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This ovning

@ Newton method with several variables

@ Linear systems and condition number (linjart ekvationssystem och
konditionstal)
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Newton method

@ One variable: compute X such that f(x) =0

November 24, 2016 3/16



Newton method

@ One variable: compute X such that f(x) =0

. (%)
Xp = initial guess Xj41 = X F1(x)
J]
@ Two variables: compute (x,y) such that
Fl()_(ay) =0
F2()_(7.)_/) =0
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Newton method

@ One variable: compute X such that f(x) =0

Xp = initial guess X1 = X; — Flx)
J J f/(XJ)
@ Two variables: compute (x,y) such that
Fi(x,7) =0
Fa(x,7) =0
X X X; X -1 X;
( 0> = initial guess < JH) = ( J+1) _y < J) F < J>
Yo Yj+1 Yj+1 Yj i

where

_ (0Fi(x.y) 9y Fi(x,y)
Jooy) = <asz<x,y> asz(x,y)>
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A complete example

Man vill f6r olika vérden pa parametern a studera den slutna kurvan som
definieras av ekvationen z2+y? =1+ asinzy.

D& a = 0 utgdrs kurvan av enhetscirkeln. Fi-
guren visar fallen @ =1.6 (ovalen) och a = 3.2
(blojkurvan). Berdkna maxpunktens koordina-
ter for de fyra fallen @ = 0.8, 1.6, 2.4, 3.2. 0
Beskriv ocksa lampligt tillvigagangssitt for att
rikna fram och rita upp de slutna kurvorna i de
fyra fallen. . 0 2
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X2 +y2 =1+ asin(xy)

«Or «Fr «Er» «E» .



Plot the curve

x? +y? =1+ asin(xy)
go in polar coordinates

x = rcos(6) y = rsin(0)
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Plot the curve

x? +y? =1+ asin(xy)
go in polar coordinates

x = rcos(6) y = rsin(0)

r? =1+ asin(r? cos(6) sin(6))
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Plot the curve

x? +y? =1+ asin(xy)
go in polar coordinates

x = rcos(6) y = rsin(0)

r? =1+ asin(r? cos(6) sin(6))

2
r?> =1+ asin (2 sin(29))
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Plot the curve

x? +y? =1+ asin(xy)
go in polar coordinates

x = rcos(6) y = rsin(0)

r? =1+ asin(r? cos(6) sin(6))

r2
r?> =1+ asin (2 sin(29))
Fix 6 and solve

f(r)=r?>—1— asin <r22 sin(29)> =0
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Plot the curve

x? +y? =1+ asin(xy)
go in polar coordinates

x = rcos(6) y = rsin(0)

r? =1+ asin(r? cos(6) sin(6))

2
r?> =1+ asin (2 sin(29))
Fix 6 and solve
2
f(r)=r?>—1— asin <r2 sin(29)> =0

Special case: 0 =0=r=1
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f(r)=r?—1—asin (%2 sin(20)>

40> «Fr «=>» «E» Q>



Plot the curve

f(r)=r*—1-asin (r; sin(20))

f'(r) =2r —a r sin(26) cos (r; Sin(29)>
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Plot the curve

f(r)=r*—1-asin (r; sin(20))

f'(r) =2r —a r sin(26) cos (r; Sin(29)>

The Newton method becomes

rp = initial guess

f(r,-)
AN
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Matlab implementation

close all
clear all
clc

n=100; theta=linspace(0,2xpi,n);

a=3.2; R(1)=1;
for j=2:n
h=1; r=R(j-1);
while abs (h)>1e-10
f=r"2-1-a*sin(0.5xr " 2+xsin(2+«theta(j)));
fp=2xr-a*xr+sin(2+xtheta(j)) *cos(0.5xr " 2*sin (2+xtheta(j)));
h=-f/fp; r=r+h;
end
R(J)=r;
end
x=R.*cos (theta); y=R.xsin(theta); plot (x,y)
axis equal
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MATLAB DEMO
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A complete example

Man vill f6r olika vérden pa parametern a studera den slutna kurvan som
definieras av ekvationen z2+y? =1+ asinzy.

