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Abstract

We study the problem of optimally controlling the solution of the obstacle problem in a
domain perforated by small periodically distributed holes. The solution is controlled by the
choice of a perforated obstacle which is to be chosen in such a fashion that the solution is
close to a given profile and the obstacle is not too irregular. We prove existence, uniqueness
and stability of an optimal obstacle and derive necessary and sufficient conditions for optimality.
When the number of holes increase indefinitely we determine the limit of the sequence of optimal
obstacles and solutions. This limit depends strongly on the rate at which the size of the holes
shrink.

1 Introduction

1.1 The obstacle problem

Given a bounded open set Q in R™, n > 2, and a function ¢ € H'(Q) such that ¢ < 0 on 052, the
obstacle problem is to find « in the set

Ky = {u€ Hy(Q) :u> v},

satisfying the variational inequality
/ Vu-V(v—u)de >0, forallvely. (1)
Q
This w is the unique minimizer of the Dirichlet integral

/ |Vo|?dx
Q

over Ky, and it is a well known fact that w is the (pointwise) smallest superharmonic function in
that stays above the obstacle 1. We define the solution operator F' by F'(1)) = u when u solves (1)
with obstacle 1. We shall also consider the above problem with a source term, namely

/Vu-V(v—u)de(f,v—u>, for all v € Ky, (2)
Q



where f € H~1(() is given and (-, -) is the duality pairing between H () and H}(£2). Then u is
the unique minimizer of

/Q;\Vv\zdm— ()

over Ky, and the least f-supersolution staying above 1. For an overview of variational inequalities
and the obstacle problem, see [KS00], and for its regularity properties, [Caf98].

1.2 Perforated domains and homogenization

From the domain (2, a perforated domain is obtained by removing certain subsets, denoted 77,
i = 1,...,N; of Q, thereby yielding a set 2. with holes. We choose these subsets to be balls
uniformly distributed in R™. A perforated domain is then constructed as follows: For each € > 0 let
{P7}; be mutually disjoint cubes with sides of length 2e covering R™. At the center of each cube
we put a ball T7 of radius a® < ¢, i.e. T; = Bye(x;). The set

Q. =Q -y T¢
is then our perforated domain. Other examples can be found in [CM97].

Having constructed a perforated domain one may study Dirichlet and obstacle problems related
to €., with solutions u. As € — 0, one wants to determine the limit u° of v in terms of an
equation it solves, called limit problem. This procedure is a particular form of homogenization.
Homogenization of the obstacle problem in perforated domains has been addressed in many papers,
see e.g. Carmine and Colombini [CC80], Attouch and Picard [AP83], Cioranescu and Murat [CM97]
and Caffarelli and Lee [CLOS].

1.3 Optimal control of the obstacle

Optimal control of the obstacle was studied by Adams, Lenhart and Yong in [ALY98]. The objective
was to minimize the functional

Iw) = [ (o= P +|VoPda

over obstacles 1 € H}(Q) with corresponding solutions u of (1). The function z, denoted profile, is
a given element of L?(2). Employing terminology of control theory, the obstacle 1 is referred to as
control and the solution u is called state. It was proved in [ALY98] that J has a unique minimizer
(control) 1/1, that coincides with the state, i.e. @ = w Moreover, this @ is uniquely determined by a
triple (i, p, fi), where 4,p € H} () and i € £ (a measure of finite energy) satisfying

—Au=p[ in ),
—Ap=p+u—z in €, (3)

[ pan=o0. p=0.
Q



1.4 Formulation of the problem and applications

In this paper we study the optimal control of solutions to the following variational inequality:
ut € Ky ={ue HY(Q) :u> YxuUTS }s

/ Vu® - V(v —uf)dx >0, forallve Ky,
Q

For any v € H(Q) (4) has a unique solution . It is the unique minimizer of

/ |Vo|?dx
Q

over K; and also the least superharmonic function above ¢ xurs. Thus a mapping

e Hy(Q) — K,
¥ — wu® (obstacle — solution),

may be defined. For a given target profile z € L?(Q2), we pose the following problem:

Find ¢ € H}(Q) such that

T = [ (Fw) = 2 + (V0P < () for al € HY(@). ®)

In particular, as ¢ — 0, we want to determine the asymptotic behaviour of the optimal control ¢
and corresponding solution F¢(1)¢) in terms of homogenized equations.

