THE BEHAVIOR OF THE FREE BOUNDARY NEAR
THE FIXED BOUNDARY FOR A MINIMIZATION
PROBLEM

A. L. KARAKHANYAN, C. E. KENIG, AND H. SHAHGHOLIAN

ABSTRACT. We show that the free boundary d{u > 0}, arising from
the minimizer(s) u, of the functional

J(u) = /Q [Vul? + A2 X {us0p + A2 X{u<o}

approaches the (smooth) fixed boundary 92 tangentially, at points
where the Dirichlet data vanishes along with its gradient.

1. INTRODUCTION

1.1. Problem Setting. Our objective in this paper is to analyze the
behavior of the free boundary arising from the minimization problem for
the functional considered by H.W. Alt, L.A. Caffarelli, and A. Friedman
[ACF1],

(1) Iw = [ IVu(@)P + ¢)),
Q
where ¢(z) is a given smooth function, ¢(z) # 0 for all z, and

A ifu>0
AQ(W:{ X ifu <0

and A = X2 — X2 £ 0,A; > 0,A_ > 0. If A > 0 we define (following
[ACF1]) A?(0) = A2, while if A < 0 we define A*(0) = A2. In the sequel
we will consider for simplicity ¢ = 1, A > 0, the general case being similar.
Here € is a smooth domain and the admissible class of minimization is

Kp={u: u—fecW,?(Q)}

where f is smooth enough function. The main result (Theorem 5.1, see
also Theorem 6.1) of this paper asserts:

At contact points between the fized and the free boundary, where fand
V f vanish simultaneously, the free boundary approaches the fized one in
a tangential fashion.
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Note that this complements the result of Gurevich [G], who roughly
speaking, has shown that if Vf = 0 wherever f = 0, then u € Lip(f2).
The latter denotes the class of Lipschitz function.

1.2. Motivation. In mathematical modeling of industrial processes such
as shape opitmization, fluids flow in porous medium, crystalization, and
many others, one encounters minimization of certain functionals (such
as that presented in this paper), over an admissible class of functions,
defined in a bounded or unbounded region.

In many situations, the interface, separating the active and non-active
region (or two, different in nature, active regions), may come in contact
with the fixed boundary 0€2. The question that may be raised, then, is
how does the interface (free boundary) meet the fixed one (the container
of the physical process).

Obviously, the Dirichlet data prescribed on 0€2 should play a crucial
role on the behavior of the free boundary near the fixed one. E.g., in the
so-called Dam problem of reservoir (see [AG]) the free boundary is locally
a smooth graph near the fixed boundary (boundary of the reservoir), and
the angle of contact depends on the pressure function (the Dirichlet data)
given on the boundary of the reservoir.

In a recent work by the third author and Nina Uraltseva [SU], a similar
analysis (for the case of an obstacle-like problem) has been carried out.
See also [M], and [A] for extensions of the results in [SU].

This paper is an attempt to make a similar analysis to that of [SU] for
the case of minimizers of the above functional.

1.3. Plan of the paper. Section 2 contains all definitions needed in
this paper. In Section 3, we prove a technical theorem, which more or
less takes care of the stability of solutions, under mild assumptions. In
Section 4, we classify global solutions. First we take care of the homge-
neous global solutions. Then, using Weiss” monotonicity lemma, we show
that, under suitable conditions, global solutions are one dimensional lin-
ear functions. The main result, on uniform tangential touch, is stated
and proven in Section 5. In Section 6, under more relaxed conditions, we
prove a weaker (non-uniform) variant of the main result.



THE BEHAVIOR OF THE FREE BOUNDARY 3

2. DEFINITIONS AND NOTATION

2.1. Notation. We will use the following notations throughout the pa-
per.

Cy, C,, -+ generic constants

XD the characteristic function of the set D, (D C R™, n > 2)
D the closure of D

oD the boundary of a set D

x,x = (21, ,2,), o =(0,29, -, x,)
R}, R" {reR": 1 >0} {reR": z; <0}
B, (z), {yeR":|ly—zf<r}

Bfx)  B(x)NR!

B,, Bf B,(0), B(0)

Ay positive numbers

A A=X =X #£0

I1 {z: 2, =0}

Py see Definitions 2.1, 2.3,

v v max(v,0); max(—wv,0).

