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This lecture corresponds some of the sections of chapter 12 in Ewens and

Grant
1) Definition and examples
2) Properties implied by conditional independence

3) Forward-Backward Algorithm and the Scoring/Evaluation Problem
)

4) Alignment (Viterbi algorithm), Learning (Baum - Welch algorith)
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A sequence of random variables {X,}: _, is called a Markov chain,(MC),
if for all n > 1 and jo, j1,..., Jn €S,

P (Xn = jalXo =Jjo. X1 = j1,..., Xn-1=jn-1) =

P (Xn :.jn’Xn—l :.jn—l) .
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The Markov property

If X,, = j, is a future event, then the conditional probability of this event
given the past history Xop = jo, X1 = j1,..., Xn—1 = jn—1 depends only
upon the immediate past X,—1 = j,—1 and not upon the remote past
Xo=Jo, X1 =1, Xn—2 = Jjn—2
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Hidden Markov Models (HMM)

HMM is a model family for a sequence of symbols from an alphabet
O ={o01,02,...0x}. The model uses the idea of a hidden sequence of

state transitions.
HMM has a definition with parts 1—IlI.
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Hidden Markov Models (HMM) |

(I) Hidden Markov Chain {X,} ", is a Markov chain assuming values in a
finite state space S= {1, 2,..., J} with J states. The time-homogeneous
conditional probabilities are

3jj =P (Xo=jlXp-1=1),n=1ij€S

and the transition probability matrix is

JJ
A= (a’|f> i=1,j=1
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Hidden Markov Models (HMM) |

A matrix

J,J
A= (ai|j) i=1,j=1

with the constraints
J
3,'|j Z 0, Zla’L/ =1.
J:

is called a stochastic matrix.
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Hidden Markov Models (HMM) |

At time n = 0 the state Xj is specified by the initial probability
distribution 77;(0) = P (Xp = j) with
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Hidden Markov Models (HMM) Il

(1) Observable Random Process A random process {Y,}_, with a
finite state space O = {01, 02, ... 0k}, where K can be # J. The
processes { Y} o and {X,};_, are for any fixed n related by the
conditional probability distributions

b (k) = P (Yo = o4l Xs = ).
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Hidden Markov Models (HMM) Il

We set
JK
B = {bj (k)}j:m:l

and call this the emission probability matrix. This is another stochastic
matrix in the sense that

b (k) > 0, f b (k) = 1.
k=1
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Hidden Markov Models (HMM) Ill

(111) Conditional independence For any sequence of states joji . . . j, the
probability of the sequence ogo; ... 0, is

P(Yo=o00,....Yn=0n|Xo=Jo,.--. Xn=1Jn,B) =

ﬁ b, ().
1=0
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A Formalism

An HMM is designated by

A= (A B, 7(0)).
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HMM Sequence Probability

UNDER THE HMM ASSUMPTIONS THE STRING o = o9 ... 0, HAS
THE PROBABILITY
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Hidden Markov Models, A Formalism (continued)

Y P(Yo=00....Yn=0nXo=Jor .. Xn=jni \)

where
’D(YOZOOv-'-:Yn:OanO:jOr---xXn:jn;)\) -

7, (0) - /H) bj, (1) H 3y
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The three problems of HMM 1

[1 ]The Evaluation or Scoring Problem Compute
P(Yo=o00,...,Yn = 0n;A). Since the margnalization involves J™1
possible sequences, the total computational requirements are of the
order 2(n+ 1) - J™™1 operations. The solution is known as the

forward-backward procedure
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The three problems of HMM 2

[2 ] The Decoding or Alignment Problem Find the most probable
state sequence that led to the observed sequence (0p...0,). This is
an alignment problem. Find the sequence jj ... ; that maximizes

for a fixed observed sequence oy ... o, (Viterbi algorithm).
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The three problems of HMM 3

[3 ] The Learning or Training Problem Given an observed sequence
0 =0p...0p, find the 'right’ model parameter values

A = (A B, 7(0))

in a fixed topology that specify a model most likely to generate the
given sequence
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HIDDEN MARKOV MODELS: Conditional

Independence

Markov property and the conditional independence property Il imply
useful expressions for smoothing, prediction, filtering and evaluation, and
these yield the solutions to the three problems stated above.
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Smoothing posterior probability

The smoothing posterior probability is defined as
7T (njm) =P (Xa=j|Yo=00,..., Ym = 0m)

for a standard HMM.
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Smoothing posterior probability

For n=20,...,N —1 it holds that

J

7 (n|N) = 7t; ( 2 nj—‘|l—{l| ) T (n+1|N).

