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ABSTRACT. We study optimal 2-switching and n-switching problems and the corresponding system of
variational inequalities. By using PDE based methods we can extend the results of [DH] regarding existence
of viscosity solutions of the 3-switching problem to cover some special cases when the cost of switching
is non-deterministic. We also give regularity results for the solutions of the variational inequalities. The

solutions are C'''-regular away for the free boundaries of the action sets.

AMS Classification subjects: 60G40 ; 93E20 ; 62P20 ; 91B99.

Keywords: Real options, security design, backward stochastic differential equation, default risk, Snell
envelope, stopping time, stopping and starting, optimal switching, viscosity solution of PDEs, variational

inequalities.

1. INTRODUCTION

We consider the problem discussed in [DH] where an investment manager faces the options to run the
project when conditions are profitable, to temporarily shut it down when conditions are non-profitable
and to permanently shut it down when the project is bankrupt. As mentioned in [DH] this problem
has several industrial applications. The study of this class of problems, referred to as optimal switching
problems, originate in the work of Brennan and Schwartz (1985) and Dixit (1989) who study different
models for the life cycle of an investment in the natural resource industry. We refer to [DH] for a list of
several extensions and related papers on this subject.

The special case when risk of default is not present was considered in Hamandene and Jeanblanc
(2007). In the Markovian setting when the underlying commodity follows a diffusion process this problem
corresponds to a double obstacle problem which is a well studied problem and existence of a solution
follows by classical results. As is made clear in [DH] this representation is lost when adding the possibility
of default. Instead the problem can be expressed in terms of a system of variational inequalities with
inter-connected obstacles. In [DH] existence of viscosity solutions to this system is assured under the

assumption that the cost of switching is constant.
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In the present paper we use PDE-based methods to establish uniqueness for some special cases when
the cost of switching depends on the underlying diffusion process. In the same spirit we obtain C1:!-
regularity of the solutions away from the free boundary. More precisely, if we denote the solutions of the
system of variational inequalities by v1 and ve we will get, at most, two disjoint action sets on which
the difference of the two solutions, v; — v;, equals the cost of switching from state j to state ¢, where
i,j € {1,2}. Cllregularity is in fact obtained everywhere except on the free boundaries of the action
sets. Furthermore, we present an example where C'!-regularity is lost and the solution is only Lipschits
continuous on the boundary of the action set.

The paper is organized as follows. In section 2 we define the problems of two- and multiple switching
in stochastical terms using the notion of Snell envelopes. In section 3 we consider the corresponding
variational inequalities and give regularity and partial uniqueness results. Section 4 includes some com-
ments on the multiple switching problem. The last section is devoted to numerical treatment of systems
of variational inequalities. We suggest an algorithm for solving the problem and illustrate with some

examples.

2. FORMULATION OF THE PROBLEM AND PRELIMINARY RESULTS

2.1. Two-modes switching problem. The two-modes switching problem can be formulated as fol-
lows. The production activity of the investment project, under a time interval [0,7], can be either
“on/open” indicated by 1, "off/closed” indicated by 0, or ”definitely closed/defaulting” indicated by 7.

The management strategy of the project consists of

e An increasing sequence of stopping times (7,)p>1 (i-e. 7 < Tp4+1 and 79 = 0) where the manager
decides to switch the activity from a mode to another. Here, for any n > 1, 79, (resp. To,—1) is
the instant where the activity is switched to mode 1 "on/open” (resp. mode 0 ”off/closed”). On

(Ton, Ton+1] the activity is in mode 1 and on (72,41, Ton+o] it is on mode 0.

e A stopping time v at which the manager decides to definitely stop the production. The activity
is then switched to the mode f.

Let u; be an indicator of the production activity being either on the mode 1 or 0, at time ¢t € [0,T1:
(2.1) up =) () + O Ligympnsn) ), £>0,  ug=0.

n>1
Letting X; denote the market price process of a set of underlying commodities at time ¢, the state of the

whole economic system related to the project at time ¢ is represented by the vector:

(t, X, up), if 7, <t < Tpy1;

(2.2)
(7, X5), if in mode f.

The sequence of stopping times ¢ := ((7,,)n>1,7) is called a strategy for our starting and stopping problem.
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Let ¢! := (£})o<i<r (resp. £2 := (£?)o<t<T) be two positive continuous adapted stochastic processes. The

(resp. £2 ).

closing (resp. opening) cost of the production at time 79,1 (resp. To,) is given by ﬁzn o

-1
Fi(v,X,), i=1,2stands for the cost of default at time -, when the system defaults while it is in mode
1 resp. 0. The functions F; are assumed non-positive. Moreover, let 11 (¢, x) be the profit per unit time
when the system is in state (¢, 2,1). This profit can be a loss (negative) as well. Such a situation occurs

when the price has gone below the running costs. When the system is in state (¢,x,0), the profit is

9 (t, z). Denote

wl(tal')’ if u=1;

(2.3) O(t,z,u) =
wQ(tvl'% if u= Oa
and
Fi(t,z), if u=1;
(2.4) F(t,z,u) =

Fg(t,x), if uw=0.
Then the expected total profit of running the system with the strategy § := ((7,)n>1,7) is then given
by:

Y
J6) = B /0 B(s, Xy ua)ds — S {0, Mpry oo + 62 iy ooy} + Fy, Xy, ) Ty

n>1
Roughly speaking, solving an optimal switching problem with default risk consists in finding a strategy
0% := ((75)n>1,7") such that J(6*) > J(0) for any other strategies 6 := ((7)n>1,7)-

We make the standard assumptions that (2, F, P) is a fixed probability space on which is defined a
standard n-dimensional Brownian motion B = (B)o<;<r whose natural filtration is (F_ := 0{Bs, s <
tHo<t<r. Let F = (Fi)o<t<r be the completed filtration of (F)o<t<7 with the P-null sets of F. Fur-
thermore, let P be the o-algebra on [0,T] x Q of F-progressively measurable sets and SP is the set of
P-measurable, continuous processes w := (wy)o<¢<r such that E[supg<;<p |wi|P] < oo.