The simplest application of problem (5) is to find a function ¢ € H}(Q) such that a membrane over
(), attached at 0f, assumes a form close to z when pushed up by the obstacle ¢xur: consisting
of thin cylindrical columns. It turns out that problem (5) has a unique solution ¢ such that
u® = F°(1)°) = ¢°. Additionally, u® may represented as u® = Gu® = [, G(z,y)du(z), where G is
the Green’s function of Q and p° € £ (see notations section). The measure p° is determined by

/ (GUF — )% + VG 2da < / (G — 2) + |V G Pda, (6)
Q Q

for all v° € £F. This leads to applications for phenomena governed by Poisson’s equation. The
problem is then to optimally control a quantity u® by measures u° (sources) with support in UTT-E
such that —Au® = pf in  and v = 0 on 9f). For example we may think of heating a tall structure
with cylindrical fibres. The temperature in a cross section with heat source u® from the fibres is
Gpf, which we want to be close to z without using too much energy.

Optimal control of PDE in perforated domains has been studied by several authors, e.g. Kesavan
and Saint Jean Paulin, [KSJP99] and Saint Jean Paulin and Zoubairi, [SJPZ02]. In these papers
the control appears as a source term in an equation with prescribed boundary values on the holes,
and one seeks to minimize a combination of the energy of the solution and the L? - norm of the
control. The set of admissible controls is a convex set U4 C L2(Q2). As was outlined above, the
present problem may be formulated as controlling the Poisson equation with a source term, the set



of admissible source terms being the convex £ C H~1({)). However, the objective functional is a
combination of the energy of the solution and the closeness of the solution in L? - norm to a given
profile, not the control. Also there are no conditions on the holes when using this formulation,
only on the source term. The techniques used in the papers [KSJP99] and [SJPZ02] are also rather
different from those of the present.

1.5 Main results

First we prove that Problem (5) has a unique solution ¢ such that u® := F¢(¢°) = ¢°. That is,
the unique control ¥ that solves Problem (5) agrees with its corresponding state u®. The next
theorems provide us with a means of computing this control, and give a complete description of its
possible limits, as € — 0.

Theorem (Characterization for a fixed ¢)

Let u® solve Problem (5). Then u® is uniquely determined by the following elliptic system:

— Au® =pf  in Q, supp(p®) C UTF
—ApP=pt+u"—2z inQ,
P 12 (7)

/ngd,us:(), p">0in UT;.

Here u® € HY(Y), p° € HE(Q) and pf € (H7H(Q))™T.

Theorem (Homogenized equations)

As e — 0, the limit of u® depends on the rate at which a®* — 0 as follows: There is a critical rate of
decay ag of the radii of the holes T} such that

i) If a5 = o(a®) then u® — u strongly in HJ(Q)) where u is uniquely determined by the system
(3)-

ii) If a® = aS, then u® — u where u is uniquely determined by the pair u,p € H} () solving

—Au=vp , inf ()
—Ap=vp +u—2z infd

iii) If a® = o(af), then u® — 0.

For the definition of af and v, see (10) and (11) in Section 2. These results are proved in Sections
3-4, and are formulated as one in Theorem 4.3.

In the next theorem the functional J in (5) is replaced by
Tolw) = [ (F(0) = 2 + Vol

4



enabling a trade-off between closeness to the profile and regularity of the obstacle. The aforemen-
tioned results remain valid after this modification, but (7) and (8) become (26) and (27) respectively.

Theorem (Stability w.r.t. the profile z)

Let u; be given by either (7) or (8), for z =z, i =1,2. Then

1
2 2
lur = uallgy o) < 5 ll21 = 22l

and
lur = uall720y < 21 = 22ll72(0)-

Thus, the optimal control is stable with respect to the profile, and this stability persists in the limit
€ — 0. Of course, the less effort we put on minimizing the norm of the control, the less stability we
get.