D& a = 0 utgdrs kurvan av enhetscirkeln. Fi-
guren visar fallen @ =1.6 (ovalen) och a = 3.2
(blojkurvan). Berdkna maxpunktens koordina-
ter for de fyra fallen @ = 0.8, 1.6, 2.4, 3.2. 0
Beskriv ocksa lampligt tillvigagangssitt for att
rikna fram och rita upp de slutna kurvorna i de
fyra fallen. . 0 2
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Compute max x-coordinate point

The curve is

x> 4 y? —1+asin(xy) =0
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Compute max x-coordinate point
The curve is

x> 4 y? —1+asin(xy) =0
Maximize with respect x — derive an set equal to zero

Ox [x* +y? — 1+ asin(xy)] =0
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Compute max x-coordinate point

The curve is

x> 4 y? —1+asin(xy) =0

Maximize with respect x — derive an set equal to zero

Ox [x* +y? — 1+ asin(xy)] =0

2x —aycos(xy) =0

In conclusion we have

x* 4+ y? —1+asin(xy) =0 the point is on the curve

2x —ay cos(xy) =0 x—coord. is maximized
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Compute max x-coordinate point

In conclusion we have

x? +y? —1+asin(xy) =0 the point is on the curve
2x — ay cos(xy) =0 x—coord. is maximized
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Compute max x-coordinate point

In conclusion we have

x*+y* —1+asin(xy) =0 the point is on the curve
2x — ay cos(xy) =0 x—coord. is maximized

So we have the system of nonlinear equations

x?2+y?2—1+asin(xy) =0
2x — ay cos(xy) =0

November 24, 2016

11/ 16



Compute max x-coordinate point

In conclusion we have

x*+y* —1+asin(xy) =0 the point is on the curve
2x — ay cos(xy) =0 x—coord. is maximized

So we have the system of nonlinear equations

x?2+y?2—1+asin(xy) =0
2x — ay cos(xy) =0

The solutions are the roots of the function
() = x? +y? — 1+ asin(xy)
y) 2x — ay cos(xy)
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Compute max x-coordinate point

The solutions are the roots of the function

X x2 +y? — 1+ asin(xy)
F -
y 2x — ay cos(xy)
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Compute max x-coordinate point

The solutions are the roots of the function
(X = x2 +y? — 1+ asin(xy)
y) 2x — ay cos(xy)

_{2x + ay cos(xy) 2y + ax cos(xy)

/ @ - (2 +aysin(xy)  alxy sin(xy) - cos(xyn)
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Matlab implementation

plot_curve
grid on

% x=z (1) and y=z(2)

F=@(z) [z(1l)"24+z(2) "2-1-axsin(z(1l)*z(2))
2%z (1) -axz (2) xcos (z (1) *xz (2))];

J=0@(z) [2%z(l)-axz(2)*cos(z(l)*xz(2)) 2xz(2)-a*xz(l)xcos(z (1)
2+axz (2) "2*sin(z (1) *z(2)) ax(z(1l)*z(2)*sin(z (1) *
z=[0.5; 1.5]; h=1;
while norm(h)>le-15
h=J(z)\F(z); z=z-h;
end
hold on; plot(z(1l),z(2),'o"); axis([-3 3 -3 31);

*z(2))
z(2)
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Linear system

Let A a matrix and b a vector, we look for x such that

Ax = b
Let x an approximation of X
@ Relative forward error
[x — x|
X
@ Relative backward error
|Ax — b
1]

e Condition number k(A) = ||Al|||A~Y|
@ Relation between relative forward error, relative backward error and
condition number
[x — x|

|Ax — b

EL]
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Problem

3.4 Ekvationssystemet Ax = b ska lésas diar A &r en tridiagonal matris:

-4 3 0 0 0 0 9.6

1 -2 2 0 0 0 -3.7

0 1 -2 1 0 0 11

A= o 0o 1 -2 1 0] b= -1.2
0o 0 0 1 -1 1 2.0

0o 0 0 0 1 -1 -1.9

Los systemet for hand eller med hjilp av MATLAB. Vi vill avgéra hur tillfor-
litlig den erhallna l6sningsvektorn x ér, da vi vet att hégerledets komponen-
ter dr korrekt avrundade till en decimal. Undersdkningen gors experimentellt
med nagra olika storningar i b-vektorn:

—0.05 0.05 0.05

0.05 0.05 0.05

—0.05 0.05 ~0.05

bu=b+1 g5 |0 P2=bHl o5 |0 Ps=bHl g0
~0.05 ~0.05 0.0

0.05 ~0.05 0.05

Vilket av storningsexperimenten ger storsta fordndring i losningsvektorn?
Berakna det experimentellt erhallna konditionstalet for det virsta fallet. Be-
rikna dven det teoretiska konditionstalet.
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Matlab implementation

% solve the linear system
xx=A\bb;

% condition number
cond (A, "inf")

% compute an approximation of the condition number
cond_est=1;
for j=1:10000

b=bb+0.05% (-1 + 2xrand(6,1));
x=A\b;

FW=norm (x-xx, 'inf') /norm(xx, 'inf');
BW=norm (Axx—-bb, 'inf') /norm(bb, 'inf');
t=FW/BW;
cond_est=max (cond_est,t);

end

cond_est
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