REGULARITY OF A FREE BOUNDARY PROBLEM

Lavi Karp Henrik Shahgholian

February, 1996

Abstract. Let u be the Newtonian potential of a real analytic distribution in an open set Ω. In this paper we assume u is analytically continuable from the complement of Ω into some neighborhood of a point x_0 ∈ ∂Ω, and we study conditions under which the analytic continuation implies that ∂Ω is a real analytic hypersurface in some neighborhood of x_0.

0. Introduction

This paper is concerned with the regularity of free boundaries arising from the inverse problem of the Newtonian potential theory.

Let Ω be a bounded open set in R^n, χ_Ω denote the characteristic function of Ω, and f be a function defined in R^n. Define v to be the Newtonian potential of fχ_Ω, that is,

(0.1) v(x) = � Ω E_n(x − y)f(y)dy,

where

E_n(x) =

�_1

2π log |x| n = 2 1 (2−n)ω_n |x|

2−n n > 3,

and ω_n is the area of the unit sphere in R^n.

Obviously v is harmonic off Ω. Moreover, if ∂Ω is a real analytic hypersurface and f is a real analytic function in a neighborhood of x_0 ∈ ∂Ω, then, as a result of the Cauchy-Kowalevski theorem, there is a harmonic function h in B_r(x_0) such that v(x) = h(x) and ∇v(x) = ∇h(x) for x ∈ B_r(x_0) \ Ω (see e.g. [Sha2]). In this case we say that v has a harmonic (analytic) continuation h, from B_r(x_0) \ Ω into B_r(x_0)∩Ω. In the present paper we consider the inverse problem. Namely, suppose f is real analytic in some neighborhood of x_0 (f ∈ C^{m+λ}(B_r (x_0)) and v, given by (0.1), has a harmonic continuation h into a neighborhood of x_0 ∈ ∂Ω. Under which

1991 Mathematics Subject Classification. 35R35, 35J85, 31A25.

Key words and phrases. Newtonian potential, analytic (harmonic) continuation, modulus of continuaty, global equation, blow up.

The second author would like to thank the Swedish NFR for partial support of this project. He also thanks the IPM research center for their hospitality and kind support.

Typeset by AMS-TEX 1

conditions can we conclude that ∂Ω ∩ B_ρ(x_0) (0 < ρ 6 r) is a real analytic surface (∂Ω ∩ B_ρ(x_0) ∈ C^{m+1+λ})?

The differential equation corresponding to the harmonic continuation h is

(0.2) { Δv(x) = f(x) x ∈ B ∩ Ω, v(x) = h(x), ∇v(x) = ∇h(x) x ∈ B \ Ω,

where h is harmonic in B and B = B_r(x_0). Equation (0.2) also appears in the local analysis of a number of problems concerning potentials fields and steady-state transport processes: the inverse problem of potential theory [Is2], [Z]; quadrature domains [Sa2], [Sha2]; the capacitor problem [Sc1]; moving boundary problems of Hele-Shaw type [EE], [EV], [Gu], [Ho], [Ma]. Putting u = v − h, (0.2) becomes

(0.3) { Δu(x) = f(x) x ∈ B ∩ Ω, u(x) = |∇u(x)| = 0 x ∈ B \ Ω.

According to a theorem of Isakov [Is1], and independently of Kinderlehrer and Nirenberg [KN] (see also [Fr; Sec. 2, Theorem 1.1]), if ∂Ω ∩ B ∈ C^1 and f is analytic in B (f ∈ C^{m+λ}(B)), then ∂Ω is an analytic (C^{m+1+λ}) surface in some neighborhood of x_0. Thus, our main problem is to show that ∂Ω ∩ B_ρ(x_0) ∈ C^1 in order to conclude that (0.3) implies ∂Ω ∩ B_ρ(x_0) is real analytic.

In the obstacle problem, the energy functional is minimized over a convex set contained in a certain Sobolev space which consists of functions grater or equal than the obstacle Ψ (see e.g. [Fr], [KS]). Let u_0 be the unique minimizer and Ω := {u_0 > Ψ} be the noncoincidence set. The Euler equation for u := u_0 − Ψ in B is

(0.4) � � � Δu(x) = f(x) x ∈ B ∩ Ω, u(x) = |∇u(x)| = 0 x ∈ B \ Ω, u(x) > 0 x ∈ B,

which is a special case of (0.3).

In two outstanding and fundamental papers, [Ca1] and [Ca2], Caffarelli proved that if u satisfies (0.4) and Ω^c := R^n \ Ω is not too small in some neighborhood of x_0 ∈ ∂Ω, then ∂Ω ∈ C^1 in a neighborhood of that point. Our aim is to obtain the corresponding result for equation (0.3). In so doing, we encounter mainly two obstacles. First, for u satisfying (0.4) it is known that

(0.5) u ∈ W^{2,∞}_{loc} (B),

i.e., u has bounded second-order derivatives (see [BK], [CK] and [F]). While for solutions to (0.3) this is unknown. Secondly, Caffarelli’s estimate for the pure second-order derivatives, [Ca1; Theorem 1], implies

(0.6) lim_{x→y} D_{ii}u(x) > 0, y ∈ ∂Ω holds for all solutions to (0.4). But (0.6) fails in general ( e.g. u = 2x^2_1 − x^2).

Our method to show (0.5), for u satisfying (0.3), is based on the quadratic growth of u near the boundary. We show that a solutions to (0.3) with f ∈ L^∞ has quadratic growth, provided that {u < 0} has small upper Lebsegue density on ∂Ω. In the particular case of equation (0.4), we obtain a short and simple proof of (0.5) which also supplies an estimate with universal constants. The idea to utilize the growth of a solution in order to obtain maximal regularity appears in the work of Alt and Caffarelli, but for a different free boundary problem [AC], where they showed that a linear growth implies Lipschitz continuity of the solution.

To overcome the failure of Caffarelli’s estimate (0.6) we impose a certain geometric condition on the set {u < 0}. Using this condition, we modify Caffarelli’s estimate in order to obtain (0.6) for equation (0.3). We also show that our geometric condition holds true, if the complement of Ω is not too small near the boundary point x_0, and if all solutions to the global equation

(0.7) � � � Δv(x) = 1 x ∈ Ω, v(x) = |∇v(x)| = 0 x ∈ Ω^c, |v(x)| 6 C(1 + |x|)^2

are nonnegative. The latter holds true in R^2 by Sakai’s classifications of solutions to the global equation (0.7) (see [Sa1], [Sa3]). In R^n, n > 3 there are only partial results concerning the nonnegativity of solutions to (0.7), ([KM], [Sh]), but for the general case it is still an open problem [Sh].