2.2. Preliminary definitions. To start with we need to define the class
of boundary values that we will work with.

Conditions on f. To fix the ideas we will consider the origin as a point
of contact between the free and the fixed boundary. The key assumptions,
throughout this paper, are the following: The function f is defined (for
simplicity) over the entire R™ and

w(t)

1
@) fle <R @< Rellel). [ ZPa<r

where R is a positive constant and w is a modulus of continuity.
For a fixed domain D C R", we define the functional Jp as

22 I = = [ VP Moo + ¥ X
B

where A := )\i — X2 > 0. Now we can define the main class of functions
we will work with.

Definition 2.1. We define the class of functions P, = P,(n, R, A_, \})
which are minimizers of Jz+ over the set of functions

Ky={u:ue W(B}), u—f e Wy*(Bh)},

with f satisfying (2.1).
Similary we define the following subclass of P;

(2.3)
Bfn 0
Pl(naRa)\+7)\—7T07c):{Uepl(n7Ra)\+7)\—) : ‘ - ’;Z’> }|

> c}

where the density property should hold for all 0 < r < ry.
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A standard method in treating free boundary problems, from the reg-
ularity view point, is a scaling, and blow-up argument. The scaling
also needs to preserve the minimizer. Therefore, for a sequence of func-
tions u; € Pi(n, R, Ay, A\_), and a sequence of numbers r; (— ro, with
ro € {0,00}), we define

(2.4) oy(z) — 23®)

A main argument in this paper will be to look at the limit function(s),
as j tends to infinity, of the sequence v; in (2.4).

Remark 2.2. (Linear growth of solutions) For u € Py(n, R, A1, A_) there
holds

(2.5) lu(z)| < CR|z|, T € BY.
Indeed, let w solve the Dirichlet problem

Aw=0 in Bf

w= f(x) on dB;.
Then standard estimates on Green’s function for the half ball yields
w(z) < CR|z|. Moreover, since u is subharmonic in B;" (Theorem 2.3 in
[ACF1]), then u™ is also subharmonic in B;". Also u being harmonic in
{u # 0} (Theorem 2.2 [ACF1]) implies that u~ is also subharmonic in
Bf. (Recall u™ = maz(u,0), v~ = maz(—u,0)). Thus we may invoke
the maximum principle to obtain (2.5).

Definition 2.3. (Global solutions) We say u € Py, = Poo(n, R, Ay, \_)
is a global solution, if

(i) Ju(x)| < C|z| for some C > 0,
(ii) w is a minimizer of Jp over
{weWY(D):w=0onIl,w—ucW,?*(D)}
for each D CC RY.

Assumption (i) is justified by (2.5).

3. TECHNICALITIES

We now return to our scaled function v;, as in (2.4) with r; \, 0. Since
f(0) = 0, one readily verifies that v; € Py, (n, CR, Ay, A_).

Theorem 3.1. Let v; be as in (2.4), with u; € Pi(n, R, Ay, \_). Then,
after passing to a subsequence, there exists v € Puo(n, Ay, \_) so that

(i) v; — v uniformly on compact subsets of R and in C**(K),0 <
a <1, for each K CC R,
(ii) for each M, v; — v weakly in WY2(By,),
(iii) for each M, x{v; > 0} — x{v > 0} in L*(B},),
(iv) Vo,(z) — Vou(z) for a.e. x,
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(v) For each § > 0, K C By, dist(K,1I) > 6, 0 < r < §/4, for j
large
v >0tNK C Uze{v>0}mK5/QBr(33)a
and
o{v>0}NK C Uxe{vj>o}mK5/QBr($)7
where Ky is a 0/2-neighborhood of K.

Proof: The proof of this technical theorem follows, more or less, from
[ACF1]. However, there can be some points in the proof of [ACF1], that
might need modifications. Therefore, for the readers convenience we will
mention all the steps that one needs to carry out in order to obtain the
theorem. For some of the steps we also give the details.