We intend to explain this in some detail.
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Smoothing posterior probability

Here the typesetting is simplified e.g. by writing a conditional probability as

simply as
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Proposition 1

Proposition

For all integers n and m such that 0 < n < m< N

P(Ymr oo YN | Xao o XN) =P (Yoo Y | Xy Xn) -
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Proposition 1.

Proof: The left hand side of the asserted identity can be expressed as

mzmvm,...,m [ X s Xn) P (Xo -, Xn)

where the summation is over jg,

,Jn—1 (i.e. the values of on Ve

_1 ). If n =0, there is no summation. By conditional
independence (and a marginalization argument)

P(Ym,..o.Yn | Xo- . Xn) =P (Ym|Xm) .. P(Yn|Xn) -

This can be taken outside the summation sign }_, since m > n.
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Then we are dealing with

=

P(Y/\XI)mZP(XOM,XN),

m

where the sum equals P (Xp,..., Xy), since we are summing over jg,...,jp—1. Thus the whole last expression equals

[
=

Pvi1Xp),

m

which is independent of n. Since the right hand side of the above is a special case of the left hand side for n = m, this proves
the assertion as claimed. O
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Proposition 2.

Proposition

For all integers n=10,...,N —1

P(Yoit,- - Yn | Xore oo, Xn) =
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Proof of proposition 2.

Set

Proof: The left hand side is

1
= Y P (xM) P (Y, vy [ XY
P(x(n))z ( ) ( mt )
where the summation is over jui1,..., Jn- By the first proposition, (with m = n+1, n = 0), we have

P(YM,...,YN\X("”) =P (Yoitroo o YN | Xniteeen Xn)

and using the same proposition and equation once more (with m = n+ 1) we have

P(Ynitro o Y | Xoroo Xn) -
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Proof of proposition2.

Thus TP (XM) P (Yasr,.oo, Yoy | XV) =

ZP(XN>-P(Y,7+1 44444 Yo | X Xny) -

By conditional probability P (X(N)) =

Biostatistics
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Proof of proposition2.

Thus the sum equals, since we are summing over j,i1,..., N,

ZP(X(’V))»P(YHH,M,YN\x,,,m,x,\,):
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Proof of proposition 2.

And as we are summing over j,11,...,jy, we have here that
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Proof of proposition 2.

We have that

P(;(n)) ZP(X(N))'P(YM ..... 1 x<N>) -
P (Xl(n)) P(Ynt1,-o Yn|Xn) - P (X<"))
which proves the assertion as claimed. ]
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Proposition 3.

Proposition

For all integers n =20, ..., N
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Proposition 4

Proposition

For all integers n =20, ..., N
P(Yo, Yi,...,Yn | Xp) =

P(Yo, Y1,..., Yol Xn) P (Yns1, ..., Yn | Xn) .
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Backward variable

The conditional probability P (Ys+1,..., Yn | Xp) is called the backward
variable. The next proposition is used to find a recursion for this
backward variable.
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A Proposition for the Backward variable

Proposition

For all integers n =20, ..., N
P(Yn Yoti, ... Yn | Xp) =

P(Yn|Xn) P (Yos1, ..., Yn | Xn).
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One More Proposition

Proposition

For all integers n=10,...,N —1
P(Yo, Yi,.... Yn | Xn, Xny1) =

P (Yo, Y ... Yo | Xn) - P (Yai1, .o, Yn | Xns1).
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Smoothing probability

7 (n|N) = P(X,, :j|y(N>).