Although in this paper we are dealing with the Laplace operator, our techniques also apply to more general second-order elliptic operators with suitable regularity of the coefficients.

The organization of the paper is as follows: Section 1 deals with the quadratic growth of subharmonic functions. In Section 2 we show the limitation of the secondorder derivatives as a consequence of the quadratic growth. Section 3 is devoted to the extension of Caffarelli’s regularity result. The connection between the geometrical condition on {u < 0} and the nonnegativity of solutions to equation (0.7) is discussed in Section 4.

We use the most standard notations. For a set S ⊂ R^n, ∂S is the boundary, S̄ is the closure, int(S) is the interior, S^c is the complement and |S| is the Lebesgue measure of S. For a sequence of sets {S_j }^∞_{j=1}, lim_j S_j is the set of all limit points of sequences {x_j }^∞_{j=1} with x_j ∈ S_j. B_r(x_0) := {x : |x−x_0| < r}, B_r = B_r(0) and B = B_1. ∇u = (D_1u, ..., D_nu), Δu = D_{11}u + ... + D_{nn}u. Various of absolute constants are denoted by C, C_0, C_1, ... which might change value from one appearance to another.

1. Subharmonic Functions with Quadratic Growth

In this section we study the local behavior of a function u, with Δu ∈ L^∞, near a point where the function and its gradient vanish.

Let B := B_1(0) be the unit ball and let u satisfies the Poisson equation Δu = f ∈ L^∞(B) in the distributional sense. It is well known that D_iu (i = 1, ..., n) belongs to the Zygmund class, and hence

|∇u(x) − ∇u(y)| 6 C_0‖f‖_∞|x − y| log 1 |x − y|

, |x − y| 6 e^{−2}

(cf. [Zy; Theorem 4.4] ). Therefore, if u(0) = |∇u(0)| = 0, then

(1.1) |u(x)| 6 C_0‖f‖_∞|x|^2 log 1 |x| , |x| 6 e^{−2}.

The main result of this section asserts that the logarithmic term in (1.1) is dispensable provided that

(1.2) L(ρ) = L(ρ, u) :=

|B_ρ ∩ {u < 0}| |B_ρ|

is small for small ρ.

Theorem 1.1. Let f ∈ L^∞(B), f > 0 and set η_n = 2^{(2n+6)}. Then any solution u, to Δu = f in B with the properties u(0) = 0 and

(1.3) lim_{ρ→0} L(ρ, u) < 1 η_n , satisfies

(1.4) |u(x)| 6 C|x|^2, x ∈ B, and (1.5) |∇u(x)| 6 C|x|, x ∈ B_{1/2}.

In the case u > 0, the constant C depends only on the supremum norm of f and the dimension. Remarks.

(i) Note that lim_{ρ→0} L(ρ, u) < 2^{−1} implies ∇u(0) = 0. Indeed, u(x) = a · x + o(|x|), where a = ∇u(0). Thus, if a ≠ 0, then lim_{ρ→0} L(ρ, u) = lim_{ρ→0} L(ρ, a·x) = 2^{−1}.

(ii) The estimate (1.4) fails if lim_{ρ→0} L(ρ) is not small, even though it is less than a half. Consider the following example. Let K be a spherical cone {x : x_n > |x| cos(α/2)}, α ∈ (0, π/2). The function

u(x) = c_α(nx^2_n − |x|^2) log |x| + |x|^2ϕ( x |x| ) satisfies the Poisson equation Δu = χ_K , where c_α > 0 and ϕ is a C^1- function homogeneous of degree zero (see [KM; Sec. 3]). Clearly (1.4) does not hold for u, while u(0) = |∇u(0)| = 0 and

lim_{ρ→0} L(ρ) = β_n > 1 η_n , where

β_n =

�_{arccos(1/}^√_{n)} 0 sin^{n−2}(φ)dφ �_{π/2} 0 sin^{n−2}(φ)dφ , (β_3 t 0.423, β_4 t 0.391, β_5 t 0.374).

For the proof of Theorem 1.1 we need some lemmas. We also assume, without loss of generality, ‖f‖_∞ 6 1. The Laplace operator is always considered in the distributional sense.

Lemma 1.2. (H.S. Shapiro) Suppose Δu = f in B and u(0) = 0, then � B_ρ

udx 6 C1bnρ^{n+2},

where C_1 = 1/2(n + 2) and b_n is the volume of the unit ball.

Proof. Let G_r(y, x) be the Greens function for the ball B_r, and first assume u is C^2 in B. Then

0 = u(0) = � ∂B_r

u(x)

∂G_r ∂n (0, x)dS − � B_r

f(x)G_r (0, x)dx. Now G_r (0, x) = � � � 1 nb_n ( log^r_{|x|} ) n = 2, 1 n(n−2)b_n ( |x|^{2−n} − r^{2−n} ) n > 3,

and for |x| = r ∂G_r ∂n (0, x) = 1 nb_n r^{1−n}.

Thus �

∂B_r

u(x)dS 6 nb_nr^{n−1} � B_r

G_r(0, x)dx = b_n 2 r^{n+1},

which implies � B_ρ

u(x)dx =

�_ρ 0 (� ∂B_r

u(x)dS ) dr 6^{bn}_2^{� ρ}_0 r^{n+1}dr =^{bn}_{2(n + 2)}ρ^{n+2}.

In the general case, we complete the proof by means of a regularization. � Let us define u^+ = max(u, 0) and u^− = min(u, 0).

Lemma 1.3. Let u and f be as in Theorem 1.1, then for 0 < ρ < 2^{−1},

sup_{Bρ} |u| 6 2^{n+1} sup_{B2ρ} u + C_1ρ^2.

Proof. For fixed y ∈ B, let _y (x) =^{|x−y|2}_{2n} , then by Kato inequality [K],

Δ (|u| + _y ) > f(sgn u) + 1 > 0.

Hence |u| + _y (x) is subharmonic, so for |y| 6 ρ,

(1.6) b_nρ^n|u(y)| 6 � B_ρ(y)

(|u| + _y )dx 6 � B_{2ρ}(0)

(u^+ + u^−)dx + b_n 2 �_ρ 0 t^{n+1}dt

6 2^�_{B2ρ(0)} u^+dx +^{bn}_{2(n + 2)}ρ^{n+2}
6 2^{n+1}bnρ^n sup_{B2ρ(0)} u + bnC1ρ^{n+2}.