1.6 Outline of the paper

It is natural to first ask what the limit of u® solving (4) is for some fixed obstacle 1) (not depending
on €). The answer is Theorem 2.5. An analoguous theorem for viscosity solutions was proved by
Caffarelli and Lee in the paper [CLO08], where they also extended the result to the fully nonlinear
case. The papers [AP83] and [CM97] treat problems similar to (4) using variational formulations,
which is the appropriate notion for the optimal control problem studied in this paper. Theorem 2.5
can be derived from these papers relatively easily, and we will show how it follows from a theorem
by Cioranescu and Murat in [CM97]. The proof of this consists of transferring problem (4) to one
studied in [CM97], and invoke Theorem 4.1. therein. The same theorem will also be the main tool
when proving convergence of the optimal control later on. This is the the topic of Section 2.

Next, Section 3 is devoted to existence and uniqueness as well as some initial characterization of
the optimal control. For any ¢ > 0, we prove the existence of a unique optimal control ¢¢ solving
problem (5) that agrees with the corresponding state u°.

In Section 4 we show that the optimal control (and state) u® is uniquely determined by a system of
elliptic equations. We also determine the limit u of u®, as ¢ — 0. Depending on the rate at which
a® — 0 there are three possible scenarios;

i) if a® is too big, then u = 0,
ii) if a® is too small, then u is determined by (3),

iii) if a® = af there is an intermediate situation where u is determined by a new system of elliptic
equations:
—Au=vp~ in Q, ulpq =0,
{ —Ap=vp  +u—2z in €, plsgg =0.



Finally in section 5 we give some stability results for the optimal control problem. We show
that when two profiles z; and 29 are close in the norm of LQ(Q), the solutions w; and wug of the
corresponding optimal control problems are close in the norm of H!(2). We also address the
question of putting different weights on the terms in the functional J in (5).

1.7 Notations

Q A bounded open subset of R, n > 2.

{T7}; The collection of balls of radius a® < € centered at lattice points x; € 2eZ".
Qe Q—UT7.

XE The characteristic function of the set F.

(0 Obstacle. Either ¢ € H}(Q) or ¢ € HY(Q2) and ¥ < 0 on 9.
Ky {ue H}(Q) :u>1in Q}.

K%, {ue Hy(Q) : u > xu,rs in Q.

F The solution operator Hj(Q2) — Ky to problem (1).

Fe The solution operator HE(Q) — K3, to problem (4).

HE {u € HY() : u is superharmonic in 2 and harmonic in .}.
ET Measures of finite energy, i.e. positive measures y € H~1()
EFX {pe & i suppu C UTE}.

2 Homogenization of perforated obstacles

Let 1 € H'(2) be a given obstacle, 1) < 0 on 9. We recall theorem 4.1. in [CM97]. This theorem
concerns an obstacle problem with a source term f € H~1(£) and obstacle ¢ryq, instead of Yxure-
Thus one studies the solution of

y* € Hi(Q), ¥° > ¥xo.,

9
/ Vi - V(w — y¥)de > (f,w —1°), forallw € H}(Q), w > xa., )
Q

for a given f € H~1(Q). The limit of y° depends on how fast the holes T7 shrink, and the main
tool of [CM97] is the construction of certain test functions w® that oscillate between 0 and 1. These
functions dictate the limit of y°. In the example given in the introduction, where T = By (x;), the
limit of ¥ depends on the rate at which a® — 0. For a given positive constant Cj, we set

C, .
P (10)

We also define

T.L if n =2,
V= { 502 mea (11)

where S, is the area of the unit sphere in R™.



Theorem 2.1 Let y° solve (9). Then if a° = a, y° — y weakly in H(Q), where y € Ky is the
unique solution of

/Vy-V(w—y)—yy_(w—y)de<f,w—y), for all w € ICy. (12)
Q

Remark 2.2 Similar results hold for other perforated domains )., but in general v will be a measure

belonging to W=1°(Q), the dual space of WH1(Q).
Remark 2.3 If a® = o(al), then (12) holds with v = 0. That is, y solves (2).

Remark 2.4 If f depends on ¢, i.e f = f¢, and if ¢ — f° strongly in H=1(Q), then the above
conclusions remain valid with f€ in place of f in (9) and f° in place of f in (12). This requires
only a trivial alteration of the proofs in [CM97].

