CONVEXITY OF THE FREE BOUNDARY FOR AN
EXTERIOR FREE BOUNDARY PROBLEM INVOLVING
THE PERIMETER
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ABSTRACT. We prove that if the given compact set K is convex
then a minimizer of the functional

I(v) = / [VolPdz 4+ Per({v > 0}), 1 < p < oo,
Br

over the set {v € H}(Br)| v =1on K C Br} has a convex sup-
port, and as a result all its level sets are convex as well. We derive
the free boundary condition for the minimizers and prove that the
free boundary is analytic and the minimizer is unique.

1. INTRODUCTION

1.1. The Problem. The following problem has been considered in
[Maz]: given a bounded domain £ C Br C R" (R large), satisfying
the interior ball condition, find a (local) minimizer of the functional

(1) I(v) = /B F(|Vo|)dz + Per({v > 0})

over the set of functions {v € Hj(Bg)lv = 1on E}, where F €
C*(]0, +00)) is a positive convex function, with £'(0) = 0 and for some
l<p<4+cand 0 < A< A<+

MPTE< () < AP

Here we set Per({v > 0}) = +o0 if x>0y ¢ BV(R™). This problem is
the one-phase exterior analogue of the problem introduced in [ACKS]
for a functional with general convex function F'(¢) in the first term (in
[ACKS] they treat the case F(t) = t?).

It is easy to show that such a minimizer u is H-harmonic in {u > 0},
ie.

Agu = div(H(|Vu|)Vu) =0,

where H(t) := ¢t~ 'F'(t) if t > 0 and H(0) := 0.
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It is proved in [Maz| that the minimizers are Lipschitz continuous.
As in [ACKS] this yields that the free boundary is an almost minimal
surface (the blow-up is a minimal cone) and that the reduced boundary
is 12,

In this paper, except of Section 2 | we restrict ourselves mainly on
the case F'(t) = t?, p > 1, i.e., the functional

@) I(v) = /B VolPdz + Per({v > 0}),

though we want to mention that the same ideas and methods will
work in the general case (1) if we put some additional (rather weak)
conditions on the function F'.

The main result of this paper is the following theorem.
Theorem. If K is a convex set with CP"™ boundary and u is a
minimizer of (2) then the set {v > 0} is also convex.

As we will see, this will prove that the free boundary is an analytic
surface in case of convex K. We also prove the uniqueness of the
minimizer.

1.2. Notations. In the sequel we use following notations:

R {r e R": 2y >0}

B(z,7) {r eR": |z —z| <r},

B, B(0,7),

XD characteristic function of the set D,

oD boundary of the set D,

Q, {r e R":u(x) > 0},

r, 0%, the free boundary,

r: 0%, the reduced boundary of Q, (see [EG]),
cov(U) the convex hull of the set U,

F* Legendre transform of the function F', see Section 2.

2. AN ENERGY ESTIMATE FOR H-HARMONIC EXTENSIONS

Assume E € 2y C §2s, where E, )y, )y are open and bounded sub-
sets of R”, and that u; minimizes the functional

(3) J(v) = / F(Vo|)dx

in the class of functions {v € Hj(Q;)]v =1 on E} (j = 1,2). Then
we say that us is the H-harmonic extension of u; from Q; to s.
We write

vApgu=—H(|Vu|)VuVv + div(vH(|Vu|)Vu),
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and using Gauss’ theorem we obtain
(4) H(|Vus|)Vua V(uy — ug)de =
Qo

_ / (u1 - UQ)AHUde + H(‘VU2D(U1 — UQ)&/UQCZH”_I -0
2 0%

From here and that H(t) =t 'F'(t) we have

/Q F(|Vus]) — F(|Vuy|) =

F'([Vus)

VuVusldx.
|VU2| ! 2]

/Q[F’(\VU2I)|VM2|—F(IVuz\)H[F(IVul\)—

The integrand in the first brackets is equal to F*(F'(|Vusl|)), where F*
is the Legendre transform of F, i.e.,

where ¢(s) is the inverse of the continuous and strictly increasing func-
tion F'(s). What we used above is the so-called Young’s formula

tF'(t) = F(t) + F*(F'(t)).