Here, in the third step we have used the inequality � B_2ρ

u^− 6 � B_2ρ

u^+,

which holds for subharmonic u with u(0) = 0. Now, dividing both sides of (1.6) by b_nρ^n we’ll have the desired result. � Lemma 1.4. Let u and f be as Theorem 1.1 and 0 < ρ < 1. If

(1.7) sup_{Bρ} u 6 Mρ^2,

then

(1.8) sup_{B(ρ/4)} u 6 η_n ( ρ 4 )_2 ( 1 + L( ρ 2 )M ) ,

where L(ρ) = L(ρ, u) is defined in (1.2).

Proof. Let |y| = ρ/4. Then, by Lemmas 1.2-1.3, by (1.7), and since u is subharmonic, we have

b_n (ρ 4 )_n u(y) 6 � B_{(ρ/4)} (y)

udx 6^�_{B(ρ/2) (0)} |u|dx = � B_{(ρ/2)} (0)

udx + 2 � B_{(ρ/2)} (0)

u^−dx

6 C1bn^{(ρ}_2^{)n+2} + 2bn^{(ρ}_2^{)n} L(^ρ_2 ) sup_{B(ρ/2) (0)} |u|

6 C1bn^{(ρ}_2^{)n+2} + 2bn^{(ρ}_2^{)n} L(^ρ_2 )

2^{n+1} sup_{Bρ(0)} u + C_1 (ρ 2 )_2 �

6 3C1bn^{(ρ}_2^{)n+2} + 2^{n+2}bn^{ρn+2}_{2n} L(^ρ_2 )M
6 2^{(n+4)}bn^{(ρ}_2^{)n+2 (}1 + L(^ρ_2 )M^) .

Dividing the above inequality by b_nρ^n4^{−n}, we obtain (1.8). �

Proof of Theorem 1.1. By (1.3) there is 0 < ρ_0 6 e^{−2} such that

(1.9) L( ρ 2 , u) 6 θ < 1 η_n for ρ 6 ρ_0.

For ρ_0 < |x| 6 1, |u(x)| 6 ( sup_B |u| ) |x|^2 ρ^2_0 . By (1.1), (1.7) holds for ρ_0 with M = C_0 log^1_{ρ0} . Applying Lemma 1.4 and (1.8) inductively, we deduce

(1.10) sup_B

(ρ0/4k)

u 6^{( ρ0}_{4k}^{)2} ηnM^{k�}_{j=0}(θηn)^j 6^{( ρ0}_{4k}^{)2} ηnM^{∞�}_{j=0}(θηn)^j , k = 0, 1, 2...

Let now, ρ_0/4^{k+1} 6 ρ < ρ_0/4^k and set C_2 =^{ηnM}_{1−ηnM} . Then, since u is subharmonic, we have by (1.10)

sup_{Bρ} u 6 sup_B

(ρ0/4k )

u 6 C2^{( ρ0}_{4k}^{)2} 6 C24^2ρ^2.

Finally, set C_3 = max

(_{(supB |u|)}

ρ^2_0 , 4

2C_2 ) . Then for 0 < ρ <^1_2 , Lemma 1.3 gives

sup_{Bρ} |u| 6 2^{n+1}4C_3ρ^2 + C_1ρ^2.

Thus, we have obtained the estimate (1.4) with C = 2^{n+3}C_3 + C_1.

In order to show (1.5) we use a gradient estimate combined with a regularization (cf. [GT; Theorem 3.9]). This gives that for any ρ < 1/2,

ρ sup_{Bρ} |∇u| 6 C^′ sup_{B2ρ} |u| + ρ^2‖f‖_∞ � .

Thus, (1.5) follows from (1.4) and the above estimate. �

Remark. Theorem 1.1 can be slightly generalized for f ∈ L^∞(B) which it not necessarily nonnegative. Letting v(x) = u(x) + ‖f‖_∞|x|^2/(2n), we’ll have Δv > 0 and {x : v(x) < 0} ⊂ {x : u(x) < 0}. Now Theorem 1.1 applies.

2. Limitation of the Second-Order Derivatives

We consider now a solution u to the free boundary problem

(2.1) { Δu(x) = f(x) x ∈ B ∩ Ω, u(x) = |∇u(x)| = 0 x ∈ B \ Ω.

We have u ∈ W^{2,p}(B) ∩ C^{1,λ}(B), 1 < p < ∞, 0 < λ < 1 whenever f ∈ L^∞(B). We will prove that if u has a quadratic growth near all x ∈ ∂Ω ∩ B and f is Hölder continuous, then u ∈ W^{2,∞}_{loc} (B), i.e., the second order-derivatives of u are bounded in B. Note that if in addition to (2.1), u > 0 in B, or equivalently u arises out of the obstacle problem, then the quadratic growth of u for all x ∈ ∂Ω ∩ B is assured by the previous section. In that case, the limitation of the second-order derivatives was proved by many authors, including, Freshe [F], Gerhat [G], Brezis and Kinderlehrer [BK], and Caffarelli and Kinderlehrer [CK] (see also [KS]). For u > 0 our approach provides an estimation with a universal constant, which was obtained also in [CK]. In both [G] and [BK] the nonlinear case was also considered.

Theorem 2.1. Let u be a solution of the free boundary problem (2.1) with f ∈ C^λ(B), 0 < λ < 1. If

(2.2) sup_{Bρ (x)} |u| 6 Cρ^2, ∀x ∈ ∂Ω ∩ B (B_ρ(x) ⊂ B)

then for any 0 < r < 1 there is a positive constant M(r) depending on C in (2.2), the Hölder’s norm of f and the dimension, such that

(2.3) |D_{ij} u(x)| 6 M(r) ∀x ∈ B̄_r.

Using Theorems 1.1 and 2.1 we have the following corollary.

Corollary 2.2. Let u be a solution of (2.1) in B, where f > 0 and f ∈ C^λ(B). Assume lim_{ρ→0} sup

x∈∂Ω∩B

|B_ρ(x) ∩ {u < 0}| |B_ρ(x)| < 1 2^{2n+6} , then (2.3) holds. Moreover, if u > 0, then C in (2.2) depends only on the Hölder’s norm of f and the dimension, and hence the same conclusion holds for M(r).

Proof of Theorem 2.1. Let h ∈ R^n and define

u_h(x) = u(x + h) − 2u(x) + u(x − h) |h|^2 .

