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Abstract

Consider the minimum problems of obstacle type
min{/ |Duf?dz : u > 1. on P, u =0 on 89},
Q

as € — 0. Here 9. is a periodic function of period €, constructed from
an appropriately rescaled fixed function and P CC 2 C R” is a subset
of the hyper-plane {x € R" : x-n = 0}. We assume n > 3 and that the
normal 7 satisfies a generic condition that guarantees certain ergodic
properties of the quantity

4 {k €Z": PN {x: |z —ck| < s"/<”*1>}} .
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Under these hypotheses we compute explicitly the limit functional of
the obstacle problem above, which is of the type

H&(Q)aua/ |Du\2da;+/ G(u)do.
Q P

1 Preliminaries and Main Result

1.1 Introduction of the Problem

We consider an obstacle problem in a domain 2 C R"™ for n > 3. The
obstacle is the restriction to a hyper-plane of a rescaled, periodically extended
function. The given data in the problem is

1. A domain 2 in R™, n > 3, i.e. a bounded, open, connected subset of
R".
2. A continuous function ¢ with compact support in By, = {x € R" :

lz| < 1/2}.

3. A hyper-plane II = {# € R* : -9 = 0} with unit normal n =
(M1, ...,mn) such that e, & Il <= n, # 0.

Note that for any £ C R", P := E' N1l can be represented as

P={( ar): 2" € H}, (1)
where @’ = (z1,...,2,-1), x = (2, x,),
H = projgn P
and
a=(ag,...,0n 1), ;= —
Tin

Let Q. = (—¢/2,¢/2), and for any k € Z", let QF = Q. + k. Similarly, B

denotes the ball of radius r. and center ¢k, i.e. st = B,. + k. From ¢ we
construct the oscillating function ., given by

Ylal(z —ek)), ifz € QNI

() = { (az( ) @)

—00, otherwise,

where
a. = gn/(n=1), (3)



Remark 1. From the definition of 1. it can be seen that V.(x) > —oo if and
only if

z € {a{y : Y(y) > —oo} + ek} NIL, for some k € Z".

For this reason it needs to be determined how often Il intersects a neigbour-
hood of size comparable to a. of the lattice points {ek}rezn. This is possible
m n > 3 dimensions, using the theory of uniform distribution of sequences.
In general, this is possible when a. is not "too small”. When n = 2 we would
have to choose a much smaller a., due to the logarithmic nature of the fun-
damental solution of the laplacian. For this reason we cannot include the two
dimensional case.

For any Borel subset B of Q and u € H} (1), set

0, ifu>1. q.e on B,
oo, otherwise,

Fou.8) = { ()

where q.e. is short for quasi everywhere, i.e. everywhere except for a set of
zero capacity. Note that B — Fy_(u, B) only depends on B NII. Our main
goal is to determine the asymptotic behaviour, as ¢ — 0, of minimizers of
the functional

J(u) = /Q \Duldz + Fy, (u, B). (5)

1.2 The Notion of I'-convergence

Definition 1 (I'-convergence). A sequence of functionals J. on a topological
space V' is said to I'-converge to the functional Jy if the following hold for all
veV:

(i) whenever v. — v in 'V,

Jo(v) < liminf J.(v.),

e—0

(i1) there exists a sequence {v.}. such that v. — v in V and

Jo(v) > limsup J.(ve).

e—0

The functional Jy is called the T'-limit of J..



Remark 2. It follows easily from this definition that if J. I'-converges to Jy,
if ve € V solves infy J.(v) = J.(v.) and if v. — vy in V, then Jo(vy) =
infy Jo(v). Indeed, Jo(voy) < liminf. o Jo(ve) by (i), and for any other
v € V, there exists according to (ii) a sequence {v.}. converging to v in
V' such that Jy(v) > limsup,_q Jo(0:). Since J.(v.) < J.(v:), Jo(vo) <
liminf. o J.(v.) < limsup,_,, J.(0:) < Jo(v), which proves the claim.

