p.
6
U
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� N6N
O�W�FxH�I`UXUGIrPsMRN�O�C�N
[

a c
c b

]

> 0 =⇒
[

2c b
b 0

] EoM&EXFw[3WLz�F�E,N
W ~
® O�W�S
WLH�I�S
W�n�C`M |η|g → ∞ n LF̂G iwW JLI�ABW M&EXF�[�WLz�F�EXN�W ~
ö�Ør 1Ø¡  ¢��uÝ/�����1á��� ��l�Rã`áuÝ/õQ�

¦ WBF�IrP EGF(^�WZMyN�EG�`C�N�WVN�O�WDJLI`F(^�W�S
��WZF�JLWVI�H Σ̂ n�EXF»N�O�WDJ�C`MyW�I�H&JLI`F�M<NpC�F�NdJ�K�S
^{C�N�K�S
W ~a¦ WDC�UoM�I�|�K�N
U ≡ 0 C�F�[�UXW�N B i:W�CBJLI`F�M<NpC�F�N ~ ª I�S&N�O�W ö _`C�|�K�F�Ir^BH�K�F�J�N
EXI`F$JZC�F�[�EG[�C�N�W

V (x, v, ξ, v̂) =
1

2
gij∆vi∆vj + BS(x, ξ),

P6EXN�O ∆vi = (vi − v̂i) n3N
O�W�N�I�N
C�U@[�W�S
EX^rCrN
EX^`W�iwW JLI�ABW M
V̇ = gij∆vi(Dtv

j − Dtv̂
j) + BSiẋ

i + BSαξ̇α, j ª ~¿��� m
C�UXI`F���N�O�W�M�_3M<N
W�AÂ[�_�FwC�ABEGJZM&I�H Σ C�F�[ Σ̂

~Y´ IrPqn
Dtv̂

j = Dt(K
j
αηα) = Kj

α|kẋkηα + Kj

α|β ξ̇βηα + Kj
αDtη

α

= Kj

α|kvkηα + Kj

α|β ξ̇βηα + Kj
α

[
− BgαβSβ + Φα + CRα

]

P6O�W�S
WdPRWqO�C{^`W�K�M�WZ[�N
O�W�My_3MyN�WZAÂ[3_(F�C�ABEoJ�M&I�H Σ C�F�[ Σ̂
~ ª S
I�A j ª ~ Ä mRPQWqI`i3N
C�EXF

−BKj
α gαβSβ

︸ ︷︷ ︸

Sα

= BSj .

� UGM�I�n�F�I�N
EXF���N
O�CrN Kj
αΦα = F j n�PRWqJ�C�F$J�I�F�N�EGF(K�WdN�O�W�JZC�UoJLK�UoCrN
EXI`F�M&C�M

Dtv̂
j = Kj

α|kvkηα + Kj

α|β ξ̇βηα + BSj + F j + CKj
αRα. j ª ~¿��� m

\QI`F�JLWZF�N�SpCrN�EGF��BI�F�N�O�WqUGC`M<N&N�WZS�AÂEXF°j ª ~¿��� m�n3H�S
I�A j ª ~X} � m&C�Fw[³j ª ~G}Z� mRE,N6H�I`UXUGIrPsMRN�O�C�N
Kj

αRα = κΥ−1(S)Kj

α|kKα
mv̂kv̂m.

´ WL�(NZn�PQWq|�C{_�C�NyN
W�F�N�EGI�FxN�I�N
O�W�MyW JLI`F�[�N
W�S
AÂEGF"j ª ~ ��� m&C�Fw[]F�I�N�EoJLW�N
O�CrN
Kj

α|β ξ̇βηα = Kj

α|β
[
ηβ − AgβγSγ

]
ηα = Kj

α|βηβηα = Kj

α|βKβ
k v̂kKα

mv̂m = Kj

α|kKα
mv̂kv̂m,

P6O�W�S
WqN�O�WVWZ¸�K�C�UGEXN�EGWZM6I`S�EG��EGFxH�S�I`AkN�O�W�[3_(F�C�A�EoJ�MsI�H Σ̂ nuj ª ~ � mLn ηα = Kα
mv̂m C�F�['j ª ~G}Z� m6S�W My|:WZJLg

N
EX^`W�UG_ ~D® O�WZF"i(_»M�K�i�MyN�EXN�K�N�EGF�� ηα = Kα
mv̂m EXF³N�O�WBz�S
MyN�N�WZS�A C`M�PQWZUXU±nYj ª ~¿��� m�JZC�F"iwWDM�W�WZF»N
I

W ¸�K�C�U
Dtv̂

j = Kj

α|kKα
mv̂m

[
vk + v̂k + CκΥ−1(S)v̂k

]
+ BSj + F j .