Then for x ∈ B̄_r \ Ω and |h| 6 1 − r, |u_h(x)| 6 2C by (2.2). Hence,

(2.4) |D_{ij} u(x)| 6 2C x ∈ B̄_r \ Ω.

Let d(x) = dist(x, Ω^c), ‖f‖_λ = sup_{x∈B} |f(x)| + sup_{x,y∈B}^{|f(x)−f(y)|}_{|x−y|λ} and M = sup_B |u|. If x ∈ B̄_r ∩ Ω with d(x) > 1 − r, then

(2.5) ( 1 − r 2 )_2 sup B_{(d(x)/2)} (x)

|D_{ij} u(x)| 6 ( d(x) 2 )_2 sup B_{(d(x)/2)} (x)

|D_{ij} u(x)|

6 C

sup B_{d(x)} (x)

|u| + ( d(x) 2 )_2

d(x)^λ‖f‖_λ �

6 C (M + ‖f‖λ) ,

where the second inequality is standard estimate for the second order derivatives (See e.g. [GT; Theorem 4.6]).

For x ∈ B̄_r ∩ Ω with d(x) < 1 − r, we set ρ = d(x)/3 and d(x) = |x − x_0| for some x_0 ∈ ∂Ω. Using (2.2) and applying the same estimate [GT; Theorem 4.6], we obtain

(2.6) ρ^2 sup_{Bρ(x)} |D_{ij} u(x)| 6 C sup B_{2ρ}(x)

|u| + ρ^2(2ρ)^λ‖f‖_λ �

6 C

sup B_{5ρ}(x_0)

|u| + ρ^2(2ρ)^λ‖f‖_λ �

6 C^((5ρ)^2 + ρ^2(2ρ)^λ‖f‖λ^) .

Combining (2.4), (2.5) and (2.6) we obtain (2.3), and the proof is completed. �

Remark. The results of sections 1 and 2 can be generalized to second-order uniformly elliptic operators, with suitable regularity of the coefficients. Of course the constant η_n depends on the modulus of the ellipticity of the operator. The explicit computations in Lemma 1.2, by means of the Green’s function, can be replaced by known estimates of the Green’s function for the corresponding operator (cf. [LSW], [S]).

3. Regularity of The Free Boundary

In the celebrated papers [Ca1] and [Ca2], Caffarelli proved that a nonnegative solution to the free boundary problem (0.4) has a free boundary which is C^1 near x_0 ∈ ∂Ω, provided that the complement of Ω is not too ”small” near x_0 (see Definition 3.8 ). In this section, we follow Caffarelli’s method in [Ca2] and extend his result to a larger class of solutions. The reader can find a more detailed description of Caffarelli’s works [Ca1] and [Ca2] in [Fr; Chapter 2].

In the previous sections we gave conditions which ensure the boundedness of the second-order derivatives of solutions to (0.3). Therefore, in this section we will assume that any solution has this latter property, and we will study the regularity of free boundaries in the following class.

Definition 3.1. A function u is said to be of class P_r = P_r(M, z) if, (1) sup_{Br} |D_{ij} u| 6 M, ∀i, j = 1...n, (B_r = B_r(z)) (2) Δu = 1 in Ω(u) := B_r \ Λ(u), (3) z ∈ Γ(u) := ∂Ω ∩ B_r, where Λ(u) = {x ∈ B_r : u(x) = |∇u(x)| = 0}.

We also define

Ω^+(u) = {x ∈ B_r : u(x) > 0}, Ω^−(u) = {x ∈ B_r : u(x) < 0}. The classes

P^+_r = {u ∈ P_r : Ω^−(u) = ∅} and P^∗_r = {u ∈ P^+_r : u is convex} coincide with Caffarelli’s definitions [Ca2]. The scaled function u_s is defined as u_s(x) = u(sx)

s^2 . It is obvious that u_s ∈ P_{r/s} if u ∈ P_r and Λ(u_s) = Λ_s(u), Ω(u_s) = Ω_s(u), Γ(u_s) = Γ_s(u), where S_s = {x : sx ∈ S} for any set S.

The maximal radius of a set S, MR(S), is the radius of the largest ball contained in S. We measure the ”thinness” of S near a point x by the quantity l(r, x, S) := MR (S ∩ B_r(x)) .

Obviously, l(r, x, S) is an upper semicontinuous function of x, and if S has zero upper Lebesgue density at x, then lim_{r→0} l(r, x, S)/r = 0.

Let u ∈ P_1(M, 0), 0 < ε 6 1, and set (3.1) l(r) = sup_{y∈B̄}

ε∩Γ(u)

l(r, y, Ω^−(u)).

A real valued function ω(r) is a modulus of continuity, if it is a nonnegative, right continuous and nondecreasing function of 0 6 r < 1 with ω(0^+) = 0. Definition 3.2. We say that the function u ∈ P_1(M, 0, ω, ε) if u ∈ P_1(M, 0) and if l(r))

r 6 ω(r), 0 6 r < 1 − ε,

where ω(r) is a modulus of continuity and l(r) is given by (3.1).

The geometrical condition lim_{r→0} (l(r)/r) = 0 can be replaced by a growth condition u^−. Indeed, for y ∈ Γ(u) set m(r, y) = − inf_{Br (y)} u, and m(r) = sup

y∈B̄_ε ∩Γ(u)

m(r, y).

Then we have the following lemma.

Lemma 3.3. Let u ∈ P_1(M, 0), then u ∈ P_1(M, 0, ω, ε) for some modulus of continuity ω, if and only if m(r) = o(r^2) as r → 0.

Remark. In remaining sections convergence of subsequences will be used frequently. Therefore, we do not distinguish between sequences and subsequences.

Proof of Lemma 3.3. We may assume m(r) is not identically zero. For any positive r we let x_r ∈ B̄_r(y) be the point where −u(x_r) = m(r, y), and z ∈ B̄_r(y) be a point nearest to x_r such that u(z) = 0. Hence,

(3.2) m(r, y) = −u(x_r ) = u(z) − u(x_r) = �_1 0 ∇u(tz + (1 − t)x_r ) · (z − x_r )dt 6 √ nMl(r)r,

for all y ∈ Γ(u) ∩ B̄_ε. Dividing by r^2 both sides of (3.2), we get the necessary condition.

For the sufficiency, assume u ∉ P_1(M, 0, ω, ε) for any modulus of continuity ω, then lim_{r→0} (l(r)/r) = c > 0. Hence, there exists a sequence {r_j }, r_j ↘ 0 such that

(3.3) l(r_j ) > cr_j c > 0.