Next we quote a theorem of De Giorgi, Dal Maso and Longo from [4]. It is
a compactness result for quadratic functionals of obstacle type and states that
there is a representation theorem for the I'-limits of these functionals. The
compactness part of the theorem is valid for obstacle functionals for which
there exists a sequence u. € Hg(2) such that both J.(u.) and ||u.|| g1 (o) are
bounded. This will be true if we assume that the set B in (4) is compactly
contained in 2. For the formulation below we refer to Attouch and Picard

[1].
Theorem 1 ([4]). There is a rich family R of Borel subsets of 2 such that
for every B € R satisfying B CC (), the sequence of functionals
L) = [ |Dufds + Fy, (0,5) (6)
Q

has a subsequence that I'-converges to

Jo(u):/Q|Du|2d:v—|—/8f(x,u)du+l/(8), (7)

where i and v are positive Radon measures, p € H Y(Q) and f(x,u) is
convex and monotone non-increasing with respect to u.

Remark 3. [t may be assumed that v =0, c.f. [1], Theorem 4.1. We refer
to [1] for the definition of a rich family of Borel sets. However, we would
like to point out that a rich family R of the Borel sets of €1 is dense in the
Borel sets, in the sense that for any Borel sets A, B such that A C intB,
there exists E € R such that A C intE C E C intB.

1.3 Main Theorem

Next we define the functional that is the I'-limit of J. in (5). For any A € R,

let
w)\(x) :{ ¢($)7 S {P+/\77}7 (8)

—00, otherwise,



and set

gt) = min{ |Dv|?dz : v —t € DY*(R"), v > ¢ q.e. on R”} . (9)

R"

where t is any real number and

* 1
Dl,Q(]R”) — {U € L2 (]Rn) - Dy € L2(Rn)}7 § _

N | —
S|

Theorem 2. Let [l = {x € R" : x-n = 0}. Then the following holds for a.e.
n € S"L: There is a rich family R of Borel subsets of 2 such that for every
B € R satisfying B CC €1, the sequence of functionals

Je(u,B) = / |Du|*dx + Fy_(u, B)
o)

['-converges in the weak topology of H} () to

Jo(u, B) :/Q|Du|2dx+/m8 (/gk(u(@)dx) do(z). (10)

In particular, the sequence of minimizers u. of J. converges weakly in H3(Q)
to the minimizer u of Jy.

On the right hand side of (10), o denotes surface measure on II.

1.4 Related Results

In the paper [6] a problem similar to the present one was solved. In [6] the
obstacle is given by

wXHE Y

where v is a fixed function and II. is the intersection between a hyper-plane

IT and the set
| {acT + ek},

kezn

where T is a fixed subset of the unit ball. Thus in both problems the obstacle
is defined on the intersection between the hyper-plane II and a neighborhood
of size a. of the lattice points {ek}rezn. It is a crucial part of the problem
to estimate the number of lattice points at a given distance from a subset of
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I1. For the necessary results in this direction, which come from the theory of
uniform distribution, we refer to [6].

However, a main difference between the present problem and that of [6]
is that the obstacle in (2) varies on a much smaller scale, of size a.. For this
reason the techniques used in [6] (essentially those developed in [2]) are not
fit to deal with this problem. Instead we use the methods of [3], which are
more adapted to the situation at hand.

2 Proofs

We start by establishing some continuity properties of a certain approxi-
mation of the function ¢* in (9), that appears naturally in the proof of
Theorem 2.

Lemma 1. Let
gp(t) = min {/ |Dv|*dx :v —t € H}(Bg), v > ge. on BR} . (11)
Br

Assume Y| < A and that 1 has modulus of continuity p (|P(z) — ¥(y)| <
p(lx —y|)). Thenlimp_o gn(t) = g*(t) and for any 2 < Ry < Ry < 0o and
any A € R,

|97, (1) — g, ()] < C(A = )3 (RG™" — RI™), (12)

and
957 () = ga()] < CL(A =2 ((R = 6)*™" = B*™") + Cop(8),  (13)
where C, Cy, Cy depend only on n.

Proof. We may assume t < A, for otherwise gp(t) = 0. Let K* and K% be
the set of constraints appearing in the definition of ¢g* and g3 respectively.
That is,

K* = {"U —t e D"3(R"), v > ¢ q.e. on R”}
and

Kp ={v—te€ H)(Bg), v>1v" qe. on Bg}.
Since Kp, C K3 C K*for Ry < Ry, we immediately obtain ¢*(t) < g (t) <
9, (t). The claim limp o g3(t) = g*(t) follows from the fact that C°(R")
is dense in DM?(R").



