ON THE POROUSITY OF FREE BOUNDARIES IN DEGENERATE VARIATIONAL INEQUALITIES

Lavi Karp, Tero Kilpeläinen, Arshak Petrosyan, Henrik Shahgholian

Abstract. In this note we consider certain degenerate variational problems with constraints. The exact growth of the solution near the free boundary is established. A consequence of this is that the free boundary is locally porous and thus has 0 Lebesgue measure.

1. Introduction

In this paper we establish the optimal growth near the free boundary of the solutions to the obstacle problem for the so-called inhomogeneous p-Laplace equation, 1 < p < ∞, (1.1) Δ_pv = f(x)

in a bounded domain D of ⋛^N. Here Δ_pv = div(|∇v|^{p−2}∇v) is the p-Laplace operator. Recall that a function v is a weak solution to (1.1) in D if v ∈ W^{1,p}(D) and ∫ D (∇v|^{p−2}∇v · ∇η + fη)dx = 0 whenever η ∈ C^∞_0 (D). The associated obstacle problem is to minimize

(1.2) J(v) = ∫ D ( |∇v|^p p + f(x)v ) dx over the set K = {v ∈ W^{1,p}(D) : v − θ ∈ W^{1,p}_o (D), v ≥ ψ}. The function ψ is called the obstacle; θ determines the boundary values. The minimizer u to (1.2) satisfies in the weak sense

(1.3) Δ_pu = fχ_Ω in D, u ≥ ψ a.e. in D,

where Ω = {x ∈ D : u(x) > ψ(x)}. 1991 Mathematics Subject Classification. 35J70, 35J60, 35J85.

Key words and phrases. Obtsacle problem, degenerate elliptic equation, partial regularity. The third author was supported by the Swedish Institute The fourth author was supported by the Swedish Natural Science Research Council.

Typeset by AMS-TEX 1

We study the free boundary Γ = ∂Ω ∩ D under the following assumptions on the data. First, the function f satisfies (1.4) 0 < λ_0 ≤ f(x) ≤ Λ_0 in D. Second, for the obstacle either ψ ≡ 0 or in the weak sense (1.5) Δ_pψ = g, 0 ≤ −g ≤ Λ_1 in D.

Besides we assume that ψ and θ are in W^{1,p}(D) ∩ L^∞(D). Along with (1.3), (1.4) and (1.5) this provides local C^{1,α} regularity for some α ∈ (0, 1) of functions u and ψ; see [L].

Theorem A. Let u be the minimizer to (1.2) with ψ ≡ 0. Then in any subdomain D^′ ⊂⊂ D u(x) ≤ C(d(x))^{p/(p−1)} where d(x) = dist(x, Γ), and C = C(u, D^′, D) is some constant. Moreover Γ ∩ D^′ is porous.

Recall here that a set E in ⋛^N is called porous if there are positive constants δ and r_0 such that for each x ∈ E and 0 < r < r_0 there is a point y such that B_{δr}(y) ⊂ B_r(x) \ E. The porous sets have Hausdorff dimension < N and as a consequence Lebesgue measure 0; see [S]. The last statement in Theorem A says that Γ is locally porous.

The case (1.5) brings difficulties connected with the singular set F = {x ∈ D : ∇ψ(x) = 0}. However, we are able to show the following.

Theorem B. Γ \ ∂F is locally porous, provided ψ satisfies (1.5).

2. Main Lemma We use notation B_r(z) for the open ball with center z and radius r; B_r = B_r(0). Define G = G(p) to be the class of all functions u in B_1 satisfying:

(2.1) ‖Δ_pu‖_∞ ≤ 1;

(2.2) 0 ≤ u ≤ 1;

(2.3) u(0) = 0. Our main lemma is as follows.

Lemma 2.1. There is a positive constant K such that for any u ∈ G, there holds |u(x)| ≤ K|x|^{p/(p−1)} ∀x ∈ B_1. Remark. Lemma 2.1, in an obvious way, can be stated as follows:

Suppose there is a function u in B_1 satisfying ‖Δ_pu‖_∞ ≤ Λ_0, 0 ≤ u ≤ M, u(0) = 0.

Then |u(x)| ≤ KK^′|x|^{p/(p−1)} ∀x ∈ B_1, where K^′ = max ( M, Λ^{1/(p−1)} 0 ) , and K as in Lemma 2.1. Set S(r, u, z) = sup_{x∈Br(z)} |u(x)|, S(r, u) = S(r, u, 0). For a given bounded function u, define the set △ (u) to be the maximal subset of all natural numbers ▲ such that the following doubling condition holds (2.4) 2^{p/(p−1)}S(2^{−j−1}, u) ≥ S(2^{−j} , u) ∀ j ∈ △ (u). Lemma 2.2. There exsits a constant K = K(p, N) such that S(2^{−j−1}, u) ≤ K ( 2^{−j} )_{p/(p−1)} , for all u ∈ G, and j ∈ △ (u).