Since l(r, y, Ω^−(u)) is a upper semicontinuous in y, there is for all j, y_j ∈ B̄_ε∩Γ(u) with the property l(r_j ) = l(r_j , y_j , Ω^−(u)).

It is also clear that for all j there is a ball B_{l(rj )}(x_j ) such that

(3.4) B_{l(rj)}(x_j ) ⊂ Ω^−(u) ∩ B_{rj} (y_j ).

¿From inequality (3.3) we have

(3.5) c r_j 6 |x_j − y_j | 6 (1 − c)r_j .

We now set u_j (x) = r^{−2}_j u(r_j x+y_j ) and B_j = B_{(l(rj)/rj )}((x_j −y_j )/r_j ). By compactness, (3.3) and (3.5), the sequence {B_j } converges to a ball B_{l0} := B_{l0} (x_0 −y_0), with a positive radius l_0 and the center x_0 − y_0 ≠ 0, y_0 ∈ Γ(u). Compactness also gives that u_j → u_0 uniformly on compact sets. Furthermore, by (3.4), B_j ⊂ Ω^−(u_j ) ∩ B_1 and hence u_0 6 0 in B_{l0} ∩ B_1. Since Δu_j = 1 in B_j , Δu_0 = 1 in B_{l0} . Therefore u_0 is not identically zero in B_{l0} ∩ B_1, and hence

m(r_j ) r^2_j > m(r_j , y_j ) r^2_j = − 1 r^2_j inf B_{rj} (y_j )

u = − inf_{B1} u_j ↛ 0, as r_j ↘ 0.

This completes the proof of the lemma. �

Lemma 3.4. Suppose u_j ∈ P_{rj} (M, 0), u_j → u_0 and ∇u_j → ∇u_0 uniformly on compact sets of B_{r0} , as r_j → r_0. Then u_0 ∈ P_{r0} (M, 0). In particular, if u_j = u_{ρj} for a sequence {ρ_j} with ρ_j ↘ 0, and u ∈ P_1(M, 0, ω, ε) for some modulus of continuity ω, then u_j → u_0 ∈ P^+_∞(M, 0).

Proof. The only difficulty in proving the first statement is to show that 0 ∈ Γ(u_0). Since 0 ∈ Λ(u_0), it suffices to show that 0 ∈ Ω(u_0). In order to do that, we first note that any u ∈ P_r(M, 0) is subharmonic. Hence, for all y ∈ Γ(u) and small (positive) ε, we have Ω^+(u) ∩ B_ε(y) ≠ ∅. Therefore, 0 ∈ Γ(u_j ) implies 0 ∈ Ω^+(u_j ) and by using Lemma 1 of [Ca2] one obtains that

lim_{j→∞} Ω^+(u_j ) ⊂ Ω^+(u_0) ⊂ Ω(u_0),

(see [Ca2; Corollary 1]) which implies that 0 ∈ Ω(u_0).

To show the second statement , let R > 0, then we have

− inf_{BR} u_j = − 1 ρ^2_j inf_{B(Rρj )} u = −R^2 1 (Rρ_j )^2 inf_{B(Rρj )} u 6 R^2 m(Rρ_j ) (Rρ_j )^2 . Since u_j → u_0 uniformly on compact sets, Lemma 3.3 and the latter inequality imply that u_0 is nonnegative. �

Our next aim is to modify Caffarelli’s estimate of pure second-order derivatives. This estimate has a key role both in [Ca1] and [Ca2].

Lemma 3.5. There is a modulus of continuity ω_1, depending on ω and ε, such that for any u ∈ P_1(M, 0, ω, ε), holds

D_{ii}u(x) > −ω_1(|x − y|), y ∈ Γ(u) ∩ B̄_{ε/4}.

In particular, lim x→y∈Γ(u)

D_{ii}u(x) > 0, |y| 6 ε/4.

Lemma 3.6. Let u ∈ P_1(M, 0, ω, ε), x ∈ Ω(u) ∩ B̄_{ε/2} and dist(x, Γ(u)) 6 ρ. Then, for any given 0 < δ < 1, there is z_δ ∈ B_{ρ(1−δ/2)}(x) such that

D_{ii}u(z_δ) > −C_1 √ δ − C_2ω(2ρ).

Proof. Let x ∈ Ω(u), e_i be any direction, and 0 < s < 1 − |x|. Then u(x + se_i) > −m(ρ + s, y), where y is the nearest point to x on Γ(u). Since |x| 6 ε/2, |y| 6 ε. Therefore, by (3.2) and Definition (3.2), m(r, y) 6 √ nMl(r)r 6 √ nMω(r)r^2 . So, − √ nM(ρ + s)^2ω(ρ + s) 6 −m(ρ + s, y)

6 u(x + sei) = u(x) + sDiu(x) +^{� s}_0^{� τ}_0 Diiu(x + tei)dtdτ.

Since u ∈ P_1(M, 0), |D_iu(x)| 6 √ nMρ and |u(x)| 6 nMρ^2. Thus we have obtained

(3.6)

�_s 0 �_τ 0 D_{ii}u(x + te_i)dtdτ > −C_1ρ(ρ + s) − C_2(ρ + s)^2ω(ρ + s).

Following [Ca1, Lemma 1], we let x_0 = (1 − δ)(y − x) + x, and we let I = [x_0, x̂] be the segment started at x_0 with length √ δρ/2 and in the direction e_i, or −e_i so that it is contained in B_{ρ(1−δ/2)}(x). Applying (3.6) above at the point x_0 and the segment I, we have

δρ^2 8 sup_I D_{ii}u > −C_1 ( 3 2 ) ρ^2δ^{3/2} − C_2 ( 3 2 )_2

ρ^2δω(2ρ)

which gives the conclusion of the lemma. �

Proof of Lemma 3.5. Let y ∈ Γ(u) ∩ B̄_{ε/4} and set

M_k(y) = − inf_{B2−k (y)} D_{ii}u, M_k = sup{M_k(y) : y ∈ Γ(u) ∩ B̄_{ε/4}} k = 1, 2, ...

Then M_{k+1} 6 M_k. We conduct the proof of the lemma by showing that

(3.7) lim_k M_k = 0.

If (3.7) fails, then for some ε_0 > 0

(3.8) M_k > ε_0 for all k.