Fix a smooth cut-off function { with compact support in By such that
(=1on By. Then (A—t)( +t€ Ky for any R > 2, A\ € R and any ¢t < A.
Thus

gr(t) < (A=1)* [ |D¢f*de < C(A-1)%. (14)

By
Let v € K*satisfy [y, [Dv[’dz = g*(t), and let vg € Ky satisfy [, |Dvg|*de =
gn(t). To estimate v — vgp we construct a barrier h that is the solution to
Ah=0inR*"\ B;, h—t € D"?(R") and h = Aon B;. mnR"\ By, h —v
is harmonic, on By, h —v > 0 and h — v — 0 at infinity. It follows from
the maximum principle that v < h in R™. The function h is spherically
symmetric and has the explicit expression

h(r) = (A —t)r* " +t,
for r > 1, where r = |z|. It follows that
v(r) < (A—t)R* "+t on R"\ Bg.
Thus
bp = max (t,v — (1 = )(A—t)R*™)

belongs to K. Hence

gj\%(t)g/ |DﬁR|2dx
Br

D(¢Dvdx + ((A — t)RQ‘")Q/ |D¢|*dx

Br

< / |Dv|*dx + 2(A —t)R*™
Br

Br

< gMt) +2(A = ) R*"|DC| 12 () V9N 1) + (A~ t)RQ_")Q/ | D¢[*da.

Br

Hence we obtain, using (14),
9*(t) — gr(t)] < C(A = t)*R*™™. (15)
If 2 < Ry < Ry, we find in a similar way that

Tan _ R%—n

(N S th = (A — t)W
1

4+t on BR1 \Bl,

and that
. Rf")

’lA)R = max t>vR1 - (1 - C)(A_t) —n
0 ( 1 - R}
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belongs to K 1’\30. From this we obtain the estimate
|97, (t) = g, (D] < C(A = t)*(RG™" — Ry™"). (16)

Next we prove the continuity w.r.t. A. For any v > 0 there exists a 6 > 0
(6 = p~Y(~)) such that

WM+ 0n) —y < M (x) < N+ n) + 7.

Let 2n_ pan
for r = |z| > 1, hg = 1 on By. Let vy_; € Kp_g satisfy fBRﬂ; |Dvy, s|?dx =
9%_s- Then wgr(x) = vy _s(x + 01) + yhgr(z) belongs to K. Hence,

hr =

() < / Dwpl?dz

Br

= / |Dvyy_s(z 4 6n) Pdx + +? / |Dhg|*dx + 2 DhrDvy,_sdx
Bgr

Bgr Bg

< GMB) + C(A— (R — 6)" — R*™)
L / Dhaldz + 291DV 5|25 | Dhill 2 5
Br

It is easy to check that [, |Dhg|*dz is bounded uniformly in R. In fact,

as R — oo, [ |Dhg|?dz — cap(Bi), the capacity of the unit ball. By

interchanging the roles of gx™(t) and g}(t) we obtain a lower bound on

gxt2(t) — gh(t). Thus for any v > 0, we have (assuming y < 1)

957 (1) — gn(t)] < CL(A = t)*((R—6)" — R*™") + Cyy. (17)
O]
We now turn to the

proof of Theorem 2. Let w¥ be the solution to
min {/ |Dw|?dz : w > 1. q.e. on QF, w =t on QF\ Bf/z} . (18)
Qk

The following definition will be important in the sequel. In order to simplify
notation we set P =11NB.



Definition 2. Let A\¥ be the unique real number such that
QFNP=Q.n{P+ N} (mode), ifQ*NP#0.
If Q¥ NP =0 we set \F = oo.
Let y = x — ek. Then
y+ek e Q" NP = yecQ.N{P+ \n}.

/ | Dwk|?dx
(Qk

£

= min {/ |Dw|dz - w > @/J;\Ig q.e. on Q., w=1ton Q. \ BE/Q} ,

Thus

where ngg is 1. with P + A5 in place of P. Clearly, w* = t if wé‘ls <t In

£

particular, w® =t if Q* N (2N P) = 0. Let z = aZ'y. Then, noting that
a.z=y€Q.-N{P+ N} =z € Qeja. N{P + (A% /a)n},

/ | Dw*|*dz = min {a’g2/ |Dw|?dz : w > /% q.e. on Q< /a. ;
Qf Q

e/ag
and w =t on Q. \ Bg/gag}.

Let R. = £/2a.. The choice of a. implies that lim. ,o R. = co. Since w — ¢
has its support in Bg, and @DA?/“E = —oo outside By C Bp., we have

min {ag_Q/ |Dw|* dz - w > w’\’;/“f q.e. on Qc/q.
Q

e/ae

and w =1t on Qc/q, \BE/%E} =

= min {a?_Q/ |Dw|?dz : w > /% qe. on By,
Br.

and w—t € H&(BRE)}

n— A? Ae
= al 29" ().