Thus we have

/Q F(IVual) - F(|Vug]) = / F*(F'(| Vo)) de+

Q2\ 21
F(|V
/ F(|Vui|) — F(|Vus|) — 7‘% u2|)Vu2V(u1 — up)da.
0 U2|

Now we are going to estimate the second integral. Let us consider
the following function

O(t) = F(IV(uz + t(ur — ug))]).

From the convexity and monotonicity of F' it follows that ® is convex
in t. So we can write

0< ®(1) — ®(0) — &'(0) < &'(1) — '(0).

This gives us exactly the following

FI(|V
0 < F(|Vu|) = F(|Vus|) — F([Vual) u2DVu2V(u1 — )
|VU2‘
F'(|Vuyl) F'(|Vuyl)
~ |Vul| VU1V(U1 UQ) |Vu2‘ VUQV(Ul UQ)
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in ;. Now we can continue as follows

F'([Vus|)

VusV(ug —u

0< / F(|\Vu|) — F(|Vus|) —

jat E
< / MVU1V(U1 — Ug) — MVUQV(Ul - UQ)dﬂf
o V| |Vus|

and by using (4) we get that the last term equals

F([Ven]) / F'(|Vus)
Vel —uz)d F([Vua]) Iy
/Ql Voo ViV —wdret | E VY (i~ ug)de

_ / s (H (V) Otts — H(|Vta])Bytiz) dH™
901\090

Hence we have proved the following lemma.

Lemma 1. Ifus is the H-harmonic extension of uy from §2q to €y then

(5) 0< / F(IVua) — F(|Vuy|)der — / FH(F'(|Vus|))de <

2\

/ us[H (|Vuy|)0,uy — H(|Vug|)0,us]dH" .
8901\

Let us denote by
G(t) := F*(F'(t)).
Note that G is continuous, monotone increasing on [0, +00), G(0) = 0
and

G'(t) = tF"(t) > 0.

Remark 2. From now on we will consider the classical case F(t) = t?,
p > 1. That means

(6) G(t) = (p— 1)t".

3. THE HOPF LEMMA FOR p-HARMONIC FUNCTIONS IN DOMAINS
wiTH C'1P" BOUNDARY

Here we prove that if the boundary of the domain is C1"P" near some
point y on the boundary and a p-harmonic function has its minimum at
that point, then the gradient of the function is strictly positive. We was
not able to find a reference for this, probably known, result. Anyway
the proof presented here, which uses an elegant barrier construction,
seems to be quite interesting.

Let us take the function w to be the minimizer of the Dirichlet inte-
gral in {v € Hj(Q)|v =1 on K}, where K and ) are convex domains
with C1P™ houndary and K € Q. Thus we have Aw = 0 in Q\K.
From the Hopf lemma for harmonic functions (see [W]) we know that
Vw(z) # 0, for any x € Q\K. Now we will prove the existence of a
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smooth, convex function f : [0,1] — [0,1], f(0) = 0, f(1) = 1 such

that
A, f(w) >0

in Q\K and 0 < f'(t) < +oo for all t € [0,1]. This will mean that the
function f(w) is a sub-solution for A, and has non-vanishing gradient,
thus it will work as a standard barrier function.

We have

A, f(w) = p|Vf(w)P2Af (w) + p(p — 2)[V f(w) [P~ Ao f (w),
where A v = Z - 0;;0;v; is the well known infinity Laplace operator.

On the other hand
Viw) = f(w)Vw,

Af(w) = f'(w)Aw + f"(w)|[Vwl* = f"(w)|Vuwl?,

Ao f(w) = (f'(w))*Accw + (f'(w))*f" (w) | Vew]".

So we need to find a function f such that

Apf(w) = pf"(w)f (w)~*|Vw|+
p(p = 2)(f (W) V[ )PH((f'(w))*Asew + (f'(w))* " (w)|[Vuw]?) = 0

or
(7) f/,( )

f'(w)
We see that for p > 2 we can take f(t) = t. This follows also from
the monotonicity with respect to p of the p-potentials in convex rings
proved in [MPS].