Now take k_0 so that 2^{−(k0+1)} 6 ε/4, and let k > k_0. Applying Lemma 3.6 with ρ = 2^{−(k+1)}, and Harnack inequality, we get

D_{ii}u(x) + M_k > Cδ^{n−1} ( M_k − C_1 √ δ − C_2ω(2^{−k}) ) , x ∈ B_2−(k+1) (y).

Hence,

−M_{k+1}(y) + M_k > Cδ^{n−1} ( M_k − C_1 √ δ − C_2ω(2^{−k}) ) , y ∈ Γ(u) ∩ B̄_{ε/4}.

Taking the supremum, we obtain

−M_{k+1} + M_k > Cδ^{n−1} ( M_k − C_1 √ δ − C_2ω(2^{−k}) ) . Let k be sufficiently large so that C_2ω(2^{−k}) 6 ε_0/4, we get by the above inequality,

−M_{k+1} + M_k > Cδ^{n−1} ( 3 4 M_k − C_1 √ δ ) , k > k1.

For each k > k_1, we can now choose an appropriate δ such that we obtain

(3.9) −M_{k+1} > −M_k + CM^{(2n−1)}_k , k > k_1.

Inequality (3.9) implies M_k 6 C(1/k)^β, β = (2(n − 1))^{−1} which contradicts (3.8).

�

Corollary 3.7. Let {u_j} ⊂ P_1(M, 0, ω, ε) and {r_j } be a sequence with r_j ↘ 0. Set (u_j )_{rj} (x) = r^{−2}_j u_j (r_j x + y) for y ∈ Γ(u) ∩ B̄_{ε/4}. Then (u_j )_{rj} → u_y and ∇(u_j)_{rj} → ∇u_y uniformly on compact sets. Moreover u_y ∈ P^∗_∞(M, 0).

Proof. By compactness and Lemma 3.4, it is clear that u_y ∈ P^+_∞(M, 0). To show the convexity, let for any R > 0,

v_j (x) = r^{−2}_j u_j (r_j x + y) + ω_1(r_j R)

|x − y|^2 2n . Then D_{ii}v_j (x) > 0 in B_R(y) and v_j → u_y uniformly in B_R(y). Hence u_y is convex in B_R(y). �

The main result of this section is extension of Caffarelli’s regularity theorem [Ca2; Theorem 1] to the class P_1(M, 0, ω, ε) (instead of P^+(M, 0) ). Before stating the result, let us recall the definition of the minimal diameter.

Definition 3.8. The minimum diameter of a set S, denoted MD(S), is the infimum of distances between pairs of parallel planes such that S is contained in the stripe determined by the planes. We also define the ”thickness” of the set S with respect to a point x by

δ(r, x, S) =

MD(S ∩ B_r(x)) r .

Theorem 3.9. For any u ∈ P_1(M, 0, ω, ε_0), where ω is a modulus of continuity and 0 < ε_0 < 1. There exists a positive nondecreasing function σ(r) with σ(0^+) = 0, such that if δ(r, 0, Λ(u)) > σ(r) for some positive r 6 ε/4, then Γ(u) ∩ B_{r̃} is given by the graph of a C^1-function for some positive r̃.

Proof. We replace Ω(u) in Section 6-7 in [Ca2] by Ω^+(u), and we use Lemmas 3.4, 3.5 and Corollary 3.7 in order to verify all the steps in those sections. To convince the reader, we show that u satisfies the following ”flatness” condition [Ca2; Lemma 6]: Given ε > 0, δ > 0, there exists ρ_0 = ρ_0(ε, δ) such that: if u ∈ P_1(M, 0, ω, ε_0) and δ(ρ, 0, Λ(u)) > ε for some 0 < ρ < ρ_0, then in an appropriate system of coordinates

(3.10) � Λ(u) ⊃ B_{ρλ/2} ∩ {x; −x_n > 2ρλδ}

Ω^+(u) ⊃ B_{ρλ/2} ∩ {x; x_n > 2ρλδ} .

Proof of the flatness condition. If the statement fails, then there are sequences {u_j} ⊂ P_1(M, 0, ω, ε_0) and {ρ_j } with ρ_j ↘ 0 such that: δ(ρ_j , 0, Λ(u_j )) > ε and at least one of (3.10) doesn’t hold in any system of coordinates. Let (u_j )_{ρj} (x) = ρ^{−2}_j u_j (ρ_j x). Then (u_j )_{ρj} → u_0 and ∇(u_j)_{ρj} → ∇u_0 uniformly on compact sets, and by Corollary 3.7, u_0 is convex (u_0 ∈ P^∗_∞(M, 0)). Since

Λ(u_0) ⊃ lim_j Λ ( (u_j )_{ρj} ) and Ω(u_0) ⊃ lim_j Ω^+ ( (u_j )_{ρj} ) , and since δ (1, 0, Λ(u_0)) > lim_j δ ( 1, 0, Λ ( (u_j )_{ρj}

)) > ε,

we get a contradiction to Lemma 5 in [Ca2] which asserts the following:

Given ε > 0, δ > 0, there exists λ = λ(ε, δ) such that: if u ∈ P^∗_1 (M, 0) and δ(1, 0, Λ(u)) > ε, then in an appropriate system of coordinates � � � Λ(u) ⊃ B_λ ∩ {x; −x_n > |x| cos( π 2 − δ)}

Ω(u) ⊃ B_λ ∩ {x; x_n > |x| cos( π 2 − δ)}.

λ(ε, δ) is the λ of the relation (3.10). �

The general case. For f ∈ C^λ(B), f(x) > c > 0 we consider the class P_r in Definition 3.1 with (2) replaced by Δu = f in Ω(u).

The conclusion of Theorem 3.9 remains true for the above class, but Lemma 3.5 and Lemma 7 in [Ca2] should be modified (see Lemma A1 in [Ca1], or Theorem 3.8 in [Fr] for the modification).

4. The global equation

In this section we will discuss conditions so that a solution u, to equation (0.3) (0 ∈ ∂Ω), belongs to P_1(M, 0, ω, ε_0) for some modulus of continuity ω. We will show that a sufficient condition for u ∈ P_1(M, 0, ω, ε_0) is that Λ(u) is not too small and all solutions to the global equation

(4.1) � � � Δu(x) = 1 x ∈ Ω, u(x) = |∇u(x)| = 0 x ∈ R^n \ Ω =: Ω^c, u(x) = o(|x|^3) |x| → ∞.

are nonnegative. That is indeed the case in the two dimensional space (see Theorem 4.2 below). We recall that if u ∈ P_1(M, 0) and u_0 is the blow-up of u, then u_0 satisfies equation (4.1).