Let (Y;',Y;?) be the value-function associated with the optimal switching problem, where the process
Y,! (resp. Y;?) stands for the optimal expected profit if, at time ¢, the production activity is on/open
(resp. off/closed).

In terms of a Verification Theorem, it is shown in [DH] that the two processes Y! := (YV;!)o<t<r and
Y? .= (YtQ)OStST of SP are continuous and uniquely solve the following system of Snell envelopes.

Vi =ess sup, o, E [ [ ¢1(s, Xs)ds + (—0- + Y2)V F(1, Xr,ur) Loy | i) (Y7 =0),
(2.5)
Yf = ess sup, >, [ftT o(s, Xg)ds + (—53 + YTl) V F(, XT,uT)Il[T<T} ‘ .7-}] (YT2 =0).

where the essential sup is taken over F-stopping times 7 larger than ¢. Furthermore,

Yy = sup J(9).
é

Consider the following F-stopping times.
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(i) The first time the activity defaults while in mode i:
ol :i=inf{s >t Y= Fi(s, X))} AT, i=1,2,
(74) The first time the activity is switched from mode 1 to mode 0:
o2 =inf{s>t, V! = 0 + Y2} AT,
(737) The first time the activity is switched from mode 0 to mode 1:
ol i=inf{s >t, Y2 = - +Y}AT,

Using the properties of the Snell envelop (see [DH] and the references therein), the F-stopping times
7t i=1,2, 0<t<T, defined by
Ttl = 0,512 /\at1 AT
and
=0 NP AT,

are optimal in the sense that

7
(2.6) Vi =FE /t Yi(s, Xo)ds + (=0 + Y2) V Fi(r), Xo) U oy ]—"t]
and
(2.7) V2=FE /t a(s, Xo)ds + (=62 + Yo) V Fa (1, Xo2) Ui oy ]—"t] :

In particular, on the continuation region {(w,t); o}2 > of} in which it is more profitable to run the

activity, while at ¢ the system is in mode 1, until default than switching to mode 0, we have

ft] |

Similarly, on the set {(w,t); 02! > o2} in which it is more profitable to run the activity, while at ¢ the

ft] |

When the market price process X of the commodity is an It6 diffusion with infinitesimal generator

ot
(2.8) Y;l =F / wl(SaXs)ds+F1(Utl7Xat1)Il[atl<T]
t

system is in mode 0, until default than switching to mode 1, we have

ot
(29) Y? =F / wZ(SaXS)dS+F2(Ut27XU?)Il[af<T]
t

(2.10) A :% S (o 0Nyt ) Dy + 3 bt 2)Ds,

i,J=1,n i=1n
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and the switching cost processes ¢! are given by sufficiently smooth deterministic positive functions
a;i(t,r), i.e. £t = a;(t, X;), and provided that the functions v;(t,2) are smooth, the pair of the value-
processes (Y1, Y?) associated to our optimal switching problem can be characterized (see [DH]) in terms
of deterministic functions of the underlying price process X in the sense that Y! = v!(¢, X;) and Y? =
v%(t, X;) where the deterministic functions v!(t,2) and v?(t,z) are viscosity solutions of the following

system of two partial differential equations with inter-connected obstacles:

min{vy (t,z) — (—a1(t,x) + va(t, x)) V Fi(t,x), =01 (t, z) — Avi(t, ) — 1 (t,2)} =0,
(2.11) min{vs(t, x) — (—aa(t,z) +vi(t,z)) V Fa(t, x), —Owa(t, x) — Ava(t, ) — a(t,z)} = 0,
v1(T,x) =0, vo(T,x) =0.

In particular, the set {(w,t); of? > o}} on which Y! satisfies (2.8) corresponds to the complement of
the action set

Ay = {(z,t); vi(t,z) =va(t,x) —ai(t,z)}.

Correspondingly, on Af, vy solves the following variational inequality:
min{v;(¢,z) — Fi(t,x), =01 (t,x) — Avi(t,z) — 1 (t, )} = 0, v1(T,x) =0.

Similarly, the set {(w,t); o}? > o} } on which Y? satisfies (2.9) corresponds to the complement of the

action set
Ay = {(z,1); va(t,z) = vi(t,z) — aa(t, x)}.

Furthermore, on A$, va solves the following variational inequality:
min{va(t, x) — Fa(t, z), —0pva(t, ) — Ava(t,x) — a(t,z)} =0, vo(T,z) = 0.