By another marginalization we get

M-~

7 (nlN) = 3 P (Xo =) Xpsr = kY =

k=1

kijﬁp (X,, = | Xpp1 = ko Y“")) P (x,,H = k|Y(’V>) =
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Smoothing probability

J
—yp (xn = j|Xny1 = K, Y“")) i (n+1|N)

p (x,, — j X1 = k, YV)

7T 1|N).
L P s =k vy k(1IN
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Smoothing probability

In the numerator inside the summation above we have

P (X0 =J X1 =k YV} =

P (Y(N)|X,, = Xpy1 = k) P(Xn=j Xns1=k) =

—p (Y(”>|X,, :j) P (Yot YulXor1 = k) - P (Xo =) - a

using the factorization in proposition 4 and the definition of aj k-
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Smoothing probability

Then, since
P (Y X0 =) P (Xo =) =

P (X,, :j|Y(")> P (Y(">) ,

we have obtained
P (Xn = Xps1 =k YV =

P (X,, :j|Y(">> P (Y(">) P (Yoidseeos Yl Xns1 = k) - ajppe
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Smoothing probability

For the denominator inside the summation for smoothing probability it holds that

P (Xpor = YI0) = P (V9101 = ) P s = )~

=P (Y Xpi1 = K) P (Vi1 Yl Xns1 = K) P (Xny1 = K)

Next by P (Y(")\Xn+1 - k) P(Xps1=k) =P (x,,“ = k\Y(“)) P (Y(">) we get
P (Xor1 =k YV)) =

P (xn+1 = k\v(")) P (Y(")) P(Ynitoos Yl Xnse1 = k).
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Smoothing probability

Therefore

75 () = kzzl P (Xoms = K[y @) (1T =
= 7 (n|n) - i k& (n+ 1N,
= Tk (n+1|n)
which is the result as claimed. ]
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Forward recursions for filtering and prediction posterior probabilities.

(a) Filtering posterior

_ Bl n-1) ay] b on)
Zf:l E,‘le i (n—1n—1)- ailj - bj (on) '

j (nln)
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Filtering and Prediction

(b) Prediction posterior probability for an HMM:

7 (nln—1) = ﬁi(nfl\nfl)»a’-‘j,j=1 ..... J,

e

i=1

Thus N
ﬁj(n\n) _ T ("l"*l)'bj (on)

R R i 7y S BN
Y1 7 (n[n—=1) - bj (on)
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Evaluation /Scoring

The log likelihood function for the sequence o = Ojy -+ Ojp with respect to the HMM model family is

n
f;ologf(Y,- =0 |°f0""’ofi—1)’

where ;
F(Yi=0j |00y ) = LA lili=1)b (o;).
I=1
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Forward-Backward Algorithm and the Scoring/Evaluation Problem

The problem is to compute the simultaneous probability for the a sequence of emitted symbols, o = oy
some model A = (A, B, (0)),

..oy, conditioned on
Ly =P(Yo=

Yo =opid) =

?\M‘-

J

J N
Z: jo (0) H aj,

i, bjy ()
=1 11l i

so that the exponential growth of operations in N involved in the marginalization is avoided. In order to simplify the notation
the reference to the model A is omitted
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Forward Algorithm

Let
P(Y():Oo,...,YN:ON,Xn:j):

P(Xn :j)'P(YOIOO,...,YN:ON’Xn :j)
But the right hand side is factorized as

P(Yo=op,..., Yn=o0nXn=Jj) P (Ynt1 =0nt1,---, Yn = on|Xn =)

Biostatistics 02.08.2018 46 /



Forward Algorithm

This gives

Since

we get
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Forward Algorithm

where

Bn() =P (Yn+1=0ns1,-.., Yy = on|Xn=]j).

We take B (j) =1 for every j arbitrarily.
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Forward Algorithm

First

Biostatistics



Forward Algorithm

Here, by the properties derived ('One More Proposition‘)

e

P(Xn=1i,Xps1=4J)-P(Yo=00,..., Yn=o0n|Xp = i) P(Yni1 = 0nt1|Xps1 =1J) -

i=1

P (Xn=i,Xpt1=14) - P(Yps1 = 0nt1|Xnt1 =J) = ajlj - bj (on+1) - P (Xn=1).