Definition 4.1. Let u satisfies (4.1). If Ω^c has a non-empty interior, then Ω is called a null quadrature domain.

That terminology is motivated by the below identity, which holds for any null quadrature domain Ω; � Ω hdx = 0

for all harmonic and integrable h in Ω (see e.g. [KM; Sec. 2], [Sa1]). Null quadrature domains appear naturally in several problems of the Mathematical-Physics [BF], [EE], [EV], [Ho], and [Le]. For example, in the case Ω^c is bounded, then Ω is a null quadrature domain if and only if the the Newtonian potential of χ_Ω is equal to a quadratic polynomial inside Ω^c [FS]. The latter means that in appropriate system of coordinates, the shell tΩ^c \ Ω^c, (t > 1) induces no gravity force in the cavity and by Dive’s theorem [Di], Ω^c is an ellipsoid (see [KM; Sec. 4] for details). In the plane Sakai gave a complete description of null quadrature domains [Sa1], [Sa3].

Theorem 4.2 (Sakai). The function u is a solution to (4.1) with Ω̄ ≠ R^2 if and only if Ω is one of the following:

1. The exterior of an ellipse.

2. The non-convex domain bounded by a parabola. 3. A half-plane.

4. The complement of a stripe.

Moreover, any solution to (4.1) with Ω̄ ≠ R^2 is nonnegative.

Sakai’s result supply the motivation to the following conjectures:

Conjecture 4.3 ([KM], [Sh]). The function u is a solution to (4.1) with Ω̄ ≠ R^n if and only if Ω is one of the following:

1. The exterior of an ellipsoid.

2. The non-convex domain bounded by an elliptical paraboloid. 3. A cylinder over 1. or 2. 4. A half-space.

5. The complement of a stripe.

Conjecture 4.4 ([Sh]). Let u satisfies (4.1) with Ω̄ ≠ R^n, then u > 0.

Conjecture 4.3 was verified by Friedman and Sakai in the case Ω^c is bounded [FS], and by Karp and Margulis for Ω^c which are contained in a cylinder of codimension 2, [KM]. Shahgholian showed that Conjecture 4.4 holds true for all Ω which appear in the list of Conjecture 4.3, [Sh]. A verification of Conjecture 4.4 which is independent of the classification of null quadrature domains is not known for the authors (even in the two dimensional case). If the growth condition at infinity in (4.1) is drooped, then there do exist nonnegative solutions to { Δu(x) = 1 x ∈ Ω, u(x) = |∇u(x)| = 0 x ∈ Ω^c,

with Ω̄ ≠ R^n (see [Ri], [Sha1]).

Let δ(r, y, Λ(u)) denote the normalized minimal diameter at the point y ∈ Γ(u) and set δ(r) = inf

y∈Γ(u)∩B̄_{ε0}

δ(r, y, Λ(u)).

Let u ∈ P_1(M, 0), we claim

(4.2) u ∈ P_1(M, 0, ω, ε_0) for some modulus of contiuity ω,

provided that

(4.3) lim_{r→0} δ(r) > 0,

and in R^n, n > 3, we also assume Conjecture 4.4 holds true.

Proof. If (4.2) fails, then by Lemma 3.3, there is a sequence {r_j }^∞_{j=1}, r_j ↘ 0 such that m(r_j )/r^2_j > c > 0, where m(r) is defined below Definition 3.2. Since u is continuous, for each j there is y_j ∈ Γ(u) ∩ B̄_{ε0} such that m(r_j ) = m(r_j , y_j ) := inf_{Brj (yj )} u. Hence, we have

(4.4) m(r_j , y_j ) r^2_j > c > 0.

Now, let u_j(x) = r^{−2}_j u(r_j x + y_j ), then by compactness, u_j → u_0 and ∇u_j → ∇u_0 on compact sets of R^n. Obviously, u_0 satisfies (4.1). Further, let Λ_∞ = lim_j Λ(u_j), e.i., Λ_∞ is the limit points of all sequences {x_j }, x_j ∈ Λ(u_j ). Then, Λ_∞ ⊂ Λ(u_0), and for any ε > 0 there is J_0 such that

Λ(u_j ) ∩ B̄_1 ⊂ (Λ_∞)_ε ∩ B̄_1 for j > J_0,

where (Λ_∞)_ε = {x : dist(x, Λ_∞) < ε}. Therefore,

(4.5)

MD (Λ(u_0) ∩ B_1) = δ (1, 0, Λ(u_0)) > δ (1, 0, Λ_∞) > lim_j δ (1, 0, Λ(u_j ))

= lim_j MD ( Λ(u) ∩ B_{rj} (y_j ) ) r_j

= lim_j δ(r_j , y_j , Λ(u)) > lim_j δ(r_j ).

So, by (4.3) and (4.5), we have MD (Λ(u_0) ∩ B_1) > 0. Further, we observe that for any v satisfying (4.1) with int(Λ(v)) = ∅, yields Δv = 1 a.e., and by Liouville’s theorem v is a quadratic polynomial. Hence Λ(v) is a linear space of dimension 6 n − 1. Since u_0 satisfies (4.1), it follows from the above observation that MD (Λ(u_0) ∩ B_1) > 0 implies int(Λ(u_0)) ≠ ∅. Therefore u_0 > 0 (for n = 2 by Theorem 4.2, and for n > 3 provided that Conjecture 4.4 is true). But by (4.4),

− inf_{B1} u_j = − inf_{Brj (yj)} u = m(r_j , y_j ) r^2_j > c > 0

which contradicts the nonnegativity of u_0. �

Remark. It would be interesting to prove (4.2) with (4.3) replaced by a condition which depends only on 0 ∈ Γ(u). For example, |Λ(u) ∩ B_1| > 0 is a very naturally condition, since Γ(u) ∩ B_1 has Lebsegue measure zero by Lemma 1.2 in [CR] (or in a greater generality Lemma 2.11 in [KM]), and hence we may assume Λ(u) = int (Λ(u)). But the blow-up techniques seems to be inefficient for this purpose. Indeed, by the example of Schaeffer [Sc2], there is a solution u to (0.3) with f ∈ C^∞(B), f(x) > c > 0 and |Λ(u) ∩ B_1| > 0. Moreover, Λ(u) ∩ B_1 has infinitely many components. For that particular solution, we can choose a sequence {r_j }^∞_{j=1}, r_j ↘ 0, such that Λ_∞ = {0}, here Λ_∞ = lim_j Λ(u_j) and u_j (x) = r^{−2}_j u(r_j x). Thus, even in the two dimensional space, lim_j Λ(u_j) can be too small in order to conclude that the blow-up u_0 is nonnegative.