Step 1: If K CcC B}, , dist(K, 8Bfr/rj) > §, and K C B}, then there is

1/1"]"

C=C(R,M,d,n, Ay, \_) s.t.
(3.1) sup |Vu;(z)] < C.
zeK

This follows from the proof of Theorem 5.3 in [ACF1].

Step 2: For u; € Pi(n, R, A+, A_), let f; (as in (2.1)) be such that wu;

is a minimizer for Jyy over Ky, Define g;(z) = M so that v; is a
J

minimizer for Jg+ , over K, . We claim that
l/rj

(3.2) /+ IVo;()]* < Cur

M

for each M > 0. To see this, note that, after change of variables we need
to show that

1
k= / Ve (@) < Chn.
Ty B;;-M

Let h; be the solution to
hj = Uj on (9B;;]M .

(hj), and hence

The minimizer property gives Jpr (uj) < J B .,
T‘j Tj

/+ [Vu;|> — [Vhy|* < Cry.

B27‘j M

Using this we’ll have

/B+ [V (u; = y)]* = /B V(uj — hi)V(u; + hj) — 2/ V(u; — hy)Vh;

27'j M ;:] M B;Tj M
= / |Vu;* = |Vhy)|* - 2/ V(uj — hj)Vh;
B;"]-NI B;T‘jﬂ4

< Crf,
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where we have used the fact that the last term vanishes by the choice of
h;. As a corollary of this, we obtain that [+ [V(u; —hy)|> < Cr}, and
'rjM

hence to establish (3.2) it suffices to show that
/ V[ < O
B:;IM

In order to prove this, we rescale once more and consider

ho(r
w;(z) = J(T]x)’
j
which is harmonic in Bj,,, has boundary value %jﬂ) on the top part of
0By, and boundary value M on IT = {z; = 0}. We need to prove
J

that
/ ‘C’LU]'FSCMJ%.
+

By

Note that because of (2.5)

M < CR, V z € By, and j large
j
and
(3.3) fj(ri“"”) < CRw(rjjz]) <CR,  z€Bj,, rlarge.
j
For simplicity let o(x) = L (:j %) and ¢y be a cut-off function,
¢m =1on By,  supppy C Bo, Voul < %

Consider (w; — a;)¢3,, which is 0 on 9By, and now compute

0 = /B+ Vw; V((w; — a;)93)

2M

= /+ ijij¢%4+2/+ Vw;wjonmVem
B B

2M 2M

— Vw,;Va,ei, — 2/ Vwja;jonr Ve
B;M B;]VI

Rearranging terms and using Cauchy-Schwarz inequality we have
[ vwke < of wveup
B B
+ C/ |Va; >3, + C/ af |Vl
B;M B;]\/I

The first term is bounded by C'R?M"~2, because by the maximum
principle w; < CR in By, (see (3.3)). Next |Va;(x)| = [(Vf;)(rjz)| <
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R, while

so our estimate follows.
Because of Steps 1 and 2 a subsequence converges in the appropiate
sense, and the limit function has zero trace.

Step 3: Let K C By, for some M, dist(K,II) > 4. Then, Vv; — Vv a.e.
in K. Moreover we can prove that for § > 0, r < §/4, and j large we
have
v, >0} NK C U B
z€0{v>0}NKs /o

and

v >0}NK C U B, (x),
:Eea{vj>0}ﬂK5/2

where Kj/; is the §/2 neighborhood of K.
This is contained in Lemma 6.1 of [ACF1].

Step 4: There is ¢ such that for any 2o € 0{v > 0} N K, r < §/4, we
have 1 J%BT(xo) vt > e

Use nondegenercy (Corollary 3.2 in [ACF1]), and Step 3.

Step 5: Using Step 4, we can show that there is an ¢ = ¢(K) such that,
for any 29 € 0{v > 0} N K, and all 0 < r < §/4, we have

. < {v>0}n Br(x0)|.

Tn

Step 6: For all K C R
0{v>0}NK|=0

Use a contradiction argument in conjunction with Step 5.

Step 7: For each K, x,,50 — Xus0 in L' (K).
Use Step 6.

Step 8: There holds
X{v;>0}) — X{v>0} in L'(By).
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Step 9: The limit function v, is a global solution.
Proof of step 9: Tt is enough to check the minimizer condition on Bj, for
each M. Thus let w € W'?(B},), w = 0 on II,w — v € Wy*(Bj;), and
fix M.