Hence we have

e

I
—

P(Xn=i,Xnp1=j) P(Yo=o00,....Yn=o0n|Xp =) P(Ypi1 = 0ps1|Xni1 =) =

Il
e

P(Yo:oo,...,Y,,:on,Xn:i)~a,-‘j~bj(on+1).
1
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This last expression is by our definition of the forward variable equal to

J
= Z“n(i) |- bj (on+1) =
i=1

J
[; Oén(i) : a,-|j] : bj (On+1) .

This completes the derivation of the forward algorithm. We summarize the
result in a formal way.
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The Forward Recursion

Consider the forward variable a(j) defined as

an(j)=P(Yo=00,..., Yn=0n,Xn=J),

which is the probability of the emitted subsequence 0 = o ... 0, and of the hidden chain being in the state j at time n (given
the model 7).
Start:
ao(j) = bj (00) ;i (0), j=1,...,J.

Recursion:
J
ant1() = [E an(i)- ai\j:| - bj (op+1) -
i=1

j=1...,J,1<n<N-1.
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o, (D = a b, ., a, b,

oay b(o,) ~+ a, b](o“)

(1)

n+1

(@)

“@
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Backward Algorithm

By definition

J . .
P P(Yn+1:°n+1v---vYN:°NvXn:Jan+l:’>
bt = L L

_ i P (Y41 =0nt1seess Y = on|Xn = ji Xpe1 = 1) P (Xn = ju Xnp1 = i)
i1 P (Xn =)
P(Xn=j Xn11=1)

PlXo=p)  — @l and

Here
P(Ypt1=o0pt1,-- YN = on|Xn =ji Xny1 = 1) =

=P(Ypt1 = 0nt1,--0 Yy = on|Xpi1 = 1)
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Backward Recursion

We apply furthermore one of the previous properties
P(Ynt1 = 0n41,-- YNy = on[Xnp1 = i) =

=P (Ypt1 = 0p+1Xnt1 = i) - P(Ynt2 = 0ny2, .-, Yy = on[Xnt1 = 1)

Biostatistics



Backward Recursion

Hence it follows that

Bnli) =

e

P(Ypt1 = ont1]Xnt1 = 1) P(Yp42 = 0pta,-.., Y = on|Xny1 = 1) - 3y

i=1

Recalling the definition of the backward variable and the emission probability b; (0p41) = P (Ynt1 = 0pt1|Xni1 = i) we have

Bnli) =

M-

bi (ont1) - Bnt1(i) - 3j);-

Biostatistics



The Backward Procedure

Consider the backward variable B, (j) defined as
Bn(j) = P(Ynt1 = 0nt1.---u Yy = on|Xn =),

which is the probability of the emitted subsequence 0,41 ... oy (from n+ 1 till the end) conditioned on the hidden chain being
in the state j at time n (conditional on the model A).

Start:

Recursion :

Bnli) =

i

1=
=
o
$
3
N
=
3
3
=
K
.
I
<
=1
I
=
|
-
=
|
~
°

1
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The Scoring (Evaluation) Problem

J
LNIP(Y(): YN—ON ZZ

Hence we have for any n =0, ..., N a respective way of computing L.
For example with n = N we have

J
Ly = ;le\/(j)

by the convention By (j) = 1.
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Filtering, Smoothing and Prediction

All probabilistic information about X, given a sequence of observations o ... op is contained in the conditional probabilities
Rj (n|N) = P(Xn=j|Yo =00,..., YN = op) .

This is conditioned on the model A.
For n > N the probability 7z; (n|N) deals with prediction, n = N the probability 7z; (n|N) is a filtering probability. This is the

standard phrase for reconstruction of a hidden variable from observations. For n < N we talk about a smoothing probability.
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Filtering, Smoothing and Prediction

Forn< N
ﬁjlk(n|N> :P(Xn :j,XnJr]_ :k|Y0:OO,...,YN:ON),

is the conditional posterior probability that a transition has taken place between
any two states j and k at time n+ 1.
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Filtering, Smoothing and Prediction

Let us first find 77; (n|n). We use the definition of conditional probability
to write
7T (nln) =P (Xp=jlYo=o00,...,Yn=0p) =
_ P(Yo =00, -, Ym = On,Xn Z_])
P(Yo=o0,..., Yn = 0n) '