In fact, in [DH] (see also [DHP]), using purely probabilistic methods, the authors were only able to
show existence of continuous functions v and vy with polynomial growth in (¢, 2) such that Y' = v!(¢, X;)
and Y2 = v2(t, X;) and are viscosity solutions of the System (2.11) under the following conditions on the

involved coefficients:

Assumption [H]:
(1) The processes ¢! and ¢? are deterministic functions of the time parameter, i.e. £} (w) = a1(t) and
??(w) = as(t) where a; and ap are positive deterministic functions.
(2) The non-positive functions F;(t,z) = F(z) and v;, i = 1,2 (of Subsection 2.1) are continuous,
respectively, jointly continuous. Moreover, they are of polynomial growth, i.e., there exist some

positive constants C' and ~ > 1 such that:

[1(t,2)| + |a(t, )| + |F(2)] < C(L+[2[7),  (¢,2) € [0,T] x R™.
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(3) The functions b and o, with appropriate dimensions, satisfy the following standard conditions:

There exits a constant C' > 0 such that
(2.12) b(t,z)| + |o(t,z)] < C(1+|z|]) and |o(t,z) —o(t, )|+ |b(t,z) — b(t,2")| < Clz — 2|
for any ¢ € [0,7] and z,2’ € R™.

2.2. Multiple switching problem. Suppose that besides running the production at full capacity or
keeping it completely off (the two-modes switching model), there also exit a total of ¢ — 2 (¢ > 3)
intermediate operating modes, corresponding to different subsets of production running.

Let /;; denote the switching costs from state ¢ to state j, to cover the required extra fuel and various
overhead costs. Furthermore, let X = (X;);>¢ denote a vector of stochastic processes that stands for the
market price of the underlying commodities and other financial assets that influence the production of
power. The payoff rate in mode 4, at time t, is then a function 1;(t, X;) of X;. F;(v, X,) stands for the cost
of default (definitely stop the production) at time 7, when in mode i and denote F'(7y, Xy, uy) := Fi(v, Xy)

when u, = 4. The functions F; are assumed non-positive.

A management strategy for our model is a combination of the following sequences:

(1) a nondecreasing sequence of stopping times (7,,)n>0, where, at time 7,, the manager decides to
switch the production from its current mode to another one;

(i) A stopping time v at which the manager decides to definitely stop the production. The activity is
then switched to the mode 7.

(7i7) a sequence of indicators (&,),>1 taking values in {1,..., g} of the state the production is switched

to. At 7, the station is switched from its current mode &,_1 to &,.

When the power plant is run under a strategy (0,u) = (((7n)n>1,7), ({n)n>1), over a finite horizon

[0, T, the total expected profit up to T" for such a strategy is

T
J(6,u)=FE /0 Yu, (8, Xs)ds — Zﬁum,l,um (Tn)]l[m<’y] + F (7, Xy, uw)ﬂ[’y<T]

n>1
The optimal switching problem we will investigate is to find a management strategy (0*,u*) =
(((T:;)nzla ), (5;)1121)) such that

J(0%,u*) = sup J (6, u).
(0,u)

In the same fashion as in the two-modes switching model, it can be shown that (see [DHP]) that the
value-processes (Y'!,...,Y9) associated to the optimal multiple switching problem are continuous and

satisfy the following system of Snell envelops.

Y;i = ess sup,>.F |:/ 1/JZ‘(S,XS)dS + (mix(—&j(T) + YT]) V FZ'(T, XT)) ]1[7'<T}
> ] i

ft:|, iE{l,...,q}.

Furthermore,
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Yy = sup J(9).
é
Consider the following F-stopping times.

(1) The first time the activity defaults while in mode i:
ol :=inf{s >t, Y! = Fi(s,X,)} AT, i=1,2,...,q
(74) The first time the activity is switched from mode i to any of the other modes j # i:

Gli=inf{s >t, V! = miux(—ﬁij + YD} AT,
JFT
Using the properties of the Snell envelop (see [DH] and [DHP] etc..), the F-stopping times 7/, i =
1,2,...,q, 0<t<T, defined by

=0, NG NT,

are optimal in the sense that

. 7 g , .
(2.13) V=B | [l Xds + (max(—£% 4 Y2) Y P X)) g

J#i

ft] |

In particular, on the set {(w,t); ¢ > ot} in which it is more profitable to run the activity, while at

time ¢ the system is in mode 4, until default than switching to another mode j # i, we have

ft] |

When the process X is an It6 diffusion, with infinitesimal generator A, and the switching cost processes

(2.14) Y, =F

oi '
/t Yi(s, Xs)ds + Fi(op, Xoi) i o1

(% are given by sufficiently smooth deterministic functions a;;(t, x), i.e. Eij = a;j(t, X¢), and provided
that the functions 1;(¢,z) are smooth, the g-ple of the value-processes (Y, Y2, ... ,Y9) associated to
our optimal switching problem can be characterized (see [DHP]) in terms of deterministic functions of
the underlying price process X in the sense that Y = v%(¢, X;), i = 1,2,...,q where the deterministic
functions v*(¢t,x), i = 1,2,...,q are viscosity solutions of the following system of ¢ partial differential

equations with inter-connected obstacles:
min {gbi(t, x) — <m§x(—aij(t) + ¢;(t,x)) V Fi(t, w)) ,—Opi(t, ) — Agi(t, ) — (¢, m)} =0,
JFT
with
oi(T,z) =0, 1€{1,...,q}.

