WHEN DOES THE FREE BOUNDARY ENTER INTO CORNER
POINTS OF THE FIXED BOUNDARY ?
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ABSTRACT. Our prime goal in this note is to lay the ground for studying free
boundaries close to the corner points of a fixed, Lipschitz boundary. Our study
is restricted to 2-space dimensions, and to the obstacle problem. Our main
result states that the free boundary can not enter into a corner z° of the fixed
boundary, if the (interior) angle is less than 7, provided the boundary datum
is zero close to the point 0. For larger angles and other boundary datum the
free boundary may enter into corners, as discussed in the text.

1. INTRODUCTION

This note concerns analysis of the free boundary for the obstacle problem (in
2-space dimensions) close to a fixed boundary, which has corners. Our hope is that
methods and ideas in this paper can be carried over to higher dimensions, and more
general situations.

To fix the idea, let f, and g be given functions. Consider a solution to the
obstacle problem (see [F] ,[R])

(1.1) Au = fXiu>0}, uw>0 in By, u=g on 0B,
where x is the characteristic function, and
Bl ={z: |z| <r}n{zy > ¢¥(x1)},
with 1 a Lipschitz function defined on the interval {—2 < x; < +2}, satisfying

$(0) = 0.
For simplicity, and clarity of the exposition, we assume that for some ro > 0
(1.2) 1 is linear on both sides of 0, f=1, ¢g=0, in B,

and g > 0 everywhere. For (reasonably) general data f, g, and v one needs to work
out some technical details, that might become quite involved.

We will also need to distinguish between free boundary points inside Bj and
those on the boundary of Bf. Hence we define

I':=0{u >0} N By,

and
I'* :={z € 0{u >0} : limsup |[Vu(z)| =0, with u(y) > 0}.
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The reason for taking limit superior above is the fact that, in general, at certain
boundary points the gradient may not exist. Observe also that I'* \ I' C 0Bj.

In this paper we will show that the free boundary I' can never enter into corners
with angle 6y less than 7. For angles strictly larger than 7 we show that the free
boundary always enters into the corner, provided the latter is a free boundary point.
For 6y = w both situations may occur.

The analysis for angles less than 7/2 seem to be much more easier than that of
Oy > 7'('/2.

Let us formulate our main result.

Theorem 1.1. Let u solve the obstacle problem (1.1), with f, g, and BY asin (1.2).
Denote the interior angle of the domain By at the origin by 0y. Then the following
hold.

(I) If g < w/2. Then

(1.3) 0¢I*

(II) If 7/2 < 6y < m, and 0 € T*, then
(1.4) 0 s an isolated point of T'.

(III) If 6 > 7, and 0 € T*, then 0 € T.
(IV) If 6y = 7, then all possibilities may occur.

When the boundary datum g is zero at the corner point zg, but it is not iden-
tically zero close to the corner point, then naturally the free boundary has the
possibility of entering into the corner. In this case however one may distinct be-
tween the behavior of g. Indeed one can show that if the behavior of g is better
than quadratic g(x) = o(|z—x0|?) then, in the case (I) above, the free boundary can
enter into the corner only in a tangential fashion, and in a way that the set {u > 0}
close to the corner point is tangential to the fixed boundary. If sup g(x) > Clx|?
then the free boundary can enter into the corner non-tangentially. These analysis,
however, are outside the scope of this paper. It is also noteworthy that statement
(IT) above can be proved to hold in a uniform fashion, i.e. for 2° € I'* we have
2% > d = d(n, suppx u). We hope to come back to this in a forthcoming paper.

At this point we want to discuss a simple case.

Ezample 1.2. Let us consider the problem in the domain D = {z; > 0, x5 > 0}NBy,
with f =1, g(x1,0) =0, g(0,22) =0 (for 0 < x1,z2 < 1/2). Consider a solution u
to the above obstacle problem.

Now, if the free boundary enters into the origin, then locally close to the origin,
we expect the solution to behave like a homogeneous function of degree two

u(z) = r*¢(0);
even though it is not clear at this moment why this is the case! This is what we
will prove later on.