In case 1 < p < 2 we continue as follows. We have from [W] that
the the derivatives of w are continuous up to the boundary and do
not vanish. Moreover we have bounds for the second derivatives of w
near the boundary. Comming back to our case there exists a function
¢(t) € LY((0,1)) N C((0,1)) such that |Vw| 4| A,w| < ((w) in Q\K.
Let us now integrate (7) in w € [t, 1],

1 rn F1(1) d
[580-[2 o
. fI(7) e S
Thus we can take for instance

(1) = c/ot exp (—H lg(s)ds) dr,

T

Z ?\Vw\_‘leow.

where the constant ¢ > 0 is chosen to get f(1) = 1.
We have proved the following lemma.

Lemma 3. Assume u is a p-harmonic function in the domain U. Fur-
ther assume y € OU, AU is locally CHP™ near y and u(x) > u(y) for
all x € U. Then |Vu(y)| ezists and does not vanish.
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Remark 4. Note that the function 1 — f(w) is a super-solution for
A, in Q\K and gives us bounds from above for the gradient of a p-
harmonic function at the minimum point on the CYP™ boundary.

4. THE FREE BOUNDARY CONDITION

Let us recall the definition of the weak (viscosity) sub- and super
solutions of free boundary relations, as it is defined in [ACKS].

Definition 5. A surface S given by a graph of a continuous function

T, = f(x1,...,2,1), defined on a open set V.C R"7' is a weak
(viscosity) sub- (super-) solution of the relation

K(S) =g,
where g is a continuous function defined on S, if for every graph Sg of
quadratic polynomial x, = Q(x1,...,T,—1) we have

k(5q)(w0) = g(wo), (respectively, <)

whenever xy is a local minimum (maximum) of Q — f. A surface S is
called a weak solution, if it is both a weak sub- and super-solution.

Lemma 6. Let u be the minimizer of (1). Then T'* is a weak (viscosity)
solution of the free boundary relation

(8) G(IVul) = (p = D[Vul? = &(I7).
Moreover on Q. N OBr we have pointwise the inequality
(9) G(|Vul) = (p = 1|Vul|” = £(0BRg).

Proof. Assume ['* is given by a graph of a continuous function z,, =
f(z1, ..., x0-1), £(0) =|Vf(0)] = 0 and the outward (with respect to
Q,) normal at 0 is (0, ..., 0, 1). Further assume that that the graph S of
the quadratic polynomial z,, = Q(z1,...,x,_1) touches I'* from inside
(below). Let us consider the set € := Q,U({x, < Q(x1,...,Tp_1)+t}N
B,,), o > 0 small, and the minimizer u; of (3) over {v € H}()|v =
1in K}. Note that u, is the H-harmonic extension of u from €2, to €.
Since w is a (local) minimizer we have that for small ¢

I(u) — I(uy) <0.
Taking di(z) := dist(x,S;), where S; := {x, = Q(z1,...,2,-1) + t},
and V; := Q;\Q, we get that
/F(\Vu|)dx — /F(\Vut\)dx < H"HS\Q,) — H"HT'NQ,) <

— 3thdH"_1 = — Adtdﬂf,
oVy Vi
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where in the second inequality we use the fact that 0,d; < 1. On the
other hand from the first inequality in Lemma 1

G|V < /F(|Vu\)dx—/F(|Vut|)dx,
Vi
thus

;[ G(|Vut\)dx§—|vt\‘1/ Ad,dz.

Vi Vi
Letting ¢ — 0 we obtain

G(IVu(0)]) < K(50)(0),

thus I'* is a weak sub-solution. Here we used the continuity of the
gradient, the proof follows from Lemma 7 and Remark 4.

To obtain that I'* is a weak super-solution we take a quadratic
polynomial @), which touches I'* at 0 locally from outside and con-
sider the set Q_; = Q\(B,, N {z, > Q(x1,...,2,-1) — t}). Analo-
gously to the previous case we assume u_; is the minimizer of (3) over
{ve HY(Q y)jlv=1in K} and take V_; = Q,\Q_; and d_; and S_; as
above. Similarly to the previous case we have

/F(\Vu|)dx—/F(\Vu_t|)dx < H™Y(S,n0,) — H YT\ ,) <

— 3Vd_th"_l = — Ad_tdﬂf.
8V,t Vft

Since now u is the H-harmonic extension of u_; we have to use the
second inequality in Lemma 1