Let n € C3°(Bu), 0 <n <1 be fixed. Choose also

0eC(R), O=1for|z]<1/2,  supph C {|z| <1},
and choose d; — 0 so that w(gg) — 0. Recall from Step 2 that if

gj(x) = M, then v; is a minimizer for JBT/ ~over Ky, and that f;
satisfies (2.1). J
Set 8,(z) = 0(x1/d;) and define w; = w+ (1 —n)(v; — v) + 0;n9;, so
that w; = v; on OB}, and hence
Jpt (05) < Tt (w;).

Using the above steps to carry out some details, we can go to the limit
with j (j — o00), and with 5 T 1, in order to arrive at

+
M

0= 0/ Vo2 = [Vwl* + Alx s0y — Xqw>0});
By
which is the desired conclusion.
This completes the proof of Theorem 3.1. This theorem justifies our
interest in the class P.

4. GLOBAL SOLUTIONS

4.1. Homogeneous global solutions. Wishful thinking suggests that
global solutions should be one dimensional and have no free boundary in
the upper half space. This would be the ideal case, and indeed, this is
mostly the case for our problem, as will be shown below.

In order to treat global solutions we’ll need two monotonicity argu-
ments (Lemmas 4.1, 4.7). The first one, classical by now, is the Alt-
Caffarelli-Friedman monotoncity formula. A refined version of it reads
as follows.

Lemma 4.1. [ACF1] Let hy, hy be two non-negative continuous sub-
solutions of Au =0 in B(2°, R) (R > 0). Assume further that hihy =0
and that hi(z°) = hy(2) = 0, and set (for 0 <r < R)

1 |Vh1|2 dx / |Vh2|2 dx
— o(r, hy, hy, 2°) = — SR )
90(7”) (p(r’ i ) r </B(J107r) |x - x0|n_2 B(zO,r) |l‘ - x0|n_2

Then

(1) T otr) » 220

where A, > 0 is given by (see [CKS] Lemmas 2.2-2.3)

(4.2) VA, =

A,

Ch
-Area (0B, \ (supp hy U supp hy)) .

rn—
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Using this lemma we can show that global solutions don’t change sign,
i.e., there exists oly one-phase global solutions.

Theorem 4.2. Let u € Poo(n, Ay, A_). Then either u >0, or u < 0.

Proof. We apply the monotonicity formula of [ACF1], since both of u™, u~
have linear growth and vanish on II, and both are subharmonic, we ex-
tend them as 0 to the complement of the set {u® > 0}. For r such that
o(r,ut,u”) # 0 we have (¢(r) = p(r,ut,u™))

d 20(r)
— > A
drgo(r) - r !

where VA, > % Area(0(B)), since vt = 0 on R". If for some ry,

¢(ro) > 0 integrating the ODE we get that, for r > 7o, (1) > ¢(ro) (= )2A1

T0

contradicting that ¢(r) < C by linear growth of w. O

Y

Lemma 4.3. Let u € Pyo(n, A, A_) and assume that u < 0. Then either
u=0 oru= —cxy for some c> 0.

Proof. Since u is subharmonic in By (Theorem 2.3 in [ACF1]), and u < 0,
we can invoke strong maximum principle to conclude v < 0 or u = 0.
The latter case implies that v must be harmonic on R’;. It also vanishes
on II, and has linear growth. Let

~ | u(x) if r € R}
—u(—x1,2") if x = (x1,2") € R

Then wu is harmonic on R", has linear growth, vanishes on x; = 0, so by
Liouville’s theorem u(z) = —cz;. Since u =u on R}, u <0, then ¢ > 0.
Since u # 0,¢ > 0. U

We now concentrate on u > 0, u € Pao(n, Ay, A_). Let Q* = (A1 —\2).
Then u is a minimizer for

Tpolu) = / IVl + Qs
D

for all D C R, over {w € W'?(D) :w =0 on II, w —u € Wy*(D)}.

Lemma 4.4. Let u € Poo(n, Ay, A_),u > 0, and assume, that u is ho-
mogeneous of degree one. Then either u =0 or u = cry,c > Q.