References

[AC] H.W. Alt and L.A. Caffarelli, Existence and regularity for a minimum problem with free boundary, J. Reine Agnew. Math. 105 (1981), 105-144.

[BF] E. DiBenedetto and A. Friedman, Bubble growth in porous media, Indiana Univ. Math. J. 35 (1986), 573-606.

[BK] H. Brezis and D. Kinderlrhrer, The smoothness of solutions to a nonlinear variational inequalities, Indiana Univ. Math. J. 23 (1974), 831-844.

[Ca1] L.A. Caffarelli, The regularity of free boundaries in higher dimension, Acta Math. 139 (1977), 155-184.

[Ca2] L.A. Caffarelli, Compactness methods in free boundary problem, Comm. P.D.E. 5 (1980), 427-448.

[CK] L.A. Caffarelli and D. Kinderlrhrer, Potential methods in variational inequalities, J. Analyse Math. 37 (1980), 285-295.

[CR] L.A. Caffarelli and M.M. Riviere, Smoothness and analyticity of the free boundaries in variational inequalities, Ann Scu. Norm. Sup. Pisa 3 (1976), 289-310.

[Di] P. Dive, Attraction des ellipsoides homogénes et rèciproque d’un théorème de Newton, Bull de la Societé Math. de France 59 (1931), 128-140.

[EE] V.M. Entov and P.I. Etingof, Bubble contraction in Hele-Shaw cells, Quart. J Mech Appl, Math. 44 (1991), 507-535.

[EV] P.I. Etingof and A.N. Varachenko, Why the Boundary of a Round Drop Becomes a Curve of Order 4, University Lecture Series, vol. 3, Amer. Math. Soc., Providence, Rhode Island, 1992.

[F] J. Freshe, On the regularity of solution of a second order variational inequality, Boll. Unione Mat. Ital. 6(4) (1972), 312-315.

[Fr] A. Friedman, Variational Principles and Free Boundary Problems, Wiley, New York, 1982.

[FS] A. Friedman and M. Sakai, A characterization of null quadrature domains in R^n, Indiana Univ. Math. J. 35 (1986), 607-610.

[G] C. Gerhardt, Regularity of solutions of nonlinear variational inequalities, Arch. Rational Mech. Anal. 52 (1973), 389-393.

[GT] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-Verlag 2^{nd} edition, Berlin Heidelberg New York Toko, 1983.

[Gu] B. Gustafsson, Application of variational inequalities to a moving boundary problem for Hele Shaw flows, SIAM J. Math. Anal. 16 (1985), 279-300.

[Ho] S.D. Howison, Bubble growth in porous media and Hele Shaw cells, Proc. Roy. Soc. Edinburgh A102 (1985), 141-148.

[Is1] V. Isakov, Inverse theorems on the smoothness of potentials, Differential Equations 11 (1976), 50-57 [traslated from Russian].

[Is2] V. Isakov, Inverse Source Problems, AMS Math. Surveys and Monographs 34, Providence, Rhode Island, 1990.

[KM] L. Karp and A.S. Margulis, On the Newtonian potential theory for unbounded sources and its application to free boundary problems, submitted.

[K] T. Kato, Schrödinger operators with singular potentials, Israel J. Math. 13 (1972), 135-148.

[KN] D. Kinderlehrer and L. Nirenberg, Regularity in free boundary value problems, Ann. Scu. Norm. Sup. Pisa 4 (1977), 373-391.

[KS] D. Kinderlehrer and G. Stampacchia, An Introduction to Variational Inequalities and their Applications, Academic Press, New York, 1980.

[Le] H. Lewy, An inversion of the obstacle problem and its explicit solution, Ann Scu. Norm. Sup. Pisa 6 (1979), 561-571.

[LSW] W.Littman, G. Stampacchia and H.F.Weinbeger, Regularity points for elliptic equations with discontinuous coefficients, Ann. Scuola Norm. Sup. Pisa (3) 17 (1963), 43-77.

[Ma] A.S. Margulis, The moving boundary problem of potential theory, Adv. Math. Sci. Appl. 5 (2) (1995).

[Ri] S. Richardson, The characterization of curves by global properties of their Schwarz functions, Complex Variables 15 (1990), 11-17.

[Sa1] M. Sakai, Null quadrature domains, J. Analyse Math. 40 (1981), 144-154. [Sa2] M. Sakai, Quadrature Domains, Lecture Notes in Math., vol. 934, Springer-Verlag, Berlin-Heidelberg-New York, 1982.

[Sa3] M. Sakai, Regularity of boundaries of quadrature domains in two dimensions, SIAM J. Math. Anal. 24 (1993), 341-364.

[Sc1] D.G. Schaeffer, The capacitor problem, Indiana Univ. Math. J. 24 (1975), 1143-1167. [Sc2] D.G. Schaeffer, Some examples of singularities in a free boundary, Ann. Scu. Norm. Sup. Pisa 4 (1977), 131-144.

[Sh] H. Shahgholian, On quadrature domains and the Schwarz potential, J. Math. Anal. Appl. 171 (1992), 61-78.

[Sha1] H.S. Shapiro, Global geometric aspects of the Cauchy’s problem for the Laplace operator, Research report TRITA-MAT-1989-37, Royal Inst. of Technology, Stockholm.

[Sha2] H.S. Shapiro, The Schwarz Function and Its Generalization to Higher Dimensions, Univ. of Arkansas Lecture Notes in the Math. Sci., vol. 9, Wiley, New York, 1992.

[St] G. Stampacchia, Le probleme de Dirichlet pour les equaions elliptique du second order à coefficients discontinuous, Ann. Inst. Fourier (Grenoble) 15 (1965), 189-258.

[Z] L. Zalcman, Some inverse problems of potential theory, Contemp. Math. 63 (1987), 337-350.

[Zy] A. Zygmund, Trigonometric Series 2^{nd} edition, Cambridge Univ. Press, 1968.

Address:

Department of Mathematics University of Stockholm 106 91 Stockholm, SWEDEN E-mail: karp@matematik.su.se

Department of Mathematics Royal Institute of Technology 100 44 Stockholm, SWEDEN E-mail: henriks@math.kth.se