Once we have the above situation then we can compute the solution using polar
coordinates and reducing the equation to

doo +49 =1,  ¢(0) = ¢(m/2) = 0.
This, however, proves to have no solution. consequently, the free boundary could
not enter into the origin.
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2. THE GROWTH OF THE SOLUTION CLOSE TO CORNERS

To prove our main theorem, we need to establish two basic properties of the
solutions: non-degeneracy, quadratic growth.
First we claim the following non-degeneracy

2.1. Non-degeneracy. For a solution u to the obstacle problem we have
oy, T 0 - T <OV
(2.1) sup u > u(z”) + —, z” € {u > 0}.
B(z%,r) 4
The proof of this can be found in [Cal], for the interior case. The same proof works
in the presence of a fixed boundary and zero data (see [SUJ).

2.2. Quadratic growth. In order to prove the main result we need a scaling
and blow-up argument. However, our equation is invariant only under quadratic
scaling u(rz)/r?. The problem is that the solution is not necessarily of quadratic
growth, when 7/2 < 6y < 7. Indeed, if we let u = xo(29 + ax1)/2 4+ Im(27/%), for
appropriate a, then with correct boundary values u solves the obstacle problem and
has a growth of order 7/6y < 2. Hence the function u(rx)/r? will not be bounded.
For angle 6y > m the quadratic growth holds always, as shown below.
We use the idea of "homogeneous” scaling. So let us set
M = sup u(x),
B, (0)
then for u a solution to the obstacle problem, with 0 € I'*, it holds that:
(i) If y < 7, and there exists 2° € I'(u),
then, for some C' > 0, we have

(2.2) grot I 1 < max{4* My, , Csupu},
By

where kg is such that 27k0=2 < |20 < 27ko—1L,
(ii) If 6p > 7 then we have
(2.3) sup u < Mr?.
B(0,r)
The constant M above depends on the supremum norm of v only.

When the angle of opening of the corner is small enough, say smaller than or
equal to m/2, one can use a comparison with the harmonic function Cxizo (after
appropriate rotation) for large C, to conclude u(z) < |z|?>. For even smaller angles
0y < 7/2 we may use harmonic barriers such as Imz™/% to conclude u(z) < |z|™/%.

For the general case we could not found any easy way out. However, we can prove
(2.2)-(2.3) using elaborated techniques introduced in [KS], and later developed in
[SUJ, and [ASU]J.

Proof of case (i): In order not to be repetitive we just sketch some details.
If (2.2) fails, then for every positive integer j, there exist 27 € I'(u), such that

(2.4) ARG,y > max{4M My, , 5}
Here 2% 72 < |29 < 27%~1 and k; — oo.
Now defining
u(27Mr)

uj(m)_m in D;:={x: 27"y e B} =2%B;,
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and following the lines of the proof in [ASU], Lemma 3.1 (see also the proof of
Theorem 1.3 in [BS]) we will end up with a limit function ug as j — oo (for a
subsequence). Moreover it follows that g is harmonic in the set Dy := lim D; and
more importantly

(2.5) sup ug = 1, ug > 0, ug on 0Dyg.
By/2

It is not hard to realize that we can assume, after rotation, that
Do ={(r,0):0<r, 0<6 <6y},

where 6y > 7/2 by assumption.

Now i/ = 2kigzd € T'(uy), and 1/4 < |#7| < 1/2. Hence the limit point (after
passing to a subsequence) ¥ := lim#’ is a free boundary point for uy and in par-
ticular Vug(Z) = 0; the convergence is in C% in Dy \ {0}. To this end we can
apply the strong maximum principle or the boundary Hopf lemma (depending on
whether & € Dy or & € 9Dy \ {0}) to reach a contradiction.

Proof of case (ii): For the case 8y > m we consider a conformal map

z — 0/

and set V(z) = u(z%/7) in B = {|z| < ro, x3 > 0}. The function V satisfies
|AV (z)| < C|z[?@/m™1) in {z5 > 0}, and V = 0 on {25 = 0} N B,,. Therefore to
prove a quadratic growth for © we need to prove a growth of order |x|260/ ™ for V.
Hence we need to show

400/ pp < max{4k9“/”Mk, CsupV} forall £=0,1,2,...

B,

Now going back to the start of the proof above by redoing everything we end up

with a blow up function Vf which is harmonic in the upper half plane and by local

uniform C!*-convergence up to {z2 = 0} we conclude that |[VV;(0)| = 0, since
0 € IT'*(u). Again Hopf’s lemma applies to reach a contradiction.