Proof. We argue by contradiction. Thus we assume that for any k ∈ ▲, there are u_k ∈ G and j_k ∈ △ (u_k ) such that

(2.5) S(2^{−jk −1}, u_k) ≥ k ( 2^{−jk} )_{p/(p−1)} . Define now

(2.6) ũ_k(x) := u_k(2^{−jk} x) S(2^{−jk −1}, u_k) in B_1.

Then (2.7) 0 ≤ ũ_k ≤ 2^{p/(p−1)} (by (2.1)),

(2.8) sup_{B(1/2)} |ũ_k| = 1 (by (2.6)) ,

(2.9) ũ_k(0) = 0 (by (2.3)), and by (2.1) and (2.5) ‖Δ_pũ_k(x)‖_∞ ≤ k^{1−p}. Now all the above and C^{1,α} estimates (for some α > 0) of solutions (see e.g.

[L]) gives a compactness for the set {ũ_k} in C^{1,α}-norm, locally in ⋛^N. Hence for a subsequence ũ_k → u in C^{1,α} norm. Moreover, the limit function u ≢ 0, by (2.8) and satisfies Δ_pu = 0, u(0) = 0, u ≥ 0, in B_1. Obviously this contradicts the minimum principle, and the conclusion in the lemma follows. � Proof of Lemma 2.1. We claim that (2.10) S(2^{−j} , u) ≤ K(2^{−j+1})^{p/(p−1)} for all j ∈ ▲, with the constant K in Lemma 2.2. With no loss of generality we may assume that K ≥ 1. Thus (2.10) holds for j = 0. Next, let (2.10) hold for some j ∈ ▲. Then it holds also for j + 1. Indeed, if j ∈ △ (u) then this follows from Lemma 1.2. Otherwise, (2.4) fails and we obtain

S(2^{−j−1}) ≤ 2^{−p/(p−1)}S(2^{−j} ) ≤ 2^{−p/(p−1)}K(2^{−j+1})^{p/(p−1)} = K(2^{−j} )^{p/(p−1)}. This proves the claim.

To complete the proof, let 2^{−j−1} ≤ r ≤ 2^{−j} . Then by (2.10) S(r, u) ≤ S(2^{−j}, u) ≤ K ( 2^{−j−1} )_{p/(p−1)} ≤ Kr^{p/(p−1)}. The lemma is proved. � 3. Proof of Theorem A Lemma 3.1. Let Δ_pu = fχ_Ω, with f ≥ λ_0, and Ω = {u > 0}. Then, for all z ∈ Ω, S(r, u, z) ≥ C_0r^{p/(p−1)} + u(z), where C_0 = p − 1 p ( λ_0 N )_{1/(p−1)} . The original idea of this lemma comes from [C]; see also [BS].

Proof. First suppose z ∈ Ω, and set w_ϵ(x) = u(x) − u(z)(1 − ϵ), v(x) = C_0|x − z|^{p/(p−1)}. Then Δ_pv = λ_0 and therefore Δ_pw_ϵ = Δ_pu ≥ Δ_pv in Ω ∩ B_r(z), and w_ϵ ≤ v on ∂Ω ∩ B_r(z). If also w_ϵ ≤ v on ∂B_r(z) ∩ Ω, then we may apply the comparison principle (see [HKM]) to obtain w_ϵ ≤ v in B_r(z) ∩ Ω, which contradicts the fact that w_ϵ(z) = ϵu(z) > 0 = v(z). Hence sup ∂B_r (z) w_ϵ ≥ sup_{∂Br (z)} v = C_0r^{p/(p−1)}.

Letting ϵ → 0, we obtain the desired result, for all z ∈ Ω, and by continuity for all z ∈ Ω. The proof is completed. � Proof of Theorem A. Without loss of generality we may assume that the domain D^′ in Theorem A is the ball B_1, and moreover that B_3 ⊂ D.

Let x ∈ B_1 ∩ Ω. Consider the following two cases. (i) d(x) ≥ 1; (ii) d(x) < 1.

In case (i) we may write that u(x) ≤ S(1, u) ≤ S(1, u)(d(x))^{p/(p−1)}. In case (ii) we take z = z_x ∈ ∂Ω with d(x) = |z − x|. Then B_1(z_x) ⊂ B_3 ⊂ D.

Define ũ(y) = u(z_x + y) for y ∈ B_1. Then ‖Δ_pũ‖_∞ ≤ ‖f‖_∞, ũ(0) = 0, 0 ≤ ũ ≤ max_{∂B1} ũ_0.

