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RYWYT%[d_=�?[darb�kX^sS�UXb=_CRYWYWYqrk2��_;[d^�yl���sS;[dbCq%[db�UxUX_C_ Ë 
 Í kXbKS;[d�lUXb�UX�7[dW�|�[d^�RY^
_;[WYRY^Vâ;kXb�ys�G^\WYRYar_Çf-qVUX^�t�~VS Ë fV| 0 < n < a

b Í
(4) ⇔ n′ = an

(

1 − b

a
n
)

⇔ n′

n
(

1 − b
an

) = a

⇔
∫

dn

n
(

1 − b
an

) =

∫

adt.

çFUXbC_CRpUXWY�\b�~XT�SCg\�\�?Z\[dWY^\RY^\aEa%[db
∫

dn

n
(

1 − b
an

) =

∫ a
bdn

n
(

a
b − n

)

=

∫

( 1

n
+

1
a
b − n

)

dn

= ln(n) − ln |a
b
− n|



��b;ZhRY^lkXb�U�z�Ron�[db;[d^+_CRpUXWi[dT�qVUX_CRifV^s[db S;RiZ�y ä U]q Ì�ä
f�`;wmS�~XWi[]Z\[]S

ln(n) − ln |a
b
− n| = at + C̃.

��^sZ\[db�UX^+_�UXa+UX^sZ\[d_
0 < n0 < a

b

|x~VSC_;[�Z\[d_=tvuVbKSC|x~9_CRiZ\[dbKa+kXWYWpU�UX_C_
0 < n(t) < a

b

q�RYWYT%[d_=a%[db

ln(n) − ln(
a

b
− n) = at + C̃,

[dWYWi[db
ln

n
a
b − n

= at + C̃.

��kXb=TVUX^�|xUX^�WiurS'U�g\_
n Ë a%uVbÇZ\[d_�ì Í f�`;w�b;[]SCg\WY_�UX_;[d_��\WYRYb

n(t) =
a

b

(

1 − 1

1 + eat+C̃

)

=
a

b

(

1 − 1

1 + Ceat

)

ZskXbGq�R�RsS;RiSC_�U�Wi[]Z\[d_GWpkX_
C = eC̃ .

Q�RYWYWYT%fVb;[d_
n(0) = n0

a%[db�S;[]ZsUX^
C = n0

a/b−n0

f�`;w
|�[]Z

L = a
b

t�~VSKSCWYg\_CWYRYa%[d^

n(t) = L
(

1 − L − n0

Leat

)

.

Q�R�S;[db×UX_C_
n(t) → L

�xZs~
t → ∞ �

fV�?[db;f
[d^sZ\[eU]q
n0
��q�RYWYT%[d_�g\_C_CbC�h`;T%[db�Z\[d_

t�UXT
_Cg\| UX_C_x[d_C_�SCWpUXa%S�â;kX|�q�RYT
_cRY^
_Cb�kVZ\[db�y
ÐÉf
Z\[dWYWi[d^ f�qrUX^ kXb9TrkX^sZÁS;fV| Z\[d^ ®o¤;Âr§p¶�¼
¬{§¨¶�¯X�®o-Â+«�£ f�`;wåRY^htvuVb;Z\[]SEU�q [d^åwsfVWYWpkX^h�
ZsUXb;[=q�RiZ�^lUX|c^�Q*[dbCw+g\WiS;_�� Ì� é���y%Ð�UX^�wlUXbUX�\�\WYRi`][db�UX_KZ\[d^EwlkXbN|�f�Z\[dWYWi[d^½�l~=âCfVb;Z\[d^sS

t 

n(t) 

L 

n0 

�?[�t{fVWYT�^\RY^\a�|�[]Z�WpkX|c�\WYRYa+U��lUXb�UX|�[d_;[dbCqrkXb;Z\[d^���f
`�wct�g\^\^\RY_Garb�kX^sS;qVkXb;Z\[d_
L =

`�Uhy Ì�� |cRYW â;UXb;Z\[db��%q�RYWYT%[d__;fVb;Z\[�RY^
_Cb�k2n�UcfV|cT�bCRY^\aEÎ � é � y��O_;[db;SC_�~Xb�UX_C_KS;[�fV|èZ\[d_C_�U�SC_�kX|c|�[db�y

Ý�Þ��
ßjà��
á
�È~X_ÇfrS�S=^+g��?[d_Cb�UXT�_�U�[d^�WYRY^VâCkXbOtvuVb;SC_�UcfVb;Zh^\RY^\a%[d^sS�ZhRon?[db;[d^
_CRpUXWi[dT
qrUX_CRifV^��I_�y�[��?y\[dT�qVUX_CRifV^s[d^

y′ + 2y = e−t.

��|Ïq�R�|�g\WY_CRY�\WYRi`][db�UXb�[dT
qrUX_CRifV^s[d^�|�[]Z
e2t S�~At�~VS=Z\[d^m[dT
q�RYqrUXWi[d^+_�Uc[dT�qVUX_CRifV^s[d^

e2ty′ + 2e2t = et.