We now prove the variational inequality analogue of Theorem 1.2 in [CLOS].

Theorem 2.5 Let 1 € H}(Q) and let u® = F°(¢)), i.e. u® solves (4) with obstacle 1. Then there
are three possibilities:

i) If a5 = o(a®) then u® — u where u solves the usual obstacle problem (1).

ii) If a® = a5, then u® — u where u is the unique solution of

—Au=v(u—1v)" inQ, ulpg=0.
iii) If a® = o(af), then u® — 0.
Proof. Set y* = u® — 1) and f = At. Then y° satisfies

/ Vi - V(w — y¥)dx > (f,w —y°), forall w € HH(Q) : w > —xq.. (13)
Q

Since Hu€||H&(Q) < HszHé((Q) for all € > 0 (see the proof of Lemma 3.2), there exists u € H}()

such that u® — u as € — 0 for a subsequence. Thus y° — y for some y € H}(Q2) and the same
subsequence. If a® = a%, Theorem 2.1 tells us that y solves

/ Vy - V(w —y)dx > / vy (w—y)dr + (f,w —y), forallwe HY(Q):w > —, (14)
Q Q
Additionally, if a® = o(a5) then y solves (14) with v = 0 (equation (2)). Since u = y + 1 this means

/ Vu-V(v—u)de > / v(u—1)" (v —u)dz, forallve Hi(Q):v>0. (15)
Q Q
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Let u solve

—ATG=v(i— ). (16)

This problem has a unique solution @, see [Eva98] or any standard book in PDE. It is nonnegative
by the maximum principle. Thus @ solves (15) so uw = @ by uniqueness. In case a® = o(a$), v =0
and so u = 0.

Now suppose a5 = o(a®). We use the fact that y° is a supersolution of
—AY* = f in Q, gg‘aga =0.

At the rate a§ = o(a®), §° — 0 (see [CLO8] page 60 and the pages 44-45 of Rauch and Taylor [RT75]).
Thus y > 0, implying v > 1. Also —Au > 0 since each u® is superharmonic. Thus u > F(¢)) - the
least superharmonic function above 1. To see that it is also smaller, we note that F(¢) > Yxurs
since F'() > 0. As F(1) is superharmonic it follows from Lemma 3.1 that u® < F(¢), take ¢ — 0
to see that u < F(¢).

In each of the cases i), i) and 4ii) the limit w is unique. Thus u® — w without passing to a
subsequence. []

Considering this theorem, one could guess that for a sequence of optimal controls ¥° and states u®
we would have (¢%,u®) — (¢, u) where —Au = v(u — )~ and

u—2)? + |V Pde = inf /U—Z2+ Vo|’dz.
/Q( IV {pweH (Q):—Av=v(v—p)~} Q( Vel

This is however not true unless v = ¥ = 0. We show in the next section that one always has

uf = Y.

3 Basic properties of the optimal control
The following lemma is standard but we give a proof for the sake of convenience.
Lemma 3.1 Let ¢ € HY(Q) and let u® = F&(¢)). Then

i) u® is the smallest superharmonic function in Q that stays above the obstacle Yxurs. It is
harmonic in ..
i) if ¥ is superharmonic in Q and harmonic in )., then u® = 1.
i1) there is exists a positive measure p° with supp(pu®) C UTF such that

—Au® = pf

in the sense of distributions.



Proof. Taking v = u® + 7 in (4) for some nonnegative n € H}(f2), we see that
/ Vu© - Vndx > 0,
Q

implying —Au® > 0 in the weak sense, i.e. u® is superharmonic. From the maximum principle we
conclude that u® > 0 in all of Q2. Suppose v is another superharmonic function such that v > xure.
Then since min(u®, v) > ¥ xurs, (4) implies

0< / Vs - V(min(u®,v) — u®)der = / Vu® - V(v —u)de.
Q {us>v}
But since v is superharmonic
0> / Vo - V(min(u®,v) —u)der = / Vo - V(v —u®)de.
Q {us>v}

This implies that the set {u® > v} is empty. Next we show that «® is harmonic in any ball B C €.
To this end, let hA® be the solution of

AhR* =0 in B
h® =u® on 0B
and set
R .
E(az):{ hé(x), ifxeB

b uf(z), otherwise.