Proof. Assume that u #Z 0. Assume first that there exists xy € 0{u > 0}
in R . Then by Lemma 3.7 of [ACF2], for small r we have | B, (xo) N {u >
0} < (1—¢)|B,], so that |B,(x¢) N {u = 0} > ¢|B,|. Here |[{u = 0}| > 0.
By homogeneity

H™ 1 (0BF(0) NR% N {u=0})

Tnfl

Z Co,

where ¢y is independent of r. Now let

_ Jou(zx) ifzeRY
“+($)—{o if v € R"
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_J 0 if v € RY
u-(z) = { u(—z,2') if x € R".

We use the monotonicity formula to conclude that w = 0. A contradic-
tion. Thus there does not exist xg € O{u > 0} in R’} so that u(x) > 0 in
R’ , and hence it is harmonic. An argument as in Lemma 4.3 now shows
that u = czy,¢ > 0. To bound ¢, fix M, choose n € C5°(B};),0 <n < 1.
Let for € > 0,u. = ne(x; — )4 + (1 — n)exy so that u. = u on B}, and
hence (with u = czy)
0 < J(u:) — J(u).
Now
Vu. = cVn(z) — )y + néixqa > — Vnexy + c(1 —n)é
C(xl - 6)X{:Jc1>z—:}V77 - CV77331 + CU€3X{x1>s} + C(l - 77)6H
= _05X{x1>a}vn - Cxlan{x1§€} + Ce_iX{oc1>a} + C(l - 77) _iX{mS&}'

Thus,
/ |Vu|* = —2025/ Vne}x{m1>g}+c2/ (1—77)2X{x155}+02/ x{z1>5}+0(€2)
By, By, By By,

Q*X w0} = Q*X{a1>e) + @*X{n<im1<e)s J(u) = | By + Q% By,
and so

T = Jw) = 06 +¢ [ (1= nfxns

M

+ 62/+ X{z1>¢} _2625/+ Vne_iX{x1>s}
B By

M
+ QBN {x > e} + QB N{n< 1,z <&}
— AIByn{xy > e} = @B N{ay < e}
— Q@*|Bi;N{z1 > e} — Q*Bi; N {0 <y < e}

SO
J(uz) — J .
0< Jlue) = J(w) _, c? / (1—n)*dH" " — 202/ Vnei
3 aB;,NIl B,
+ Q*H" ' (0Bj;,n{n<1}n)
cHY OBy, NI — Q*H" (0B}, N1I).
But
—2¢2 Vné = 202/ n
By, B}, NI

and hence

0 < H" Y 0By, n1) — Q*H" ' (0B}, N1I)
if we make n 1 1, so that Q* < %
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4.2. Further Properties of P..

Lemma 4.5. Assume that u € Py, u > 0, and r > 0. Then there ezists

C such that
1

— Vu*> < C.
rn B;‘r

Proof. By subharmonicity of u (Theorem 2.3 in [ACF1]) and that u =10
on II, we have

1 c
— [Vul|? < W< C. O
rn B,T Tn+2 Bt

2r

Remark 4.6. Let u > 0,u € Py. Then, by Remark 2.6 in [ACF2],

u € Lz'p(ﬁ), for each M > 0. Note also that the proof of Remark 2.6 in
[ACF2] and a simple scaling argument shows that, if u € P, |[Vu(z)| <
C,Vr e RY,

Blow-up limits: Let u > 0, and v € Py. Let r; N\, 0. Let u;(z) =

u(r;z)

. Then the conclusions of Theorem (3.1) apply to w;. The limit

(afjter passing to subsequence) will be called the blow-up limit. (Note
that (2.5), (3.2) hold. This was the key in Theorem 3.1). Moreover,
Vu; — Vug in L*(Bj;), for any M. This follows from (iv) in Theorem
3.1 and dominated convergence, in view of Remark 4.6.
Blow-down: Let u > 0, and v € Py. Let R; T co. Let uj(x) = %
Then since |u;(x)] < Clz|, [5+ [Vu,|* < C, and w is global solution, the
M
proof of Theorem 3.1 applies and the limit u..(x) will be called blow-
down limit. Again Vu; — Vuy, in L*(Bj;) for any M.