—/ G(\Vu|)dx—/ ulH(|Vu_i)o,u_y — H(|Vu|)o,u)dH"*
Vi

S_tNQy,
< [ F(vuldo~ [ P(Va_i),

We thus obtain
\v_t|-1/ G(|Vul)dz+
Vi
|V—t\‘1/ ulH(|Vu_|)du_y — H(|Vu|)d,uldH" ™t >
S_¢NQy

|V_t|_1/ Ad_tdﬂf —t—0 K,(SQ)(O)
V_4

Plugging in H (t) = pt?~2 we see that to complete the proof it is enough
to check that

\V_t|_l/ u[p|Vu_[P20,u_; — p|Vu|P20,u]dH™ ' —, 4 0.
S_tNQy,
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Let us take S¢, := {x € S_,|dist(x,T) > ey/t}. Then since u and u_,
are Lipschitz functions ([Maz])

’ / u[p|Vu_o[P20,u_; — p|VulP~20,uldH™ | < Ce|V_4],
(5_eNQu)\S<,

and we need to show that
Ip|Vu_o|P20,u_y — p|VulP~20,u| < c(e, 1)

on S, NQ,, where c(e,t) —4_o 0 for every fixed e. This fact follows
from the next lemma, which is the complete analogue of Lemma 6.3
from [ACKS]. O

Lemma 7.
dyu_(—te,) — O,u(0) as t — 0.

Proof. The proof follows the same lines as that of the proof of Lemma
6.3 from [ACKS].
From the linear growth near the boundary we have that

u(z) = ax, +o(lz]), u(r) = B(t)(zn +1)” + of|z])

Observe that the Lipschitz continuity, Remark 4 and weak maximum
principle for p-harmonic functions give that for some constant C' > 0

lu—u_¢| < Ct, in Q,.

If we now consider the blow-up limits

u(tx U_s(tx
wil) = Sy g = 4,
t t
then as ¢ — 0, at least for a subsequence, wy — wy = az,;, vi — vy =
Bo(zn, + 1)~ and |wy — v — 0] < C in R™. Hence a = f. O

Corollary 8. Due to the the Hopf lemma for p-harmonic functions
the gradient of the solution u does not vanish on the ”good” part of the
free boundary and we can use the hodograph transformation. The non-
vanishing of the gradient and its Holder continuity up to the boundary
(see [Li]) allows us to use the classical results from the theory of vis-
cosity solutions of elliptic equations with Holder continuous coefficients
(see [CC]), which give that T* is locally C*'/? and thus, by bootstrapping
argument analytic. See also Corollary 6.4 in [ACKS].

Remark 9. The weak (viscosity) equality (8) we proved is true point-
wise on I'™.
5. A CONCAVITY RESULT

From now on we denote by x(0U) the interior mean curvature of the
C1! part of the boundary of a domain U (in viscosity sense) as follows.
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Assume 0 € 9U and the interior normal vy (0) shows in the direction
of the e-axis. We take

K(OU)(0) = inf 5(S.0)(0),

where Sy = {(z,e)le = (Ax,z)} and 2 is the set of all symmetric
matrices A such that the set S (the graph of a quadratic polynomial)
locally touches QU from inside.

Let us consider the convex hull cov(U) of a (non-convex) set U with
C? boundary. Note that then cov(U) has a C'! boundary. For nota-
tional reasons let us assume U C R""! = {(z,e)|x € R",u € R}.

The following lemma will be useful.

Lemma 10. The function k(0cov(U))(x) is upper semi-continuous on

dcov(U).

Assume we have a point xy € Odcov(U)\OU then there are points
Yo, 20 € dcov(U) N AU such that yo, zo and zy lay on a line.
Lemma 11. The function

1
k(Dcov(U)) (%)

is concave on (Yo, 20). Moreover if k(x) = 0 for some x € (yo, z0) then
k(x) =0 for all x € (yo, 20).