In particular, the sets {(w,t); &i > ot} on which Y satisfy (2.13) correspond to the complement of

the sets

Ai ={(@.1); vit,2) = max(v;(t,2) — aij(t, 7))}
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Correspondingly, on A, v; solve the following variational inequality with fixed obstacle:
min{v;(t,z) — Fi(t,z), —0w;(t,z) — Av;(t,z) — ¥i(t,z)} =0, vi(T,z) = 0.

In fact, using similar assumptions as Assumption [H] on the involved coefficients, the results in [DHP],

corresponding only to the default-free model i.e. when F;(t,z) = —oo, insure only existence of ¢ determin-
istic continuous functions v!(t,z),...,v(t, z), with polynomial growth, such that for any i € {1,...,q},
Y} = v%(t, X;) and for which the vector (v!,... v%) is a viscosity solution of the following system of ¢

variational inequalities with inter-connected obstacles.
min {¢i(tv .%') - r?ig((_aij(t) + (bj(t? l’)), _at¢i(t7 iL') - A¢i(t7 iL‘) - wi(tv x)} =0,

with

o:i(T,x) =0, ie€{l,...,q}.

3. REGULARITY OF THE SOLUTION OF SYSTEM OF VARIATIONAL INEQUALITIES

3.1. Notation and Definitions. We start this section by giving some necessary notations and defini-
tions from the standard parabolic PDE theory.
Let X = (t,z) = (t,x1,...,2n) € R x R” and r > 0. We define the lower cylinder with the center X

and radius r as
Qy (X) = (t —17,t] x By(x),

where B,(xz) = {y € R": ||y — z||grn < r} is the open ball in R™ with center x and radius r.
For X = (t,z),Y = (1,y) € R x R"” we define the parabolic distance between X and Y to be

d(X,Y) = /lle — gl + It — 7l

Let Q C R x R™ be an open subset and 0 < o < 1. As usual, we denote by C(Q) = C%(Q) the set of

continuous functions f on € with finite
1 fllci) = sup [f(X)]
XeN

sup-norm. The parabolic Holder space C%%(Q) is defined as the subset of C(£) consisting of functions f

such that the norm

) Y0 -5
1 llcoe ) = 1fllew) +X,Y23§¢#Y (d(X,Y))"

is finite. Next, the parabolic space C*¥(Q) for positive integer k is defined as the space of continuous
functions f for which the derivatives DiDz f are continuous for all multi-indices ¢ and all nonnegative
integers j with |i| + 25 < k and for which the norm

Ifller@y == Y. |IDLDfllcw
il <k
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is finite. For positive integer k, 0 < o < 1 and f € C(Q) let

) 1
[flka(X) = lgkfiglg faHf - PkHC(Q:(x)mQ)’

where Pi(X) = Zlil +2i<k aijz't! are polynomials of parabolic order < k. Then the parabolic Holder

space C*(Q) is defined as the subspace of C*(Q) consisting of functions f such that the norm

[ flleray = [l fller@) + sup [flra(X)
XeQ

is finite.
For a,b € R we denote a™ = max(a,0) and a V b := max{a, b}.
Recall the operator A given by (2.10) and let H be the following operator

0

Now consider the following system of variational inequalities in (0,7") x R™:
min {Ul(tv l’) - (U2(t7 l’) —ai (tv 33‘)) vV Fy (t7 33); _Hvl(t7 ZL‘) - wl(ta .%')} =0,
(32) min {UQ(ta JJ) - (Ul(tv .’IJ) - a2<t7 .%')) \/F2<t7 x); _HUZ(t7 J}) - @/Jg(t, .ZL‘)} :07
vi(T,z) =ve(T,2) =0 in R™.
Definition 3.1.  Let vi,va € C([0,T] x R™) are real-valued functions with vi(T,z) = vo(T,z) = 0,
x € R™. The pair (vy,v2) is called a viscosity supersolution of the system (3.2) in [0,T] x R™ if for
any (to,z0) € [0,T] x R™ and any pair of functions 1, s € C2([0,T] x R™) satisfying
(1) gOi(to,.Io) = ’Ul'(to, 1}0) fO?" 1= 1, 2,
(ii) (to,xo) is a local mazimum point of @; — v; fori=1,2,
we have

( ) min {Ul(to,xo)—(vg(to,xo) —a1<t0,x0)) \/Fl(to,wo);—Hgol(to,wo) —wl(to,xo)}zo,
3.3

min {Uz(t(), xo) — (m (to, o) — az(to, 950)) V Fy(to, 0); —Hepa(to, xo) — a(to, 550)} >0.
Respectively, the pair (vi,v2) is called a viscosity subsolution of the system (3.2) in [0,T] x R™ if
for any (to, z0) € [0,T] x R™ and any pair of functions p1, 2 € C2([0,T] x R™) satisfying
(i) wilto, o) = vi(to, xo) fori=1,2,
(ii) (to,x0) s a local minimum point of @; — v; fori=1,2,

we have

( ) min{vl(to,xg)—(UQ(to,xo) —al(to,xo)) \/Fl(to,xo);—Hgol(to,xg) —¢1(t0,$0)}§0,
3.4

min {Uz(to, 0) — (v1(to, x0) — az(to, o)) V Fa(to, z0); —Hepa(to, mo) — 12(to, 900)} <0.
The pair (v1,v2) is called a viscosity solution of the system (3.2) in [0, T] x R™ if it is both a viscosity

subsolution and supersolution.
Refer tc

tence of
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3.2. Regularity of the solution. The following regularity result for parabolic obstacle problems has

been proved in [PS]