Hence by the remark following Lemma 2.1, we will have u(x) = ũ(x − z) ≤ KK^′|x − z|^{p/(p−1)} = C_1(d(x))^{p/(p−1)}. Taking C = max{C_1, S(1, u)} we obtain the estimate in Theorem A.

Show now that Γ ∩ B_1 is porous. Let z ∈ Γ ∩ B_1. Then for 0 < r < 1 by Lemma 3.1 there is x = x_z ∈ ∂B_r(z), such that u(x) ≥ C_0r^{p/(p−1)}. Now by the first part of this theorem, C_0r^{p/(p−1)} ≤ u(x) ≤ C(d(x))^{p/(p−1)}, implying d(x) ≥ δr (δ = min{1, (C_0/C)^{p/(p−1)})}, i.e., B_{δr} (x) ⊂ Ω. Since x ∈ ∂B_r(z), there is a ball B_{(δ/2)r}(y) ⊂ B_r(z) ∩ B_{δr} (x) ⊂ B_r(z) \ Γ. This shows that Γ ∩ B is porous. The theorem is proved. �

4. Proof of Theorem B Consider first the interior F^∘ of the singular set F = {∇ψ = 0}. Evidently, in every connected component U_α of F^∘ there is a constant c_α such that ψ ≡ c_α in U_α. Then the difference u − c_α is solution to the obstacle problem in U_α with 0 obstacle. Applying Theorem A we see that Γ ∩ U_α is locally porous. Since this is true for every component U_α of F^∘ we conclude that

(4.1) Γ ∩ F^∘ is locally porous.

Next, consider the difference v = u − ψ in some ball B ⊂⊂ D \ F . Then we assert that v satisfies in the weak sense (4.2) div(θ(x)∇v) = h(x) in B, v ≥ 0 a.e. in B where h(x) = fχ_Ω − g(x) and θ is a symmetric N × N matrix function in C^α(B), satisfying the ellipticity condition (4.3) λ_B|ξ|^2 ≤ θ(x)ξ · ξ ≤ Λ_B|ξ|^2 for each x ∈ B and 0 ≠ ξ ∈ ⋛^N. Indeed, if we denote Θ(ξ) = |ξ|^{p−2}ξ then subtracting (1.5) from (1.3) we obtain ∫ B [(Θ(∇u) − Θ(∇ψ)) · ∇η + hη]dx = 0 for any test function η ∈ C^∞_0 (B). Then (4.2) follows with θ(x) = ∫_1 0 Θ^′(∇u_t)dt, where u_t = tu+(1−t)ψ. Besides one can see that (4.3) holds since |∇ψ| is bounded away from 0 on B. ¿From (1.4) and (1.5) it follows that in B (4.4) λ_0χ_Ω ≤ div(θ(x)∇v) ≤ Λ_0 + Λ_1, v ≥ 0 a.e, Ω = {v > 0}. Now we make observation that tools used in the proof of Theorem A work also for functions satisfying (4.4), with p = 2. So, we may conclude that Γ ∩ B is porous. Since B ⊂⊂ D \ F is arbitrary, (4.5) Γ \ F is locally porous. Theorem B now folows from (4.1) and (4.5). �

References

F. Bahrami, H. Shahgholian, Uniqueness for an overdetermined boundary value problem for the p-Laplacian., Proc. Amer. Math. Soc 126 (1998), no. 3, 745–750.

L.A. Caffarelli, Compactness methods in free boundary problems, Comm. P.D.E. 5 (1980), 427– 448.

J. Heinonen, T. Kilpeläinen, O. Martio, Nonlinear potential theory of degenerate elliptic equations, Oxford University Press, Oxford, 1993.

” [L]” J.L. Lewis, On the obstacle problem for quasilinear elliptic equqtions of p Laplacian type, SIAM J. Math. Anal. 22 (1991), no. 3, 623–638.

J. Sarvas, The Hausdorff dimension of the branch set of a quasiregular mapping, Ann. Acad. Sci.

Fenn. Ser. A I Math. 1 (1975), no. 2, 297–307.

Department of Applied Mathematics, International College of Technology, P.O. Box 78, 20101 Karmiel, Israel

E-mail address: karp@techunix.technion.ac.il

Department of Mathematics, University of Jyväskylä, Finland E-mail address: terokmath@jyu.fi

Department of Mathematics, Royal Institute of Technology, 100 44 Stockholm, Sweden

E-mail address: arshak@math.kth.se

Department of Mathematics, Royal Institute of Technology, 100 44 Stockholm, Sweden

E-mail address: henriks@math.kth.se