It is clear that ¢*¢/% = —oco for small enough & > 0 if a. = o()\.). Choose
Ao < Ap such that By N{P + An} = 0 if X & [Ao,\1]. Let § > 0 be a
small number such that A\ = A\g + M for some positive integer M, and let
Aj = Ao +g0. Now set A\.; = a.\; and let

L ={Q:N{P+M} A, <A< A1},
¥, = {L;+¢ck}, keZ

Let A.; be the number of k € Z" for which P and I, has non-empty
intersection. This is precisely the number of k = (k', k,,) such that ¢k, and
aek’ belong to the same cube Q% and A\* € I_ ;, where we use the notation
in (1). Let

P.={kecZ":QFnP#0}.

Thus if
K., ={keP.:\el,}
then
A ;= #K. ;.
It was proven in [6], Lemma 5.2.2, that for a.e. n € S"71,
A= |P]5;f +o(ae™). (19)

To make the statement more precise we introduce
N. = #{k' € Z" ' N projga—1e ' P}.

Then, since the intersection between P and [ f ; 1s completely determined by
the value of ek’ at a point (ek’, ack’) € P, we have

A j=#{K € Z" Nprojg.1e P ak!/Z € [pj,p; + da. /()] /Z}
where p; is chosen such that
PN ]f,j # 0 iff ok’ /Z € [pj,pj + 0ac/(nne)]/ L.

Note that the distance da. in 7 (normal) direction between two planes, cor-

responds to the distance da./n, in e, direction between these planes. Using

tools from the theory of uniform distribution mod 1, it can be shown that
Aa,j 5a5

N, en,

= o0(e®), for any s € (0,1).
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This implies (19) since a./e > /€ for n > 3. Define w. by w. = wF on QF.
Since w? =t on dB%, w. € H'(Q) and, noting that w* =t if k¥ ¢ K. ; for
some 7,

/Q|Dw5|2dx:ZM: > /\Dwf|2dx (20)

j=0 keK.
M . M
n— As Jae Aj n— A
-3 3 @ (gR/ (t)—gR]E(t)) +3a A gy (). (21)
§=0 keK. §=0

Since |A¥/a. — \j| < 6 when k € K. ;, we have for such k that
k e J —-n -n .
037°(1) — 6. ()] < CL (A — 02 (B = 077" — BZ) 4 Cap(5) = Bz ),
by (13) in Lemma 1. Hence the first term in (21) is bounded by

a

E(e,0) < C|P| E(e,9), (22)

n—1
€
n

3

M M
D A jalE(e,8) < C Y |PIS
j=0 j=0

where we used (19), the fact that a”~'/e" = 1 by the choice of a. in (3) and
that M = 1/§. The right hand side of (22) clearly tends to zero as €, — 0

in any order. The term a” ?A. gj‘{s (t) converges to |P|dghi(t) as ¢ — 0.
Hence,

[1Dwfac =3 3" [ IDukds = 06 + Y- Asa (0

7=0 kEKs,j
M
— Y 8|Plgh (),
§=0
as € — 0. Letting 6 — 0, we obtain

A1
/\Dw6\2dx:Z/\Dwf]2dx—> |P|/ (). (23)
Q PRAY Ao

The next step is to show that w. — ¢ in H'(Q2). Since we —t € Ho(BE,),
Poincare’s inequality implies that

/ jwF —t]2dx < &T/ | Dwk|?dz.
B Bl
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Indeed, the Poincare constant of a ball of radius R does not exceed R. Thus

w, — t]*dx = / wh — t2da 24

JACR D[, et (24

< 52/ |DwkPdx = 82/ |Dw,|? dz. (25)
k B§/2 Q

By (23) {w.}. is bounded in Hj(£2) and hence has a weakly convergent subse-
quence. From (24)-(25) it follows that every weakly convergent subsequence
must converge to t, thus the entire sequence {w.}. converges weakly to ¢.