¦ EXN�O C = −2κ−1Υ(S) n3PRW�C�S
S�EG^�WdCrN6N�O�W�z�F�C�U*W��3|�S�W M�M�EGI�F
Dtv̂

j = Kj

α|kKα
mv̂m∆vk + BSj + F j . j ª ~¿�rÄ m

\QI`F�M�EG[3WZSsF�W���N9N�O�W�UGC`M<NsN
W�S
ADMsEGF$N�O�WVN�I�NpC�U�[�W�S
EX^rCrN
EX^`W]j ª ~¿��� m ~ ª S
I�A÷j ª ~ Ä m�n:EGF²JLI�F�ê<K�F�J�N
EXI`F
P6EXN�O²[�_�FwC�ABEGJZM&I�H Σ̂ C�F�[�N
O�W å C�ABEXUXN�I`F3g . C�J�I�i�E�W ¸`KwCrN�EGI�F'j ª ~ ï`mLn�E,N6H�I`UXUGIrPsMRN�OwCrN
Sαξ̇α = −Ki

αSi(η
α − AgαβSβ) = −Siv̂

i − AgαβSαSβ = −Siv̂
i − ASβSβ = −Siv̂

i − 2AS.
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e3K�i�MyN�EXN�K3N
EXF���N�O�W MyW�ABI3[3E,zwWZ[�N�WZS�ADM6i�C`JpTDEXF�N
I²j ª ~ �`� mR_(EXWZUG[�M

V̇ = gij∆vi
[

��F
j − Kj

α|kKα
mv̂m∆vk − BSj −��F

j
]
+ BSiv

i + B
[
− Siv̂

i − 2AS
]

= −gij∆viKj

α|kKα
mv̂m∆vk − Bgij∆viSj + BSi∆vi − 2ABS

= −gij∆viKj

α|kKα
mv̂m∆vk −����

BSi∆vi +����
BSi∆vi − 2ABS

= −gij∆viKj

α|kKα
mv̂m∆vk − 2ABS.

«R_�K�MyEGF��²j ª ~G}Z� m�n�PRWqC�S
S�EG^�WdCrN
V̇ = −gij∆viΥ(S)

[
Sjgkm − δj

mSk

]
v̂m∆vk − 2ABS

= −Υ(S)
[
gkmSi − gimSk

]
v̂m∆vi∆vk − 2ABS. j ª ~ �`Ö m

ð ì�S�Zu¨+S�¬ �©]Gt/] k
À&é���éoç�rr��ÿmgv���Yb�è�� supt |v(t)|g ≤ vmax e �Gb��6é��®o��
���±éGfZé��±�q��è�ý�é��(ç6ÿyÀ&�Gb���iDèr�wé ÀLÿr�Xý
éoç�¾����pèr�������Gb�èr� ρ �2fr�L���mg�b��L��� e A >

√
2B−1S− 1

2 |Υ(S)|(vmax + |η|g)2|η|g e B > ( vmax

ρ
)2 èr��ý

C = −2κ−1Υ(S) e �Yb����»�Yb���ÿ c çL���Dfr�L� Σ̂ é��wé���é
è��l�pýxèr� ξ(0) = x(0) e η(0) = 0 �pÿr�uf{����¾���ç�½
³&��ÿZÿyÀL½ ö WLNRN�O�W�[3WZM�EX�`F]|�C�S
C�ABWLN�WZS B i:Wdz��3WZ[xC�F�[x[3WLN
W�S
ABEXF�W []P6EXN�O$M�I�ABW�I`i3ê<WZJLN�EG^�WdEXFxABEXFw["! ~� M�P6EGUXU�iwW»EXUGUXKwM<N
S
C�N�WZ[@nREXN]EoM�M�K3¹�JLEGW�F�N�N�I£JpO�I�I�MyW A |�S�I`|wWZS�UG_æEGF�I�Sp[3W�SBN
I'N�K�S
F V̇ F�WZ�`CrN
EX^`W
[�WLz�F�EXN�W ~1® I�N
O�EoM6W�F�[@n�JLI`F�MyEo[3WZS

−Υ(S)
[
gkmSi − gimSk

]
v̂m∆vi∆vk≤ |Υ(S)|

[

|gkmSiv̂
m∆vi∆vk | + |gimSkv̂m∆vi∆vk |

]

.

ª S�I`A·j ª ~ ï`m&C�F�[]N�O�W�C`M�M�K�AB|3N�EGI�F supt |v(t)|g ≤ vmax
n�E,N6H�I`UXUGIrPsMQN�O�C�N

|gkmSiv̂
m∆vi∆vk| ≤

√
2S|η|g(vmax + |η|g)2,

P6O�W�S
W�N
O�W�JLI`F�M�W�S
^{C�N�EG^�WdPQI`S
MyN6J�C�M�WqM�J�W�F�C�S�EGI�EGMsC`M�M�K�ABWZ[ ~�® O�W�M
C�ABW�i:I�K�F�[xEoM6I�i�N
C�EGF�W [�H�I`S
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