Proof. We need to show that

ff(acolv(U)) <x —zm ) = %(n(acolv(U)) (=) + m(xQ))

for all z',2% € (yo,2). Without loss of generality we can assume

r! = (-1,0,...,0) and 2> = (1,0,...,0). Further assume that graphs
of quadratic polynomials

u= (A (x —2"),(z —2")) and u = (Ay(z — 2?), (x — 2?))

given by positive symmetric matrices A; and A, locally touch the
boundary dcov(U) from inside and 0 < TrA; — k(z') < € for i = 1, 2.
Since x!, 2% lie on the z; axis we can assume that for i = 1,2

where B; are positive symmetric matrices and 0 < a; < €.
Let us now consider the sets

{(=1,2",e)le > (Bya',2")} and {(1,2',e)le > (Baa', ')},

which touch the boundary of cov(U) from inside locally at the points
x! and x? respectively. Here 2/ = (z3,...,2,). We will now “calcu-
late” the intersection of the convex hull of this two sets with the plane
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//////////// N

X1

\

{e > by?} {e > ﬁxﬂ} {e > by2?}

F1GURE 1. Convex hull of two parabolas

{z|x; = 0}. This will locally touch the boundary dcov(U) from inside
and give us the desired estimate on the mean curvature. The intersec-
tion of the convex hull of these two sets with the mentioned plane is
{(0,2",e)le > u(x’)}, where

1
/ — . f -
(.'L' ) y’+lzr’1:2x’ 2

(10 (B, o) + (B:2, 7)) .

<

We are going to calculate explicitly the expression on the right hand
side. So for each 2z’ we are looking for the minimum of the following
function

V) = 5B o)+ (Ba20' = o/),2 — ).

After differentiation in 3’ and some (simple) calculations we get that
the infimum in (10) is attained at the values

I = 2(81 + Bg)_lBQZ’/

—~

Wyt

and
=22 —y =2B, + By) By
Substituting now the values of ¢’ and 2’ into (10) and using the identity
Bi(By + By)'By = (By' + By
we get
u(x’) = 2((By' + By ) ', o).
Note that the invertibility of By + By and B! + By ' follows from the
strict positivity of all eigenvalues of By, Bs. In three dimensions, when
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matrices By, By are given by positive numbers by, by, this interesting
result is illustrated in Figure 1.
The proof now follows from the inequalities bellow:

2 ol 4 22 1 1 1
( )= >+

k(Ocov(U)) 2 (B, +B,H)1 — ey T,

< 1 N 1 '

~ k(Ocov(U))(z') + € = k(Ocov(U))(2?) + €
Note that € > 0 is arbitrary small and we have the first and the third
inequalities in (11) by the construction of By, By and from the properties
of the convex hull. The second inequality seems to be classical, but we

could not find a reference for that: the proof is given in the Appendix.
O

(11)

6. CONVEXITY OF THE FREE BOUNDARY

In the proof of the key Lemma 13 we will use the following lemma
from [LS]. Let K C U be a compact convex set, U be open and
non-convex and cov(U) be the convex hull of U. Further assume
that the function uw minimizes the functional (3) over the set {v €
Hl(cov(U))|lv = 1 on K} and that the segment [yg, 2] C Ocov(U).
Then the following lemma is true.

Lemma 12. The function
1

W(x)

is convez on (Yo, o).

This is due to the fact (see [L]) that the level sets of a p-harmonic
potential in a convex ring are convex.
The following lemma is the key to the proof of the main result.

Lemma 13. Let u be a (local) minimizer of (2) and denote by cov(§2)
the convex hull of €,. Assume u® be the minimizer of

(12) / Vu(z)Pdz
cov(Q)\ K

over the set {v € H}(cov(Q))|lv=1 on K}.
Then Ocov(RY) is a solution of the (pointwise) free boundary inequality

1 1 P
(13) P (|Vuc(x)|) > k(0cov(2)),

where k 1s the interior mean curvature.

Remark 14. Since at all points x € Ocov(2) N N, we have a sup-
porting plane at §2, and since the free boundary is an almost minimal
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surface (the blow-up is a plane or a minimal cone, see [Maz]) we get
that

dcov(Q) N O, C T

Proof. We get the desired inequality on dcov(§2) N o<, from the max-
imum principle and Lemma 6.

Assume now that zq € dcov(Q)\0€,. From the definition of the
convex hull follows that we can always write zg = > ;" Uk, Yk €
deov() NIy, a >0, > 1 japg=1,2<m <n.

We proceed by induction in m. Assume there exist two points yy, ¢, €
dcov(€2) N LY, such that y;, zo and y, lay on one line.