Using the definition and the evaluation formula we have

__an()
Vi an(i)
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Filtering, Smoothing and Prediction

Let
ﬁj(n]N):P(X,, :j|Yo:OO,...,Yn:ON):

and simplify the notation

P(Yo,..., Yn, Xn)

P(Yo,...,Yn)

P(Yo,..Ym Yortr oo, Yan Xn) _
P(Yo .. Y P (Yot  Yn | Yor-onu Ya)
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Filtering, Smoothing and Prediction

P Ve Ve Xa) - P (Yors, o Yiv | Xo)
P (Yo YD) P (Yot Yn | Yor.-u Vo)

by one of the factorizations derived earlier and the definition of conditional
probability.
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Scalings in Filtering, Smoothing and Prediction

Here Devijver (1985) (no reference included) introduces
7ij (nlN) = &n(j) - Bn(j)

vith P (Yor.os Yo Xn =)
. 0, nAn =J
) = R Ve Vi)

-(1')* P(Yn+1r<~vYN‘Xn:I‘)
nlJ) = ,
P(Ypi1,-- YN | Yo,..., Yn)

These are evidently scalings of the forward and backward variables The important property of these particular scalings is that

there exist recursions for the scaled forward and backward variables &, (j) and Bn(j).
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Scaling Recursions

First, &,(j) equals the filtering posterior probability &,(j) = 7T; (n|n). By
the preceding

[Ehma() ey b (o)
B Y Y &n1(i) - a5 - by (on)

which is the desired forward recursion.

&n(J)
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Scaling Recursions

Next we get

i Yot Vosz.. Vo Ko = K1 X0 =)
k=1 Yn+1 Yn+2 L YN | Yo, .-, Yn)

By some rearranging we have

_ i 'D( (n+1 | Xn+1 =k, Xn—J)P(Xn+1=k|Xn:j)
_k:1 'D(Yn+lvyn+2.-.,yl\/|Yo,...,Y,,) ’
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Scaling Recursions

From the preceding
P(Yn+lr Yn+2| AR ] YN | Xn+1 - kYXn :J) =

P(Ynt1, Yot2.- ., YN | Xog1 = k)

and
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Scaling Recursions

P(Yni1, Yni2, oo YN | X1 = k) =
P(Ypi1 | Xns1 = k) P (Yni2, ... Yiv | Xpi1)-

Since P (Yoi1 | Xns1 = k) = by (oj»k) and P (Xos1 = k| Xn = j) = a, we have
P(Yn+1v Yn+2v<-<v Yn ‘ Xn+1 =k, Xn :j)P(Xn+1 = kIX" :J) =

by (Ojk) P(Yni2,os Yu | Xos1) ajjie
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Scaling Recursions

In the denominators we have
P(Ypt1,-- Yn | Yo, Ya) =

=P(Ypi1 | Yo - Yn) P(Ypi2.. .. YN | Yoo Yag1) -

Thus we have
20 i by (Ojk) P (Yni2, o Yn | Xnt1) 2k
T PV [ Yoo Ya) P (Vag2e o YN | Yoo oo Yag1)

Biostatistics



Scaling Recursions

By definition of B,(j) the last equality gives

i be(9) 3k P (Vas2eooo Yo | Xor1 = k)
k=1 n+]_|Y0,...,Yn) P(Yn+2,...,YN|Yo,...,Yn+]_)’

which equals

o 1
pnli) = P (Yot | Yor.-

J
Z Ojk j|k'l§n+1(k)-
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Scaling Recursions

Finally,
J J
P(Yor1 | Yoo Ya) = 3 3 P(Yar1, Xo =j, Xor1 =k | Yo,.o0, Vo) =
j=1k=1
J J
=Y X aby (o) &#a-10)
f=t=0 J( J)

using the preceding results. We set

1
i1 Do ajby (Olj) #p-1(j)

Np =

and obtain

N J

Pali) = Mo 3. (o) 3y - Bt (K).
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Posterior Smoothing

The forward variable &,(j) and the backward variable 3,(j) are defined as

o P(Yo Vi Ya Xa =)
&n(j) = P (Yo, Yn)

and .
~ . P(Yn+1,...,YN|Xn:J)