Having these two basic properties in our disposal, we can now prove the main

result.

3. PROOF OF THE MAIN RESULT

3.1. Homogeneous solutions in Cones of given angle. In this section we will
classify homogeneous solutions in cones with given interior angle. More exactly we
consider homogeneous solutions in Dy (see above) with quadratic growth, and we
give explicit formulas for the solutions.

Theorem 3.1. Let u be a homogeneous solution of degree two for the obstacle
problem in the set
Do ={(r,0):0<r, 0<6<6}.
In other words u satisfies
u(z) = r2¢(0), Au = Xqu>0y, u >0, in Dy

and ¢(0) = ¢(0g) = 0. Then the following hold.
(I) For /2 < 6y < 7 we have

u(z) = za(axy + x2/2) in Dy.



FREE BOUNDARIES CLOSE TO CORNER POINTS 5

(IT) For w < 0y < 27 we have, after rotation of the support of u,
u(z) = (max(z2,0))?/2) in Dy.

Observe that for the case 0 < 6y < 7/2 we can impossibly have a solution, as
simple calculations show (see Example 1.2 above).

Proof. We assume that the support of w is connected. Otherwise we restrict the
solution to a connected part of its support.
Let also, by rotation invariance,

Do={u>0}={(r0):0<r, 0<60<8y<8b}

Now by use of the polar coordinates, for the Laplacian, one can solve the ode
bog + 4¢ = 1, to find

¢=1/4+ Acos20 + Bsin20  in Dy.

Using boundary data it follows that for Case (I) we have a solution of the given
type above. For Case (II), one sees again that the problem has no solution with
Dy = Dy. Indeed, in this case again the only solution is given by type (I) solutions.
But on the other hand we have v = 0 in the set Dy \ Dy. And therefore the extra
(free) boundary condition ¢g(fy) = 0 plays a role. The only solution that is possible
(and easily verified) is the one give in Case (II). O

3.2. Homogeneity of blow up solutions. If the solution function u, for the
obstacle problem behaves well, in some good sense, then one expects that the blow
up limit uo = lim; u(r;)/r? (when it exists) should only reflect the properties of
the second derivatives of the function u at the origin. Think of a case when u is
at least C2, then the higher order polynomials in its Taylor expansion around the
origin should vanish (in the limit) upon a quadratic scaling as above. Hence we
expect the blow up limit ug to be a degree two homogeneous function.

A (modified) monotonicity formula of G.S. Weiss [W1]-[W2] states that the func-

tion
2 1 2
/ (IVul® + 2u) — —5/ 2u”,
B " JoB;

*
[d

1
(3.1) W(r,u,z%) = Y

is monotone increasing in r, for 0 < r < rg. Actually it is strictly increasing for
r < 10, unless it is homogeneous in B;. Observe that in the original monotonicity
formula of Weiss one has integration over the complete ball B,.. However, for zero
or degree-two homogeneous boundary data (on the straight part of the boundary)
the result still holds.

Suppose now we have a scaled function u,, () = u(r;x)/r? and that there is a
limit function ug = lim; u,,. Using the monotonicity formula of Weiss (over the
domain B}) we have, for s < 1,

Const. = W(0", u) = im W (r;s, u) = im W (s, u,,) = W (s, ug).
J J

Since W (s, ug) is constant we must have

(3.2) Ug is homogeneous.
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3.3. A symmetric case and its consequences. In the proof of the main theorem
case (II), we will need a barrier from below that prevents the free boundary point
coming to close to the origin.

Let P be a parallelogram generated by the vectors vi = (0,1), and vo =
(cos by, sinby), where 7/2 < 6y < w. Obviously, for some t,T > 0,

Dy:={(r,0): r<t,0<0<60yy CPCDp:={(r,0): r<T, 0<0<0b}

(polar coordinates). Now, for appropriate constant a, we have h := (axq + z2)z2/2
solves the obstacle problem in Dy := {(r,0) : r <1, 0 < 8 < 6y} with the origin
as the only free boundary point. For € small let
o ((a+e)xy + z2)(—exy + x2)
2(1—e(a+e))

and

D' ={(r0): r<1,0<0<m : h>0}CDs.
Obviously A’ solves the obstacle problem in D’, with boundary values h’. Extend
h' to R? by defining it to be zero outside D’. Now let u be the solution to the
obstacle problem in P with boundary values which is the restriction of h’' to dP.
By comparison principle, see [F],

(3.3) B <u<CIm(z™%),  in P,
and in particular
(3.4) 0eT*(u).