We need to show that

1 1 p 1
(1) P 1 <|w<x>|) " w(@eov (@) () =

p
We know that \VTM and thus <WT£(I)|> is convex on [y1,y2]. Since

(14) is true at the points y; and ys the proof follows from the concavity
of m on the line segment (y1,y2) and its lower semi-continuity
(Lemma 10).

The induction step m = m + 1 finishes the proof. O

Theorem. If K is convex and u is a minimizer of (2) then €, is also
convex.

Proof. Assume 2, is not convex. Let us take u® and cov(£2,) as
in Lemma 13 and assume 0 € intK. Further take ul(z) := u®(rz),
cov(2) = r~teov(2,) and 0 < 7 := inf{r > 0|cov(2) C Q,} < 1.
Assume Ocov(€2°) touches 0f2, at the point Z. First note that as in
Remark 14 we have that 0f2, is smooth near z and that Z is not on
0Bpgr. We have now

(15)  w(Deov())(@) < 7§ (p = 1)V, [P(7) <

7 (p— 1) [Vl (@) = 5 R(00,)(),
where the first inequality follows from Lemma 13, the second one from
the comparison principle and the third one from Remark 9. On the

other hand from the definition of ry we get that x(dcov(§2°))(z) >
k(0Q,)(Z) and 19 < 1, a contradiction. O

Corollary 15. The free boundary is an analytic surface.

Corollary 16. Using the same method as in the proof of the theorem
one can easily prove the uniqueness of the minimizer by a contradiction
argument. Note that in the two-phase (interior) case (see [ACKS]) we
do not have uniqueness.

Acknowledgement. The first author is grateful to Prof. S. Luckhaus
for valuable discussions.
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APPENDIX

Let us for simplicity re-write the second inequality in (11) in the
form
1 S 1 N 1
Te(By + By)~' — TeByt TeBy Y
and denote by A(C) = (A(C),...,A4(C)) the eigenvalues of a d x d
(positive) symmetric matrix C with A;(C) > Ao(C) > -+ > Ag(C). We
need to prove

(16)

1

—1
1 1 1 1 \!
d + = - -t 1
Dok Ae(B)h D0 Ak(Be) ! TrB, TrB,
The proof consists of two steps:
Step 1:
1
T~ s S
M (By + Ba)

1
Ne(By) + Ak(Bs)

M“‘
M-

k=1
Step 2:

d 1 1 o
(18) < ( — - ) ,
kX: Ak +'uk Z:l )‘kl Zizl :“kl

where \p >0, up, >0, k=1,....d.

Proof of the Step 1. We use now the following notions from
the theory of majorisation (see [S], [MO]). Let a = (ai,...,aq) and
b = (b1,...,bq) be vectors in R? and denote by ap) > -++ > ajg and

by = -+ - > by the elements of the vectors a and b in the decreasing
order. We say that b majorizes a and write
(19) a<b
if
dl

Z 1<Zb

for 1 < d <d and equahty holds if d’ = d. Note that if ® is a convex
function, then from (19) it follows

d
S o) <Y 00
k=1 k=1

(see [MO] p. 108). The proof of the Step 1 now follows from the
convexity of ®(¢t) =t~ for t > 0 and the following fact proved in [Fan]
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(see also [MO] p. 241)
A(B1 + By) < A(By) + A(B2).

Proof of the Step 2. The proof of (18) is done by induction. The
key step is the proof in d = 2 case. We need to prove that

1 1 1 1 -
20 + < — — + — — )
(#0) At Aot </\11+>\21 u11+u21)
Without loss of generality we can assume that Ay + py; + A + ps = 1.
If we now denote by

o = )\1—|—)\2,
B = A1+ po,
v i= A+ o,

then (20) is equivalent to
a(l—aty=0)(1-y—a+f)+(1-a)(a+y+f-1)(a—y-F+1)
<da(l—a)y(1—7).

Observe that for fixed « and 7 the expression on the right hand side is
the maximum over [ of the one on the left hand side.
Now we can easyly see how the induction step d = d + 1 works.

-1
i i:MEl Zizluil A1+ Har1

-1
a1 ar1 )
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where in the second inequality we use the case d = 2 proved above.
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