By Theorem 1, J.(u) = [, |Dul*dx + F¢, (u, B) has a subsequence that
['-converges to a functlonal of the type Jo(u fQ | Dul?dz + fB x,u)dp.
We will prove that for each t € R,

/B F )dp = o (11N B) / BN (26)

Let us show that the theorem follows from (26). Due to (26) and the fact
that the family of sets R 5 B is dense in the Borel subsets of Q, f(x,t)du is
a measure on I, absolutely continuous w.r.t. o. Hence f(x,t)du = h(z,t)do
for some h(x,t) € L}, (I1,0). But

xr g =0 A
/mh( )d (HmB)/g (t)d\

for all t € R and all B € R implies that h is independent of x, thus h(zx,t) =

h(t) = [ ¢ (t)dx

We now prove (26). Choose v € C2°(2) such that v = ¢ on a neighourhood

of B. Let @), it 3
we(x), if x e b,
ve(w) = { v(z), ifzeQ\B. (27)

Then clearly v. — v in H'(€). According to Definition 1 (i),

/]DUIQd:C+/f(u,x)du:/Q\B]DUIQdQJ—i-/f(t,x)du

< hmmf/ |Dvg|2d$—/ | Do d:v+0(BﬂH)/ At)dA.
O\B
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It remains to prove that
/ Fa )dp > o(BA TG E)dA (28)
B

Let z. be a sequence given by Definition 1 (ii), i.e. z. — v and limsup, J.(z.) <
Jo(v). By (i) in the same definition, we have lim._,o J.(z.) = Jo(v). Since v
is bounded we may assume z. is bounded. To see this we assume [v| < C
and claim that

Z. = min(z, 2C") — min(z_,2C) — v.

Indeed, z. is uniformly bounded in H*(Q2) and therefore has a weak limit in
this space. Moreover,

/ ]zg—v|2da::/ \za—v\zda:—/ 12C — v|*dx
Q ON\{|ze|>2C} {z:>2C'}

—/ | —2C — v|*du.
{ze<—-2C}

Since z. — v strongly in L*(Q) and
/ |ze — v|’dz > C*measure({|z.| > 2C}),
Q

measure({|z.| > 2C}) — 0 and hence z. — v strongly in L?(2). Additionally,
[ |Dz.|?dz < [|Dz|*dz, which implies, again by (i) in Definition 1,

lig J. () = Jo(v) = |

\Dv\zdzc—l—/f(t,x)dp.
O\B B

Thus if we let v. be the function given by (27), (28) follows if we prove

lim. o [, |Dve|?de < lim._yo [, | Dz |*dx,
for all z. € H}(Q) such that z. > 1., (29)
z. = v and sup, ||2:||Le < 0.

By convexity of the functional v — [, |Dv|*dz, we have

/ |Dz.|* — |Dv.|*dx > 2/ Dv.(Dz. — Dv.)dx (30)
Q Q

= <—AU€, Re — vs> - / _AU<ZE - U)dﬂ? + Z<_Aw§’ %e T w§>’ (31>
O\B k
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where the sum is taken over
{kez":-TINBC {afy: v(y) > —oc} +ek} (C Bfg/z)}.

The first term in (31) goes to zero since v is smooth and z. — wv. The
Laplacian of w” consists of two measures p* and /¥ such that

N
where Sk
e =~ [ as
BnQr On
and

suppps C {wf =y} C BY | (32)

which follows from the fact that w? solves (18) (see [5]). From (32) and the
fact that z. > 1), it follows that

J R O IR
QE Qk QE
= / (2 — ¢€)d,ul; = 0.
Qk
It remains to show that
. kY gk
llg})Z/Qk(za wy)dv! = 0.
k €
Let W¥ solve

min{/ |DW |*dx : W —t € H&(BE/Q) and W > maxy = A on Bfg} .
Qf

Since W = wf on 9BY,, WF > w! on By and W} and w} are harmonic in
Bf/Q \ Bfa, we get WF > w” in Bf/2 from the maximum principle, hence

B OWE ow*

€ € k
7 > — 5, 2 OB.)s.
Thus if we let o
e = [ Scds
0Bk )NE on

14



and set 0. = Y., DF, v, =, V¥, then 0. > v.. In [6] (see the proof of Lemma
2.0.8 therein) it was shown that

ll_I)I[l) Q(hE — h)dv. =0, (33)
whenever h, — h in Hj(Q) and sup.. ||he]|z= < oo. Since v. < D, it
follows that (33) holds for v, after writing (h. —h) = (he —h); — (he — h)_.
This proves (29). Since the I'-limit Jy does not depend on the particular

['-convergent subsequence, the entire sequence J. I'-converges to Jj.
m
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