çGb;f�Zhg\T
_Cb;[da%[dWY^
(fg)′ = f ′g + fg′

í0�lUXT�WpkX^\a%[]S�î�a%[dbÇ^+g
d

dt
(e2ty(t)) = et

f�`;wmS�~XWi[]Z\[]S

e2ty(t) = et + C

⇔ y(t) = e−t + Ce−2t

tvuVb=^l~Xa%fV^�T%fV^sSC_�UX^+_
C
y\z�[d^�wlkXbKRiZ	��� ^mSCTrUXWYW�q�R�^+g�g\_C^
�
_C_{â;Uhy



��b;ZhRY^lkXb�U�z�Ron�[db;[d^+_CRpUXWi[dT�qVUX_CRifV^s[db S;RiZ�y��cU]q Ì�ä
ïcðòñ?ó�ó0ôÊõ�ðæó0öÈ÷Vð�ø�ð*ùÈ÷VôÊú\ûrüGýÖþ�ö�ÿ�þ�ö�ÿ+÷2ûrñåü�ÿ+ýNð�ø�ð*ù�úlðN÷mó�ø0ð��Xõ?ÿ%ñ����eï
Q�R��7[d_Cb�UXT�_�UXb�UXWYWY_;S�~�[dT�qVUX_CRifV^s[d^

y′ + a(t)y = f(t), Ë 
 ÍZskXb
a
f�`;w

f
kXb�arRYq
^lU�T%fV^+_CRY^+gs[dbCWYRYa+U�t{g\^\T�_CRifV^s[db�ylQ�RÈ|Ag\WY_CRY�\WYRi`][db�UXb Ë 
 Í |�[]Z eA(t) �lZskXb A(t)

kXb�[d^
�\bCRY|cRY_CRYqEt�g\^\T�_CRifV^�_CRYWYW

a(t)
f�`;w�t�~XbKZ\[d^m[dT�q
RYqrUXWi[d^+_�U�[dT
qrUX_CRifV^s[d^

eA(t)y′ + a(t)eA(t)y = eA(t)f(t).

���sS;[dbCq%[db�U�^
gÃUX_C_
d

dt
eA(t) = A′(t)eA(t) = a(t)eA(t).

�fV|ÏR�[��\[d|c�\Wi[d_Çf�qrUX^�a%[dbK�\b;f�Zhg\T�_Cb;[da%[dWY^ÃUX_C_

eA(t)y′ + a(t)eA(t)y =
d

dt
(eA(t)y).

��WYWY_;S�~ckXb Ë 
 Í [dT�q
RYqrUXWi[d^+_K|�[]Z
d

dt
(eA(t)y) = eA(t)f(t).

ÐÉ[d^�Z\[d^�wlkXbÇ[dT�qVUX_CRifV^s[d^�TrUX^�q�R�[d^\T%[dWY_KWiurS�U9�*RY^
_;[darb;[dbCRY^\axa%[db

eA(t)y =

∫

eA(t)f(t)dt + C

f�`;wmSCWYg\_CWYRYa%[d^
y(t) = e−A(t)

(

∫

eA(t)f(t)dt + C
)

.

�lUXT�_;fVbC^
eA(t) TrUXWYWpUVSOt{uVb�§�£l¬0«vÂr¥C«�¥CV£I¦
«�ºdV¯2¬�¤V¥dy

Ý�Þ��
ßjà��
á
��urSA¹�«vÂ��V£s£7«�® ¶]«d°2©V¥C¦+«'¶�Ù7¥�¤+¹d®Y«�¸x«d¬

y′ + 2ty = t Ëvä%Í
y(0) = 0

��urSC^\RY^\as�O�GT�qrUX_CRifV^s[d^ kXbEWYRY^VâCkXb���f�`;wjâ;kX|�tvuVb;[dWiS;[m|�[]ZÊZ\[d^5UXWYWY|xkX^lUetvfVbC|�[d^ Ë 
 Í a%[db a(t) = 2t
�

f(t) = t.
�0^
_;[darb;[db�UX^sZ\[�t�UXT
_;fVb=�\WYRYb

e
R

2tdt = et2 ,f�`;wm[dT�qVUX_CRifV^s[d^ Ëvä%Í TVUX^ÃUXWYWY_;S'~�SCT
bCRYqrUVS=�l~�Z\[d^m[dT�q�RYqVUXWi[d^
_�U9t{fVbC|�[d^
d

dt
(et2y) = tet2

⇔ et2y =

∫

tet2 =
1

2
et2 + C

⇔ y(t) =
1

2
+ Ce−t2 .