Bnlj) = P(Yor1, - Yu| Yo ... Vo)
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Algorithm for Posterior Smoothing

Start:
&o(j) = Nobj (00) m;(0), j=1,..., J
Bn() =1
Recursions:
J
&n—i—l(j) =N, Z&n(l) a,-|j] - b; (On+1)-
i=1
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Algorithm for Posterior Smoothing

and
~ J

,Bn(l) = N, Z by (Ojk) Ak Bn—i—l(k)'

k=1

where in both cases
1

N, = _
Y1 Tier 3y (o) n-1())

The scaled recursions above are immune to underflow problems.
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The most probably path and the Viterbi Algorithm

We wish to find the state sequence that maximizes the probability
P(YO = 00, -+, YN = ON,X() =j0,...,XN IJN)

by selection of jy...jn, when the sequence og ... oy is fixed and the model
A is known and omitted in the notation.
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Alignment Problem

Let us set
6n(j)= max P(Yp=o0g,....,Yn=0nXo=Jo.-- .. Xn=1J),
Jo-Jn—1
which is the highest probability along a single subsequence of states that at time n is in state j and accounts for the first

n+1 < N emitted symbols.
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Bellman's optimality principle.

Proposition
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Alignment Problem

Proof: Using the notational conventions we set
P(Yo=00...., Yo = 0m Xo = Jor---. Xn :j):P(Y(") \x("))-P(XW).

By the conditional independence of the emitted symbols and the definition of conditional probability

:jzﬁlp (Y 1%7) - P (Xn | X(7=1)) P (x(nD)).
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Alignment Problem

But the Markov property of the hidden chain and some reorganization give

©n) TTP (Y 1) P (Xn | Xo1) P (X(7V)) =

n—1
— -1
= 35,0178 (on) - [T P (%1%) - P (x"7V).
j=
Reverting back to the unabridged notation this equals

b,

j (on) [ajnil\jp(yo =09,y Y1 =0n-1, X0 = Jjo. -+ Xp—1 :jn—l)] .
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Alignment Problem

For each j € S at time n we have to find the transition to that state from every state / € S at time n — 1 giving the best score
(in the sense above). There are many paths leading to i at time n — 1. But we see that the score for the current transition is
factorized as the product

ajnil‘jP(oo,...,o,,,l,Xg,...,X,,,ly

But this shows again that if we do not choose at time n— 1 for every i that special subsequence leading to i with maximal
probability, we cannot obtain

_max a; iP(og,....,0n—1,X0,.... Xp—1=1).

Jorrin =11
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Alignment Problem

Hence
“max ajHUP (00, e, 0n—1, X() :jo, ce ,anl :jn71> =
Jo--Jn—1
_max Op-1(i) - aj);
i=1,...,
as was to be proved. O
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Alignment Problem

The subsequence yielding 6,(j) is called a survivor and denoted by

and consists of the prefix yielding 6,-1(/) concatenated by the best scoring
transition between times n — 1 and n. Hence we need at any j and any n
only remember the survivor and no other path leading to this state
through the trellis.
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Alignment Problem

The complete procedure yielding the best decoded state sequence (path) is
now formalizable in the following manner.
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Viterbi Algorithm (VA)

Storage: n time index, for each j € S the survivor i,(j) and the corresponding scores d,(j), j € S.

Start: n=0. Compute for each j € S
do(j) = 7;(0) - b (o0) ,
Polj) = 2.
Recursion: Compute
On1li) = ’.:Taxjan(’-) “aji| - bj (0n+1) -

Store the survivors
Pn(j) = argmaxizly__'Jzi,,,l(i) “aj))-

forj=1,...,N. Set n+1 to n unless n = N and repeat.
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Viterbi Algorithm (VA)

Termination:
P* = max on(i
max n (i)

Jx(N) = argmax;—1 .. jon(i).