Theorem 3.2. Let u be the viscosity solution to the following obstacle problem in Q7 :

min {u — w,H(u)} =0

ou
where H(u) = o —i—}'(Dzu, Du,u,t,x) and F is a fully nonlinear uniformly elliptic operator with certain
homogeneity properties (see [S]). Then up to the C11, the function u is as reqular as v is. More precisely,

if v € CP(Qy) withk =0 ork=1and 0 <a <1, thenu€ C{Z:(Ql_)

This result allows us to analyze the question of the regularity of the viscosity solutions of (3.2).

For this, let us introduce the following notations:

A = {(t,x) cvi(t, @) = valt, ) — ar(t, x)},

Ay = {(t,x) oty ) = vi (L, 7)) — ag(t,x)}.

It is clear, that the sets A; and Ay are closed subsets of [0,7] x R™, and since a; > 0 for i = 1,2 we have
A1 NAy =0.
By the first equation of the system (3.2), on the open set A{ the function v; is the solution to the

following obstacle problem:
min {vl (t,x) — Fi(t,x); —Hvi(t, ) — wl(t,a:)} =0.

Let us assume that Fj,a; € CH1([0,T] x R®) for i = 1,2. It follows from Theorem 3.2 that v; €
CHL(A$N([0,T) x R™)). In the same way, vo € C1(ASN ([0, T) x R™)), and, in particular, v € CH1(A).
Since v1 = vg — a1 on Aj, then it follows that v; € C%1(A1). Also, va € CH1(Ay). So we have proved the

following

Theorem 3.3. Assume that F;,a; € C1([0,T] x R™) and a;(t,x) > 0 for all (t,z) € [0,T] x R® and
i=1,2. Let (v1,v2) be a viscosity solution of (3.2). Then v; € CHL([0,T) x R™\ 04;) NCY1([0,T] x R™),
i=1,2.

The following example shows that we can loose C''!-regularity on dA;.

Example : Let T =1, F1 = F, =0, a1 = as = 1, ¥1(t,x) = 22 — 2(1 — t), Y(t, z) = —2. It is easy to
check, that the pair (vy,vy) = <m2(1 —t), [z?2(1—t) — 1] +) is a solution to system (3.2) (in fact, it is the
unique solution to (3.2), as it follows from the next paragraphs). But the function vy is only C%! along

the boundary of vy = v — 1, that is, along {(t,z) : 2%(1 — t) = 1} (see Figures 1).
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T=1, b=0, 0=1.4142, F=0, White: v, solves PDE, Gray: v, = Fi

_ — —2_ _ —_— =
a,=1,a,=1, Y, =x 2(1-v), W,=-2 Black: v, = v, - a,

1
0.6
~ 0.4
>
0.2
1 0
-2 -1 (0] 1 2

FIGURE 1. vy = 2%(1 —t), vp = [2%(1 — t) — 1]*. Cll-regularity is lost on 9As

3.3. Partial uniqueness results. Here we prove uniqueness of the solution of the system (3.2) in
following three cases: when I} = F, = —o0, that is, in language of finance, in case of absence of default;
in the case when ¥ (¢, x) # ¥2(t, x) for every (¢t,z) € [0,T] x R, Fi1 = F» and a1, az = const; and in the
case when ¢ = 1o, F1 = F5 and a1, as = const.

The uniqueness of the solution of the system (3.2) in the general case still remains open.

Case 1: F; = F5 = —o0.

In this case, the system (3.2) takes the following form:
min {01 (t,2)— (va(t, 2) — a1 (t,2)); ~Hor (t,2) — 1 (t,) b =0,
(3.5) min {UQ(t, z)—(vi(t,z) — ag(t, x)); —Huva(t, ) — Pa(t, iU)} =0,
vi(T,z) =ve(T,2) =0 in R™

It is easy to show that, after letting v := 11 — 19, the function v := v; — v9 is a viscosity solution of

the following double obstacle variational inequality (see [HJ]):

min {v(t, ) + a1 (t, z); max {v(t, ) — az(t, z), —Ho(t,z) — ¥(t, x)}}:(),
(3.6)
v(T,z) =0 in R

In a standard way one can show that the solution to (3.6) is a solution to the following problem:

(3.7) vekK: alt;v,u—v)> W,v—u), Yuek
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where
1 n n 5
a(u,v) := /2 Z&ijuivjdm + / (ut + Z biui> vdx
iJ i
is a coercive bilinear form, where  and b are such that M is given in divergence form by
1 n n _
Hu =i+ 5 Y DilGy(t,2)Dyu) + 3 bt ) Diu,
i,7=1 =1
and
K := {u e W2([0,T] x R") : a1(t,z) < u(t,z) < as(t,z)}.
So the uniqueness of the solution of (3.6) is a consequence of well-known results (see [F],[BL]).
As soon as we get the unique solution v to the problem (3.6), the system (3.5) can be rewritten in the

following form:

min {v(t,a;) + a1 (t, z); —Hui(t, z) — Y1 (t, x)} =0,
(3.8) min{ —v(t,r) + az(t, x); —Hva(t, v) — ¢2(t7$)} =0,

vi(T,z) =v2(T,x) =0 in R™
In the region v(t, z)+aq(t, ) > 0, the function vy is the solution to —Hwy (t,x)—1(t,2) = 0, v1(T,z) = 0,
so on this region the function vy is determined in a unique way . In the same way, in the region
—vu(t,z) + ag(t,x) > 0, the function vy can be determined in a unique way. And for the uniqueness of

the solution it is enough to ensure that these two regions are disjoint and use the fact that v = v; — vs.