4.3. Weiss’ Monotonicity formula. Define

1 1 [
W) =5 [ (9 @) [
7 (0 0

r

1
pn—l

where v is the outer unit normal to B, and 8B;top = 0B, RY. Note
that, by Remark 4.6, and the fact that u € Py, we must have W (r,u) <
C for each r.

/ (Vu-v)*dH" tdp.
BBj¢m)

Lemma 4.7. (Weiss) If 0 < s < p, then for u € Py, there holds
VV(p,u)-—-VV(s,u) >
2
S22 fos 8y (Vu(re) - €2%dr = ( [y Vu(re) - &dr ) |aH"(€)dt = 0.

Proof. The result is proved in [W] for the case of B,. However, the
argument works exactly the same way for the case of half ball B, since
u|n= 0. In fact the only thing we need to verify is that the function

Uy |f—'u(t'i”—l) satisfies u; = u on OBy (see the proof of Theorrem 1.2 in

[W]). This is the case for all u with u(0, 2") homogeneous of degree one.
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4.4. Classifications of Global solutions.

Lemma 4.8. Let u € Py,u > 0 and let ug, s be a blow-up and blow-
down of u respectively. Then uy and us, are homogeneous of degree 1 and
thus uo(x) = coT1, Uso (T) = Coo1, where cg =0 o1 cg > Q and coo =0 or
Coo = Q.
Proof. Once the homogenety is established the rest follows from Lemma
4.4. Let us prove it first for ug(x). Let again u;(z) = M We first
claim that W (r,up) = lim;_,oo W (r,u;). This is clear for ]

1

— (IVul® + Q*Xqus0})
" J B (0)

in view of

VU]' - VUQ in L2(B:_), X{u; >0} — X{u>0} in LI(B:)

/ / (Vu, - v)*dH" 'dp
T Jo aBp,top

just use dominated convergence and the fact that |Vu;| < C uniformly

in 7, Vu; — Vug a.e. Thus, W(r,up) = lim;_o. W(r, u;), but W(r,u;) =

W (rr;,u). Note that W(r,u) is a monotone increasing function, by
Weiss” monotonicity formula Wy = lim,_o W (s, u) exists (note that W (r, u) <
C). Thus lim; . W(r,u;) = Wy. Hence, W(r,uy) = Wy. We now use
Weiss’” monotonicity formula again to conclude ug is homogeneous of de-
gree one. The argument for u,, is similar.

For

Theorem 4.9. Let u € Po,u > 0 and assume that ug, a blow-up of u,
is not identicaly zero. Then u = cxy,c > Q)

Proof. Let us first compute W(r cxy) for ¢ > 0. We get, for the first two

terms, and with w, = |Bi[, (c* + Q*). For the other terms, we need to
compute
/ / v1)2dH" *dp = ¢* / (v1)?dH™ .
8Bp top 8Bi|—top

Now by the symmetry

1
/ QalH”’1 = —/ ude"fl
8B 2 8B

1,top

/ Vde"_lz/ V?dH"_1
831 aBl

for any j, and hence

and

/ ()2 dH"! = Area(9B,)
By n
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We thus get 3 Area(@Bl) But w, = M and so we get “2Q?. Let
now u,(x) = “(%, and notice that W(sr, u) = W(s,u,). Con81der now
r; 1 0,R; T oo and consider corresponding g, ts.. We have
r
W(r,u) = W(T—j,ur].) >W(1,u,,)

for any j large, since % > 1. Now lim;_o W(1,u,,) = W(1,up), as we
saw. Moreover W (1,ug) = Q%%+, since ug # 0, by Lemma 4.8 and the
first computation. Thus, Q*<z < W(r, u)

W(r,u) = W(Rl,uRj) < W(1,up,)
J
for j large (# < 1). W(l,ug,) — W(l,ux). We then have Q*% <
W(r,u) < W(l,us). In particular u,, cannot be identically 0. Hence

W (L, ) = QZ%

and thus W (r,u) = Q*%. Lemma 4.7 applies again, to give u is homo-
geneous of degree 1, non-zero and the conclusion follows.

Remark 4.10. The solution u(z) = Q(z; — 1)+ shows that the assump-
tion on ug is needed.