Then @ is a Poisson modification of u® w.r.t. B in Q. It is well known, see [Hel69], that a Poisson
modification of a superharmonic function is superharmonic. Since u® > 0, we have h® > 0 in B
by the maximum principle, so u® € ICZ). If 4 was not harmonic in B, @* would be a smaller
superharmonic function in IC%. This contradicts the minimality of u®. As for i7), it is an immediate
consequence of 7).

By the Riesz decomposition theorem there exists a positive measure p such that —Au® = pf. It

has the same support as the distribution —Awu®. O

Lemma 3.2 For each fized € > 0, the functional J in (5) has a unique minimizer ¢¥° that coincides
with the solution of (4), i.e. u® = F*(¢°) = ¢°.

Proof. Taking v = %™ in (4) we easily derive the estimate

Iy e < /QW* Vutde < [0 e 1 g o)

implying HuEHHé(Q) < HwHH(}(Q)' By Lemma 3.1 F¢(u®) = u®, so J(u®) < J(¢). This means that
we may restrict our attention to obstacles in the set

HE = {¢ € H}(Q) : ¢ is superharmonic in  and harmonic in €.}.

Consequently our problem has been reduced to minimizing
Tw) = [ (=2 + Vs

over HX. As HZ is convex, closed and nonempty (it contains the zero function), and J is strictly
convex, J has a unique minimizer u® in HZ. Thus J has a unique minimizer u¢ in H&(Q), such that
Fe(uf) =wf. O



4 Characterization and limit behaviour of the optimal control

Having established the existence of an optimal control u®, we want to determine u° in terms of an
equation it solves. In particular, we want to determine the limit as € — 0 of u®.

First we look at the situation when F€(¢)) — F(3) for any ¢ € H}(Q2), i.e. when a$ = o(a®). Then
there is a particular way of determining the limit of the sequence {u®}. of optimal controls.

We recall that u® satisfies

J(u) = inf /(FE(U) — 2)* + |Vo|*da.
vEH&(Q) Q

By Lemma 3.2 we know that F(u®) = u® and that u® is the unique solution of the following:
Find u® € HJ such that

_ ) ) _ N (17)
J(uf) ::/(ue—z) + |Vuf|*dx < J(v) for all v € H].
Q

It is easy to see that this is equivalent to (6) in the introduction.

Lemma 4.1 Let u® solve problem (17) and suppose a5 = o(a®). Then u® — wu strongly in HZ(Q)
where u is the unique minimizer of

J() = /Q (F() - )2 + [Vo[2dz
over H&.

Proof. Since 0 € HZ for any £ > 0, we have
17 0y < J(u7) < J(0) = [12]1 22

Thus {uf} has a subsequence that converges weakly in H}(Q) and strongly in L?(2), to some
u € HE(Q). We shall write {uf} also for this subsequence.

By the weak lower semicontinuity of the norm, and by the optimality of u®, we have:

e—0

/ (=2 +|Vulde < limint J(u°) = lim nf / (F*(uf) — 2)° + |V P
Q e— Q
<lim [ (F¢(u) — 2)? + |Vu|*dz = /(u —2)% + |Vul*dz.

e—0 9] O

The last equality follows since F©(u) — F(u) and F(u) = u (u is superharmonic). This proves that
the convergence is strong.

Let ¢ € H}(Q) and set v = F(p), v° = F*(p). Then v* — v in L?(£2). Moreover, by the optimality
of u®,

/(u —2)? + |Vuldz = lim / (uf — 2)? + |Vuf|?dx
Q =0Jqa

<lim [ (v° —2)® + |Vp|’dz = /(v — 2)? 4 |Vy|*da.
e—=0 Jo Q
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We have proved that

/(F(u) —2)? +|Vul|?dz = inf /(F(gp) —2)? + |Vy|2dx.
Q pEH;(Q) Ja

Thus 1 coincides with the optimal control for the classical obstacle problem and may be charac-

terized as in (3). Since u is unique, the whole sequence {uf} converges to u, strongly in HE ().
U