Case 2: 9 (t,z) # Ya(t,x), ¥(t,z) € [0,T] x R", F} = F» and ay, az = const.

Since the functions 11,19 are continuous, then it follows that ;(¢,x) > 9(t,x), for all (¢,z) €
[0,T] x R™ or ¢1(t,z) < 12(t,x), for all (¢,x) € [0,T] x R™.

Let us assume, that ¢ (¢, z) > (t, x), for all (¢,z) € [0,7] x R™. Then it follows, that the set A; :=
{(t,2) : vi(t,x) = va(t, ) — a1} has no interior points. Indeed, let (to,zo) € intA;. From (3.2) we have
v1(to, xo) = va(to, xo) — a1 > Fi(to, xo) and —Hwi(to, xo) > 1 (to, o). Since va(to, zo) = a1 +vi(to, o) >
a1 + Fi(to, xo), it follows from the second line of the system (3.2) that —Huwa(to, x0) = 12(to, zo). But
from (tg, o) € intA; we get —Huvi(to,x0) = —Hua(to, o) = Pa(to, zo) > ¥1(to, xo), which contradicts
our assumption.

It follows, that in this case the function vy is the solution to
min {vl(t, x) — Fi(t,x); —Huvi(t, ) — ¥1(t, 33)} =0,

vi(T,z) =0 in R",
so it is unique. As soon as we have the values of the function v1, the function vs can be found by solving
an obstacle problem with fixed obstacle (1)1 (t,z) — ag) V Fy(t,x), so it is also can be found by a unique

way.
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Case 3: 91 =9, I} = Fy and a1, as = const.

Let (v1,v2) and (u1,u2) be solutions of the system (3.2). If (v1,v2) # (u1,u2), then, without loss of
generality, we can assume, that the set {(¢,z) : v1(t,z) > ui(¢,x)} is not empty. Let € be a connected
component of the open set {(¢,x) : v1(¢,z) > ui(t,z)}. It is clear, that on 9Q we have vy (¢, x) = uq (¢, x).
Next, in Q, v1(t,z) > ui(t,z) > Fi(t,x), so by the first line of the (3.2), either vy (t,z) = va(t, ) — a1
or —Huvi(t,x) — P1(t,z) = 0. Let Q; C Q be the set where vy(t,z) = va(t,z) — a;. In Q; we have
va(t,x) = vi(t,x) + a1 > Fy(t,z), so by the second line of the system (3.2), —Huvq(t,2) = (¢, x) in
4, hence, —Hvi(t,z) = —Huva(t,x) = Ya(t,x) = P1(t,z) in Q1. As a consequence we obtain that
—Huvi(t,x) = ¢1(t, ) in the whole Q.

On the other hand, —Hu1 (¢, z) —1(¢, 2) > 0 for all (¢, z), and particularly, in €2, so we get Hvy(t, z) >
Huy (t,x) in Q and v1(t, z) = u;i (¢, ) on 0. Applying the maximum principle, we get u; (¢, x) > vi(t, z)

in €, which is a contradiction.

4. SOME ISSUES CONCERNING MULTIPLE SWITCHING PROBLEM

In [DHP] the authors consider the following system of variational inequalities

min {vi(t, x) — max{v;(t,x) — as(t,x) }; —Huvi(t, ) — Pi(t, 5”)} =0,
(4.1) i

vi(T,z)=0 InR™ i=1,...m
where H is the operator defied in (3.1), the functions v, a;; are continuous and a;;(t, z) > ag = const > 0
for all 4,7 = 1,...,m, @ # j and for all (t,z) € [0,7] x R™. They prove, under some assumptions, the
existence of viscosity solution of this system.

Here we consider a slightly more general system of variational inequalities:

min {vi(t, x) — max{v;(t,z) — a;;(t,z)} V Fi(t,x); —Hv;(t, x) — (¢, a:)} =0,
(4.2) da
vi(Tyz)=0 InR", i=1,...,m
with Fj, a;; € CH([0,T) x R™).
We can define the notion of viscosity solution for this problem in the same way as in the 2-dimensional
case. In this section we give several remarks on the nature of this solutions.

Denote

A = {(t, x) €0,T] x R" : v;(t,z) = ?if{vj(t,x) - aij(t,a:)}}.

m m
First of all, it is easy to see, that ﬂ A; = 0. Indeed, assume that (to,zq) € ﬂ A;. Let jo be such that
i=1 i=1

vjo (to, z0) = j:nilff?(mvj(to,q:o). Then vj,(to, z0) > vj(to, o) for all j = 1,...,m. But since (to,z9) € Aj,,

we have
vjy (to, z0) = max{w;(to, zo) — ajo;(to, z0)}-
J#jo
which means that for some ji, vj,(to, zo) = vj, (0, o) — ajyj, (to, zo) < vj, (to, o).