5. MAIN RESULT

Theorem 5.1. There exists a constant py, and a modulus of continuity
o such that, if
u € Pi(n, Ry, A, rg, )
then
MHu>0yN By C{x:x <o(z])|z]}

Proof. We will show that, given e, there is a p. such that if u € Pi(n, R, Ay, A\_, 79, ¢),
then
MHu>0}ynB; C Bf \ K.

where K. = {x : 1 > e\/zd+---+22}. This clearly suffices. We

argue by contradiction. If not there are u; € Pi(n, R, Ay, A_, 70, c) and
z; € 9{u; > 0} N B with |z;] — 0, and such that z; € K.. Let

_ u(rjx) (Tﬂf)
() = LT

now r; = |z;| and let v, By Theorem 3.1 after passing to a

subsequence, we can find v € 7’Oo such that v; — v uniformly on compact
subsets of R”}. Note that v]( ) =0 and mf € 0B ,,, N K.. Thus after
passing to further subsequence there ex1sts a:’o € 0B top (1 K such that

v(zg) = 0. Next, note that X{y,>0 — X{vs0} in L' (B};) for each R by
Theorem 3.1. Then

1 / . 1 / 1 1 /
Wn DN X{v>0} = - n X{v;>0 1m Ont ™ X{u;>0
e I T e U Re B, ot

1
= lim |{u]>0}ﬂB rl >c
J—>OO|B7’J~R|

1,top
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since u; € Pi(n, R, A1, A_,19,c). But then
B n{v> 0} > ¢
oy
for each R. Thus v # 0, and vy #Z 0 by a similar argument, where v

is a blow-up of v. Because of Theorem 4.2 and Lemma 4.3 v > 0. Also
Theorem 4.9 gives v = czy, ¢ > Q. But then v(xg) > 0, a contradiction.

Remark 5.2. If we consider u;(x) = Q(z1 — rj)+, with r; | 0, we see
that without (2.3) the conclusion of theorem 5.1 fails.

Remark 5.3. If there esits a 0,79 > 0 such that for all 0 < r < rg, B} \
{0 < 2y < or}no{fu > 0} # 0, then there is ¢ > 0 such that u €
Pi(n, RN\, A_,19,¢), once u € Py(n, R, Ay, A_). In fact, if g € Bf \
{0 < 27 < ér} NnO{u > 0} by Theorem 3.1 [ACF1] (nondegeneracy),
2 j:aBs(xo) ut > C, for 0 < s < dr, and hence |{u > 0} N Bs,.(xq)| > cr™

and thus [{u > 0} N Bf| > ¢r™. The same is true if B \ {0 < 27 <
or} N {u >0} # 0.

Remark 5.4. Suppose that u € Py(n, R, A\;, A_), and there exists ¢ >
0,79 such that for 0 < r < rg, %féB* ut > c. Then, u € Py(n, R, \;, A_,r0,0)
because on a substantial portion of B;f \ B:/Q, we have u™ > cr.

6. NON-UNIFORM RESULTS

We now turn to the analog of Theorem 5.1 for the class Py (n, R, Ay, A_).
Because of Remark 5.2 this cannot hold uniformly, but it does hold for
each u € Pi(n, R, A, \_).

Theorem 6.1. Given u € Pi(n, R, Ay, \_), there exists a modulus of
continuity o, depending on f and u, and a py with the same dependnece,
such that

MHu>0yN B, C{x:x <o(x)lx]}.
As before if suffices to show the following.

Lemma 6.2. If u € Pi(n,R, Ay, \_), then given € > 0,3p. such that
o{u>0}yN Bt C B, \ K.

Before giving the proof of Lemma 6.2 we need a preliminary lemma

Lemma 6.3. Let u € Pi(n, A\, A_) be given and let « > 0 be given.
Then there exist ro,0 > 0, such that, if for some 0 <1 < rq,

! ][ ut <4,
" Jei\B},
then, u(z) < alx|, for |z| <r/2.