Recall #ii) of Lemma 3.1: since u¢ is superharmonic in € and harmonic off the holes UT} there is
a measure of finite energy p° with support in UTF such that —Au® = p°. As in the paper [ALY98]
uf is determined by a triple (uf,p®, u¥) € Hg(Q) x H} () x EF. The proof relies on approximating
the solution operator F'* by a more regular one. We consider the operator F§ on H&(Q) defined by

. { HY(Q) — HY®)

Y = uj
when
—Auy = - B(us — PYxurs)
Here
0, >0
Bry=4 —r* —53<r<0
r+ %, r< —%.

The main advantages of this operator is that it continuous with respect to weak convergence of
obstacles, and that it is fairly straight-forward to determine its differential. The steps to be taken
now are:

e Show that F§(¢) — F?(1) strongly as 6 — 0, for any ¢ € H}(Q)

e Replace F° by F§ in the optimal control problem and show that the optimal pair (v5, u5) so
obtained converges strongly to (u®,u®), the optimal pair for solution operator F*©.

e Derive optimality conditions for (15, u5) by introducing a Lagrange multiplier.

e Let § — 0 to find optimality conditions for u®.

The proof is identical to that of [ALY98] until one finds that the system

— Auf =p° in Q, supp(p®) C UTF
—Ap°*=p"+u°—2z in Q.

is satisfied by the optimal control u® and an adjoint function p°.

Since uf minimizes J over HS we have

i inf J(uf + t(v° —u®)) — J(uf)
t—0 2t

>0

)

11



for all v € HZ. This implies
/ Vp® - V(v° —u®)dx > 0.
Q

Taking v® = u + ¢° for any ¢° € H we find p° > 0 in UT?. By choosing v® = 0 we obtain

/ pSdu = 0.
Q

The uniqueness of the triple (p®, u,u®) is proved exactly as in [ALY98]. We have the following
result:

Proposition 4.2 The optimal control u® is uniquely determined by a triple p*, u*, u® where u®,p® €
H&(Q) and p® 1s a measure of finite energy satisfying

— Auf =p°  in Q, supp(p®) C UTE
—Ap" =pu"+ut —z inQ,

(19)
/ped/f =0,p">01in UT;.
Q
Next we show that p® satisfies the variational inequality
p° > —Gzxa.
[ 95 Vi o> [ (=2 - ) (20)
Q Q

for all ¢° € HY(Q) : ¢¢ > —Gzxq,.

Here Gz is the Green potential of z. That is, —AGz = z and Gz € H}(Q2). Note that p* > —Gz
follows from the maximum principle since u®, u®* > 0. Also —Gzxqo. = 0 in UT; but here p* > 0.
Suppose then ¢¢ > —Gzxq. and ¢° € HE(Q). Then since ¢° > 0 in UTF we have fQ q¢¢duf > 0. Thus

0< /Q (¢ — )" = /Q (¢ — p°)d(—ApF + 2 — ) = /Q V5 -V — ) — (¢ — ) — 2)d.

Arguing as in the proof of Lemma 4.1 we may assume u® — u for a subsequence. For the same
reason we have ¢ —* u for some p € £T. By Theorem 2.1 and Remark 2.4, p° — p where p solves

p>—Gz
/Q V- V(g - p)de > /Q vp(q - p)de + /Q (u— 2)(q — p)da, (21)
for all ¢ > -Gz,

when a® = af. Letting p solve
—Ap=vp +u—z

we see that p solves (21) and so p = p by uniqueness. Thus u = vp~ and we obtain the system

—Au:yp:, in Q . (22)
—Ap=vp 4+u—2z in .

12



If a® = o(a5) then v =0 and u = 0.

We can now state our main theorem.