Next, we show by an example that the sets A;, ¢ = 1,...,m are not necessarily pairwise disjoint.
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T=3, b=0, 0=1.4142, a12=1, a13=1, a21=1, a23=1, a31=2, a32=1, F=-1, LU1=1, \u1=0, ‘U3=0
T T

[

3K 1

A

%

==Y

25

151 ~

05 o ~

FIGURE 2. wv; (solid) , vy (dashed), vs (dash-dot)

Example: Let n =1, T =3, m =3, a12 = a1 = ags =asx =a31 =1, a13 =2, H = %—l—%,
Vi(t,z) =1, Po(t,x) = Y3(t,x) =0 and F} = Fy = F3 = —1.

Then, it is easy to see that the triple (vi,v2,v3) is a solution for the system (4.2), where
vi(t,x) =vi(t) =3 —t, wva(t,z) =v(t)=(2-1)",

v3(t,z) = v3(t) = (1 — )"

for all (t,7) € [0,3] x R! (see Fig. 2).
In this case, A7 = 0, A2 = [0,2] x R! and A3 = [0,1] x R}, so Ay N Az # 0.

The next issue is addressed to the regularity of solutions of the system (4.2). As in the case of (3.2),
in the complement of the set A;, the functions v; is C1', because it is a solution to the following obstacle

problem:
min {ui(t, ) = Fi(t,); ~Hu(t, 2) — i(t,2) } =0,
vi(T,z) =0 in R™

The set A; can be represented in the form A4; = |J it A;j, where
Ay = {(t,x) € A vi(t,x) =v;(t,x) — aij(t,x)},

Then there exists a finite family of disjoint sets { Dy}, Dy C A;, such that every intersection A;; N Ay
can be represented as a union of some subfamily of {D;}. Let us show, that the function v; is C! in
the interior of every set Dy.

Assume Dy, C A;j. Then v; = vj —ai; in D If DN A; = (), then the function vj is C%Yin Dy, and
so is v;. In the case of D, N A; # (), there exists k such that Dj C Ajs. It follows that v; = vs — ajs
in Dy, so v; = vs — a;j — ajs in Dy. If Dy N Ag = (), then the function v, is CYH! in Dy, and so is v;.

In the case of Dy N As # 0, there exists p such that D C Ay, and so on. At the end we’ll arrive to
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Vj = Ug — Qjj — Qjs — ... — ajg in Dy and DN Ay = 0, so the function v, is CY1!in Dy, and we can conclude
that v; is Cb! in Dy,.

As a conclusion, we get the following theorem for the regularity of viscosity solutions of (4.2):

Theorem 4.1. Let F,a;; € CH([0,T] x R™) for all i,j = 1,....,m (i # j) and the operator H given by
(3.1). If (v1, v2, ..., Um) is a viscosity solution of the system (4.2), then

v; € OO ([O,T] x R”) nobt (([O,T] x R™)\ (u#iaAij)), i=1,..,m.

Remark 4.2. Here we want to emphasize that by C%' and C%! we denote the parabolic Hilder spaces
defined in the section 3.1. So, in particular, the last result states that in [0,T] x R™ the function v;(t, z)
is Lipschitz continuous in time variable t as well as in spatial variable x, and in the set ([0, 7] x R™) \
(Uj£i0A;;) the function vi(t,x) has Lipschitz continuous partial derivatives in x variable (but it can fail
to have partial derivative in t at some points).

This kind of situation naturally arises in parabolic obstacle problems, where even for infinite differen-
tiable obstacles the solution can have Lipschitz continuous partial derivatives in spatial variable and can

be only Lipschitz continuous in time variable.

5. NUMERICAL RESULTS

In this section we describe a numerical solution of the optimal switching problem (3.2). The same
algorithm applies to the multiple switching problem (4.2).

We solve the system (3.2) iteratively and in each step we treat the two variational inequalities sep-
arately. This is done by assuming that v is fixed in the first variational inequality and v is fixed in
the second. Hence vy is treated as the solution to the classical obstacle problem with the fixed obstacle
(va(t,z) — a1(t,x)) V Fi(t,z) and vice verse for vo. We initiate the procedure with v; = vy = 0, which

agrees with the terminal condition vy (T, z) = v2(T, ) = 0. The iterations are continued until the norm of
k+1

the difference of the solutions between two iteration steps, ||v; vf||, is smaller than some prespecified
tolerance. For our application we chose the L°°-norm.

We use finite differences to solve the variational inequalities. The derivatives in the PDEs are approx-
imated by the Crank-Nicolson finite difference scheme. Denoting the time index m and space index n

this scheme gives the following approximations

0 1

2~ E(U?H — o) + O(At?)
82 1 m+1 m—+1 m+1 m m m 2
@U ~ 2Ax2 (Un—l—l - 2Un + Up—1 + Up41 — 2vn + Un—l) + O(Al‘ )

A naive approach to solving the variational inequality would be, for each time step, to solve the PDE
with this scheme and apply the obstacle condition to the solution of the PDE. We note however that the

Crank-Nicolson scheme gives us an expression for v"**! which depends on v?_ﬁl and vzqfll. Thus there is
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no guarantee that the result will satisfy the PDE part of the variational inequality if we follow the naive
approach.