The idea is to conclude that for some r; > 0, P N B,, has no free boundary
points, and the only possible free boundary points, other than the origin, are on
the boundary of P N B,,. We use the symmetry of the domain! Let now [ =
{va +svy, 0 < s <1}, and Iy = {vy + svy, 0 < s < 1}, be the two (upper)
boundary segments of P. Then, since v; - VA’ > 0 on [;, (i = 1,2) we can use
standard moving plane technique (see e.g. [GS]) to conclude that v; - Vu > 0 in P’
(i = 1,2), the parallelogram generated by the half-vectors vq/2,vs/2.

Now if we had a free boundary point z € P’, then due to monotonicity of u in
v;-directions, i = 1,2, the parallelogram K bounded by the lines

{z+svi, se R}, {z+svy seR}, {svi, seR}, {svq, seR}

must belong to {# = 0}. Hence u = 0 in K and we have a contradiction to (3.4).
As a conclusion we have the following lemma.

Lemma 3.2. Let u be a solution to the obstacle problem in P, with boundary
values greater than or equal to h' on OP. Then there is a constant r1 > 0 for
which (interior of ) P N By, has no free boundary points, and the only possible free
boundary points must occur on the boundary of this set.

Using this lemma in conjunction with Harnack’s inequality we can obtain the
following result.

Lemma 3.3. Let u be a solution to the obstacle problem in B}., with T as above, so

that P C Dp. Suppose also that for some y € OP we have u(y) is large enough and
that there are no free boundary points in a §-neighborhood of OP \ B,,, for some
ro > 0. Then, for some r3 >0,

T*(u) N By, = {0}.
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Proof. By Lemma 3.2 it suffices to show that v > A’ on OP. To do so we first
observe that if u > 0 in Ba,(z) then the function v(x) = u(x) + (2r)%/4 — |z|?/4 is
non-negative and harmonic in Bs,(z). In particular by Harnack’s inequality
inf v > 2¢ sup v
Br(z) B, (2)
for some ¢ > 0. Hence for any point 2’ in B,.(z) we have u(2’) > cu(z) if cu(z) > r2.
Using a chain of Harnack inequality, and assuming u(y) is large enough, and
r = rs is small enough, we can conclude that v > h’ on dP. Here we have used
the fact that A’ =0 on 9P \ P’, so that the Harnack’s chain can be terminated on
the set P N P’ before reaching end points. Now Lemma 3.2 applies to deduce the
result.
The final conclusion from this part is the following lemma.

Lemma 3.4. Let u be a solution to the obstacle problem in Bf, and t,T be as
above. Let now, for k large, Bfy_y_1 \ Bia-r—2 be empty of free boundary points.
Then either

Myyy < C47F1
or
By NT*(u) = 0.

Proof. Define

~ uw(27F 1)
W) = — =
and apply the previous lemma.

3.4. Proof of the main Theorem. To prove the main result we will use a con-
tradictory argument. So suppose we are given a a function u solving the obstacle
problem with 0 € I'*. Now define

(3.5) uy (@) = 25

and assume that u; is locally, uniformly bounded from above.

Then {u;} solves a new obstacle problem in D, := {z : rjz € Bi‘/”}. Now
using compactness arguments we can deduce that a subsequence converges to a
homogeneous solution wg in the limit-cone Dy = lim; D, (for more details of such
arguments see [SUJ, proof of Theorem D). Moreover, by (3.2) the limit function ug
is a homogeneous function, and 0 € I"*(ug). Observe that by non-degeneracy (2.1),
we have ug Z 0.

Let us now look at all possible cases of the main theorem.

Case (I): If 6y = 7/2, then obviously by quadratic growth (u is bounded by Czxa,
for large C), we have that u; in (3.5) is bounded, and hence we can argue as above
to end up with a homogeneous solution ug, which by classification of homogeneous
solutions does not exists. See the lines following Theorem 3.1, and/or Example 1.2.