Theorem 4.3 The functional
Iw) = [ (Fo(w) = 2 + Ve

has a unique minimizer u® over H}(Q) such that F€(uf) = u®. The minimizer is uniquely determined
by a triple (uf,p®, u¥) where u®,p° € HE(Q) and uf is a measure of finite energy satisfying

— Auf =pu°  in Q, supp(p®) C UTE
—Ap* =pu"+ut —z inQ,

/psd,u5 =0,p">01in UT;.
Q
As e — 0, the limit of u® depends on the rate at which a® — 0 as follows:

i) If a5 = o(a®) then u® — u strongly in H(Q)) where u is uniquely determined by the system

(3)-

i) If a® = af, then u® — u where u is uniquely determined by the pair u,p € H(Q) solving

—Au=vp, inf
_ . (24)
—Ap=vp +u—2z infd

iii) If a® = o(af), then u® — 0.

Proof. All that remains is to prove the uniqueness of u, p satisfying (24). Suppose then (u,p) and
(v, q) both solve (24). By defining y(A) = A~ for A € R we may write

1 1
P @) =0 @) = [ Gt + (1= a@)dt = [ (@) + (1= ha@)dt(@) - a@).

(It is easy to see that this holds by approximation with smooth functions whenever «y is Lipschitz
continuous). Since 7'(A) = —x <0} < 0 we have

1
T —q — T = ! — —q)%dx .
/Q(p q )(p—q)d /Q/O Y(tp+ (1 —t)g)dt(p — q)"dz <0
Then
02w [ (7 = a7 ) - )do = (~Au= ). 0) = (u- 0. ~Alp— 0)
0
:/(u—v)(y(p—q)—i—u—v)dx:<—A(u—v),u—v>+/(u—v)2d:c
Q

Q
= Jlu = ol%s 0

so u = v and thus p~ = ¢—. Therefore —Ap = —Aq and consequently p = ¢. O

13



We remark that Theorem 4.3, possibly except parts i) and iii), holds for all perforated domains con-
sidered in [CM97]. Indeed, the proofs require nothing of the geometry of 77 as long as Theorem 2.1
holds.

5 Stability

If two profiles z; and 2y are close in L?, then the corresponding optimal controls u; and ug are close
in H'. Indeed, this follows from the uniqueness proof of Theorem 4.3. Suppose (u1, p1) and (usa, p2)
solve (24) with z = z; and z = 23 respectively. Then

0> /Q v(py — Py )(p1 — p2)dr = (=A(ur — u2),p1 — p2) = (u1 — ua, —A(p1 — p2))
= /Q(ul —ug)(v(py —py ) +ur —uz — 21 + 22)
=l =l + o = wally = [ (01 = 0)er = z0)d
By Holder’s inequality and then Young’s inequality we get
lur — w2220y + llur — U2H?{5(Q) < lzr = 22l 2o [l — w2l 2(q)
< Sl = 22l + gt — w2l

Thus we obtain
llun = ual|Z2 gy + 2llur — uallF @) < llz1 = 22020 (25)

We also have
I — 5120y + 205 — w51y 0y < 21 — 20320y,

whenever (uf,pi, 1) and (u§, p5, 15) solve (23) with z = z; and z = 2. This is proved in the same
way since it holds that

/Q (55 — p5)d(45 — i5)dz < 0.

One may also put different weigths on the terms in the functional J or J. For a real number o > 0
we consider the problem of minimizing

_ 1
Jo(u) := /Q(u — 2)? + a|Vu|?dz, or equivalently /Q &(u — 2)? + |Vu|’dz,

over HZ. Then the minimizer u¢ is determined by the triple (uf, p®, u€) satisfying
— Auf =p° in Q, supp(p®) C UTY
1
- € _ € e .
Ap® = pf + a(u z) in ), (26)

/Qpad,u,a =0,p">0in UT}.
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When we pass to the limit & — 0, u = lim._,¢ u® is determined by (u,p) solving

—Au=vp, in{

_ 1 : (27)
—Ap=vp —|—a(u—z), in Q,

when a® = a. The stability estimate (25) becomes

1 1
s = ua||Z2q) + 2l — vzl ) < e = 22|72(0),

and the same for ] and u5. We deduce that

1
2 2
lur = w2l ) < 51121 = 22llz2(q)

and
lur — w2l F2iqy < 21 — 2201720

so the optimal control is always stable with respect to L?(2) norm but the H{ () norm may blow
up as a — 0.
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