Instead we apply the iterative method of projected successive over relaxation (SOR). Introduce the over

+1_

relaxation parameter w € (1,2). Suppose the Crank-Nicolson scheme applied to the PDE gives us v))"

(v v:{fll, oo ol ). Inthe k'th step of the iterative process we set y = @(vgfll’k, v?ﬁl’k_l, v;”;kl, TueLs v,
We set
m+1,k __ m—+1,k—1 m—+1,k—1 m
Un - max(vn + W(y — Uy )? Fn )7

where F' = v; — a; V F; is the obstacle (recall that F' is known since we have fixed the involved function

v*~1 is smaller than some prespecified tolerance.

v;). This procedure is iterated until the norm of v* —
Convergence is guaranteed for w € (1,2) (see WDH]). The algorithm counts the number of iterations
required to obtain the tolerance condition and value of w is adjusted in order to minimize the number of

iterations at each time step.

5.1. Transformation to the Heat operator. In order to reduce the number of calculation and get
faster convergence the PDE given by the operator (3.1) is transformed to the heat equation. This
is straight forward if the coefficients o and b are constants. We introduce the new variable (7,z) =

(30*(T —t),z) and set

. b 3 02
(51) Ui(Ta'r) = exp <_U2x_MT> Uz'(T,.Z'—?T).

The system (3.2) becomes
min {171(7', 2)— (Ba(7,7) — a1 (7, 2)) VFy (7, 2); —Hin (7, ) — (7, x)} —0,
(5.2) min {527, @) (317, @) — a7, @)V Fo (7, 2); = Hba (7, @) — tha(7, 2) } =0,
51(0,x) = 92(0,2) =0 in R™.

where H = —% + %88—;2 and all involved functions are transformed as in (5.1).
Applying the Crank-Nicolson scheme to the heat equation and setting o = At/Axz? gives us the
following expression

«

1
ot = ((1 — )yt + 5

1 1 1
= (Ut + o oty o)) + At
5.2. Boundary values. For numerical treatment of the problem we can only calculate the solution on
a bounded domain. This introduces a problem since the numerical methods require the solution to be
known on the boundaries of the domain. We only know the values of #; at initial time ¢t = 0, but we
have no information on the values at g and x 41, where z, £k =0,..., N + 1 is our spacial mesh. We

overcome this by linear interpolation at the boundaries. Hence we set v;(t,zo) = 2v;(t, x1) — v;(t, x2) and

vi(t,zn 1) = 2vi(t, 2N ) — vi(t, zN-1).
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5.3. The algorithm. We summarize the above discussion by presenting the following pseudo-code for

solving the optimal switching problem

vl = zeros;

v2 = zeros;
while max( ||v1i-v101d||, ||v2-v201ld|| ) > tolerance
v101ld = vi;
Gl = max(v2 - al, F1);
vl = SOR_CrankNicolson(vl, G, ...);
v201d = v2;
G2 = max(vl - a2, F2);
v2 = SOR_CrankNicolson(v2, G, ...);
end
v SOR_CrankNicolson(v, G, ...)
{
alpha = dt/dx"2;
loops = 0;

for m=[1:M+1]

v(:,m) = v(:,m-1);

while err > tolerance

err = 0;

for n=[1:N+1]
y = 1/(1+alpha) * ( (1-alpha) * v(n,m-1)
+ alpha/2x(v(n+l,m) + v(n-1,m) + v(n+l,m-1) + v(n-1,m-1))

+ dt * psi(n,m) );

y = max( v(n,m) + omega*(y - v(n,m)), G(n,m) );

err = err + (y - v(n,m))*(y - v(n,m));

v(n,m) = y;
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end

v(l,m) = 2xv(2,m) - v(3,m);
- v(N-1,m);

v(N+1,m) = 2%xv(N,m)
loops++;
end
end;
if loops >= loopsOld
domega = -domega;
end

omega = min(max(omega + domega,l),2);

loops0ld = loops;

return v;
}
T=4,b=0, 0=1.4142, a =1, a,=0.5, F=-1/4, , =1+0.75t, Y, =-2+1t

T ; ; ; T —

08 )/ \\\ |

0.6F ,' \\‘ i

15 - 2 2.& 4
t
FIGURE 3. Smooth fit occurs on d{v; = F;} but not on d{v; = v; — a;;}.
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[WDH]

T=4, b=2, 0=1.4142, F=x/10—-1, White: v, solves PDE, Gray:v, = F,
a1=1, az=0.5, L|J1=1+O_75t, L|J2=—2+1t Black: v; = Vi~ oy
10

j,

o]

FIGURE 4. Same as Fig. 3 including dependence on the spacial variable.

_ _ _ (N2
T=18.8496, b=0.2, o=1, F=—(x—5)7/10, White: v; solves PDE, Gray:v; = F;
a,=0.1, a,=0.2, Y, =sin 3t, Y,=sin 2t Black: v, = v, — a,
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FIGURE 5. Periodic zeroth order term in the PDEs.
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T=1, b=0, 0=1.4142, F=—(x—5)%/10, W}, =—x(x—10)/20,

W,=0, W, =x(x—10)/20,a12=0.5,a13=0.5,a21=0.5,

a23=0.5,a31=1,a32=0.5 Black: v; = v; — a;
10

White: ] solves PDE, Gray: v, = Fi

1.4 —

1.2 -

FIGURE 6. Three switching problem.
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