If §p < 7/2, then barriers CTm(z™/%) above and non-degeneracy (see (2.1))
shows that the origin can impossibly be a free boundary point.

Case (II): Let 0 € I'*, and suppose it is not an isolated free boundary point. Then
we have a sequence 27 € I' such that 27 — 0. Then, by (2.2) and Lemma 3.4, we
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have either

4k+1Mk+1 < max(4kMk, C'supu),
B

or
M1 < CA7FL

for all k = 1,2,--- An iteration argument shows that M), < C4~*. Hence u; is
also bounded in this case. Let us now take r; = 2|27|. It is apparent that the
point & := x7/r; € D,, N 0By, and &/ € T'(u;). In the limit we will then have
— lim; 77 € T*(up). A point of caution is that 2° may be on 9Dy N 0B 2, but
we still have lim; Vu;(Z7) = 0. In other words the C’llo";" convergence is valid up to
Do N By \ {0}.

Hence the homogeneous solution ug will have at least two free boundary points,
the origin and z°. This will contradict the classification of homogeneous solutions,
in the second case.

Case (III): Now if the angle of opening of Dy is larger than 7, and the origin
is a free boundary point, 0 € I'*, then, according to the classification theorem of
homogeneous solutions, the limit function ug must be of the form (II) in Theorem
3.1. But this just implies that 0 € T. Indeed we have a slightly better result.
Namely, vol({u = 0} N B) > ¢p| B}, for some ¢y depending on the ingredients, and
the angle 6y. We leave the verification of the latter to the reader.

Finally in the case 8y = m one may show several possibilities for the behavior of
the free boundary. E.g. if we let the boundary data be small on 9B \ {z2 = 0}, and
identically zero on {x5 = 0} then 0 ¢ I'*. This follows easily by the non-degeneracy
(2.1).

The example x3/2 + azy also shows the possibility of the origin being or not
being a free boundary point, depending on a = 0 or not.

For a tangential touch, we may just take any explicit example for which the
non-coincident set is convex and take a supporting line locally at the touching
point, and call it the fixed boundary. Here is how. Let u be the difference of a
multiple of the fundamental solution for the Laplacian and a touching parabola,
u = AF(z) — P(x) = —Alog|z| + |#|?/4 + B. One can fix the values A, B so
that in the ball B3(0) we have Au = 1 — ¢dy, for appropriate constant c¢. And
moreover © = Vu = 0 on 9B3(0). Now translate u upwards so that the support of
u touches z;-axis tangentially. Now in B; we have (for the translated function )
Al = x{a>0} and it solves the obstacle problem. The free boundary also touches
the origin tangentially.

4. APPENDIX

Our complicated argument for proving Case II in the main theorem can be
replaced by a different, still similar, approach that was kindly suggested to us by
Arshak Petrosyan.

Going back to (2.2) we may replace the condition 2% € I'(u) by a weaker one,
namely

(4.1) u(z?) < h(z?).
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Now we can argue in the same way, and since

—k —k

h(27Fx) <C 4 ~o,
M1 M1

we obtain, as in the proof of (2.2), a limit function with a free boundary point
T € 0Dy

If Z becomes a boundary point then we need to show Vug(Z) = 0, in order to
obtain the final contradiction argument. Let x; be the points for which u(z;) <
h(z;). Upon re-scaling assume |Z;| = 1. Also &, are interior points, since the
inequality is strict. Let y; be the closest point on the boundary to ;. Let also e be
the interior unit vector orthogonal to the edge of the angle to which we approach.
Then, by the mean value theorem, there exists a point z? on the segment [y;, Z;]
such that

0<

Deu(z;) < Deh(z),
since u(Z;) < h(z;) and u(y;) = h(y;). Thus, in the limit, one will have
Deuo(:i) S 0.

This implies D.ug(Z) = 0, since e is the interior normal. Hence Vug(Z) = 0.

So we have either of the following:
a) For some small » > 0, u(x) > h(z) for all x with |z| = r and, by (strong)
comparison principle (up to the boundary), we have a barrier from below, and thus
there are no free boundary points in B,., except the origin.
b) For every r > 0 there is a point z with |z| = r such that u(x) < h(z) and we
can iterate (2.2) to prove that u(x) < Clx|2.
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