Backtracking: The best path is found by

Je(n) = 1 (e (n4+1)),n=N—-1,N—-2,...,0.
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Quasiloglikelihood for HMM

Let now t denote the number of state sequences x = jgji ... J, of length
n+ 1 that have positive probability with regard to the model A with the

given sequence of emission symbols o.
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Quasiloglikelihood for HMM

We enumerate the state sequences (jo, . ,j,,) by the index s, s =1,...,t. Then
we set
Uus = P(Yo =09....Yn=0nXo=Jo..... Xn =Jjm A)

if (jo...jn) — s.
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Quasiloglikelihood for HMM

For any other model A* we set

vs =P(Yo=00....Yn=0nXo=Jo, -, Xn = jn; A*)

if (Jo...Jn) > s.

Note that some vs may be in fact be equal to zero, since we are checking state paths with positive probability with regard to A.

We have to exclude the converse situation and thus make the following assumption.
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Quasiloglikelihood for HMM

We assume that the model A* does not assign a positive probability, conditioned on the given o, to a state path in S that
has probability zero with regard to the model A or, if we have xt =j(')]L .. Ajz such that

P(YO:OOM,Y,,:O,,,XO:jg,m,xn:j:;A) =0

then
P(vozoo...,vn:on,xo:jg,...,x,,:j;;A*) =0
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A lower bound for the loglikelihood ratio

P(Yo=o00...,Yn=o0nA%)
P(Yo=o0p...,Yn=o0mA)"

which is comparing the plausibility of the two models for the fixed
sequence of emitted symbols.

In
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A lower bound for the loglikelihood ratio

Under the assumptions above for s = 1,...,t we have
us >0

and

P(YOZOO...,Y,,:O,,;A*) >

P(YOZOO...,Y,,:O”;)\) -
Q(AMA)—Q(AA)

P(YOIOO...,Y,,ZO,,;A)’

In
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Quasiloglikelihood for HMM

t
QAA)=Q(AA o)=Y usinvs

s=1

and

QAA)=Q(AA o) = Z:uslnuS
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Quasiloglikelihood for HMM

t
QAN =Y uslnvs =
s=1

(interchanging the order of the finite summations)
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Baum-Welch

We maximize

as function of the unknown parameters. This gives:
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Baum-Welch

1. Forj=1,...,J,
&

2. Forj=1,...,Jandfor k=1,...,K
d:
* _ Kk
bj(ok)*Tj-
3. Forj=1,...,Jandfori=1,...,J
Cilj

"
af,=—49
ilj T o

):j:1 Cilj
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Baum-Welch

o(J) - Bo())

YoZOO,...,Yn:On).

i 0) = 5 &

*

TT; is the expected frequency of j at starting time given o ... 0,

and conditioned on the current model A.
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Baum-Welch

2. Forj=1,...,Jandfor k=1,..., K

Yito lrvi—on @i () - Bi()
Yicoar(J) - Bi() .

b¥(ok) is the expected number of visits in state j and emitting
the symbol o, divided by the expected number of transitions
from state j, given op...0, and conditioned on the current
model A.

bj-‘(ok) = (2)
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Baum-Welch

3. Forj=1,...,Jandfori=1,...,J

oo Al Yo ai(i) - by (0r11) - Bria(i)
v g (i) - Bi(i)
a;f‘U is the ratio of the expected number of transitions from state

i to state j divided by the expected number of transitions from
state / given o ... 0, and conditioned on the current model A.

(3)
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Consider a Markov chain (Xk)%._, with the state space {0, 1} and with the
transition probability matrix

=70
g l—gqg
and with the initial distribution
m(0) =(1—a,a).
The emitted sequence (Yi)i_q is given by

Y, — 1 ifXe+Ve>1
K71 0 if X+ Vi <0,

where (Vk)fzo is a sequence of independent, identically distributed
discrete random variables, which are independent of of (Xk)}_,, too. The
variables Vj assume values in the alphabet {—1,0,1} with the
probabilities

1—po— p1,po, p1

respectively.
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A Problem

(a) Show that this is a hidden Markov model in the sense of our
definition. Give the emission probability matrix B.

(b) Letforj=0,1
7t (nlm) = P (Xn = j| Yo, ..., Ym)
be the prediction (n > m) or filtering (n = m) probability. Show that

71 (n+1n) = p— (p— (1— q)) - 71 (nln)
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