Proof. Fix n small, and consider

KW N aBgﬁtop = {1‘1 > T/\/m} N aB—é—r,top'
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Note that, for n small, for each « in this set, B, 2(x) C Bj\B:’/z. Hence,

1
- ][ ut < Cy0,
r Bmﬂ/Q(:B)\Bmﬂ/él(x)

n n 1 + < O
and so, for some r < s < 5r we have ; J%Bs(m) ut < (6. Choose now

0 so small, depending on 7, so that CN’n& < C, where C' is as in Theorem
3.1 in [ACF1], so that ™ = 0 in B,o(z). With this choice of §, we see
that u™ =0 on OBY , I Recall also that lu(z)] < C|z| in By, (see

3rto

4 b

(2.5)). Consider now wy in By , given by
4

Awl =0 in B;r
4
wy =0 on 0By, NK,
wy; = Clz| on (98;71@ \ K,
wy; =0 on II.
We claim that, given o > 0 and C' as in above, we can choose an 1 so
that

« .
0 <w(z) < §|x| in B,.

Indeed, by C'P(B}!,) regularity we have wi(z) < ALy (3r,0), where

T € B;L/z, and A is a dimensional constant. But a scaling argument shows
that we can choose n small so that wl(gr, 0) < 3%, since the harmonic

measure at the point (£,0) for 9B of the set 9B \ (K, UII) — 0 as
n — 0. Let now wy(x) solve

Aw2 =0 in Bg_

r
wy = 0 on 0B+
g7top

wy = f(z) onIL.
We claim that, given o > 0, we can choose ry > 0 so small that
« .
|wa(x)| < §|m| inB,.

In fact, let vo(y) = wo(3ry) for y € By. Then

AUQ =0 in B;r
vy =0 on OBy,
ve = g(y) on I

where g,(y) = f(3ry). Now

3 3
<= “rly]).
9r(y)] < 4TR|yIW(47"IyD

/Olwélrt)%:/o Tw(t)%

Moreover

1w
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which is small if r < 7y, 7y is small. Thus, we can choose ry so small
that [va(y)| < 3ArR-%5|y|, and hence, |wa(x)] < %|z|. Now, since u is
subharmonic, and u < wy; + w, on 8B§L/ 4 the lemma follows.

Corollary 6.4. Let u € Pi(n, Ay, A\_) be given. Then, there exists rq,d

such that, if for some 0 < r < 7o, - fB;L\B;F/Qu < 0, and r; | O,

@ and v = lim;_,o, u; s as in Theorem 5.1, then v < 0.

uj(x) =

Proof. Since v € Py, by Theorem 4.2 v < 0 or v > 0. Assume that

v > 0. Let « be the constant as in Lemma 2.5 in [ACF2| (with k& = 1/2;

see also Remark 2.6 in [ACF2] and observe that v = 0 on II), so that if

% JCaB+ v < «, then v = 0 in BE/? Choose now 6,79 as in Lemma 6.3.
R

We claim that

Indeed

1 . 1 f . 1 7[ <

— v = 1m — u; = hhm —- u (6
: g ; >

R BB; j—00 R aBE j—o00 RT’j 83143:” ’

since u(z) < alz|, |x| < r/2. Hence v =0
Proof of Lemma 6.2 Let 7, d be as in Corollary 6.4. Assume first that,
for all 0 < r < 7o, % JCB+\B+ ut > ¢. Then for all such r,

T‘ r/2

>0} N BF
{u>0nB
1B
and hence the conclusion follows from Theorem (5.1). Assume then, that
there exists 0 < r < ry such that

1
- ][ ut < 6.
" JBi\B},

If the conclusion does not hold, there exist z; € d{u > 0} N B with
u(r;z)
T‘—;’
and v = lim; . u;, as in Thoerem 3.1. Recall that, after passing to a
subsequence, we can assume that ‘z—f‘ — x9 € 0Bf, N K., and hence
J

1,top
v(zg) = 0. Also by Corollary 3.2 [ACF1], % fon _/Q(m]_)u* > ¢, c >0,
and since z; € K., it is easy to see that v # 0. But by Corollary 6.4

v < 0, and hence, since v # 0, v(z) = —cxy, ¢ > 0, by Lemma 4.3, which
contradicts v(zg) = 0.

r; = |z;] — 0 and x; € K. for some fixed ¢ > 0. Let u;(z) =
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