�O[dar�
^\^s[dWiS�[dq
RYWYWYT%fVb;[d_
y(0) = 0

a%[db

0 =
1

2
+ C ⇔ C = −1

2
,



��b;ZhRY^lkXb�U�z�Ron�[db;[d^+_CRpUXWi[dT�qVUX_CRifV^s[db S;RiZ�y���U]q Ì�ä
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y(t) =
1

2
(1 − e−t2).

Q�R�S�UX|c|xUX^htvUX_C_�UXb�b;[]SCg\WY_�UX_;[d^�R�Z\[d_C_�U�U�q�S;^\RY_C_�y
�! ��"��l¡�´9«�£�® §�£�Ø]©V¥CKº]ÆV¥'¶�¬�E¤V¥�¦r£s§¨£�Â+«�£\¶A¦V§ ª�«�¥;«�£l¬{§vV®i«'¯-°2r¬{§v¤V£7«d£

y′ + a(t)y = f(t)

¿�V¥9¦+«�£eV®¨®"¸�©V£Ix®oÆV¶'£s§�£
Â+«�£

y(t) = e−A(t)
(

∫

eA(t)f(t)dt + C
)

,

¦%©V¥
A(t)

©V¥A«�£xÙI¥�§¨¸�§{¬{§¨°�º�»
£\¯X¬{§{¤V£�¬{§�®¨®
a(t) Å ¤�¾�¿ C

©V¥9«�£�Â%¤�¦%¬#�r¾d¯-® §YÂ�¯X¤V£s¶�¬�V£l¬0À
�! ��"�Ú?¡�´9«�£É¶]«0Ù\V¥�
¹�®o�º]ÆV¥'¶�¬�E¤V¥C¦V£s§�£
Â+«�£\¶A¦r§ ª�«�¥;«�£l¬{§vV®i«'¯-°2%¬{§{¤V£?«�£

g(y)y′ = f(t)

¿�V¥9¦+«�£eV®¨®"¸�©V£Ix®oÆV¶'£s§�£
Â+«�£ ±oÙ\Äx§�¸�ÙI®"§{¾d§{¬\º]¤V¥�¸�µ

G(y(t)) = F (t) + C,

¦%©V¥
G,F

©V¥�Ù7¥'§�¸�§�¬{§�°2Çº'»�£\¯2¬{§v¤V£7«�¥�¬{§�®�®
g
¥;«'¶0Ù�À

f Å ¤�¾�¿ C
©V¥9«�£�Â%¤�¦r¬#�%¾�¯2® §YÂ�¯X¤V£\¶d¬�V£l¬0À

��fV_;[db�U�UX_C_�WiurSC^\RY^\a+UXbC^lU�RY^\^s[dwl~XWYWi[dbO[d^½fV�7[]SC_�kX|�ZxT%fV^sSC_�UX^+_
C
y
z�[d_C_�UAkXb�_��
�\RiSCT�_*tvuVb*tvuVb;SC_�U�fVb;Zh^\RY^h�

a%[d^sSO[dT
qrUX_CRifV^s[dbN�ÈtvuVb�UX_C_�WiurS�U�Z\[d| RY^+_;[darb;[db�UXb=q�RI[d^Ea+~X^\a9f�`;w½Zs~�_CRYWYWYT%fV|c|�[dbK[d^�RY^+_;[darb�UX_CRifV^sSCT%fV^h�
SC_�UX^
_�yl��T%fV^\T
b;[d_�UctvUXWYWÈ�7[]SC_�kX|�SÇT%fV^sSC_�UX^+_;[d^Éa%[d^sfV|�UX_C_Çg\_C^+��_C_{âCU��
_C_;[dbCWYRYa+UXb;[�q
RYWYWYT%fVb��l~cZ\[d^ÃS;uVT�_�U
WiurSC^\RY^\a%[d^��\_�y�[���ys[d_C_=�?[dar�
^\^s[dWiS�[dqVkXb;Z\[

y(t0) = y0.

$ :A6A4?>@P=4769:98;:AÕÇDG:AÔ 698CBEDF47DG:�HI8;>ÇJ;DFL�MN>OHI8�PK:ADF4
Q�R�SCTVUXWYW�^
g��?[dwlUX^sZhWpU�UX^sZhb�UcfVb;Zh^\RY^\a%[d^sS�WYRY^VâCkXb�UcZhRon�[db;[d^+_CRpUXWi[dT�qrUX_CRifV^s[db�y
���%�G�}�p�-���7�&%�¡�¢O£�V£7¦V¥�½¤V¥C¦V£s§�£
Â+«d£\¶�® §�£�Ø]©V¥�³�´�¢ ¿�V¥Gº]¤V¥�¸x«�£

y′′ + a(t)y′ + b(t)y = f(t). Ë � Í
³O¸

a(t)
¤-¾�¿

b(t)
§�£l¬0«�¹;«�¥C¤V¥mV°

t
¶d©-Â+«'¶�«�¯-°2r¬{§v¤V£7«�£×¿�É¯X¤r£\¶�¬�V£I¬�É¯X¤-«('×¾]§v«�£I¬0«�¥]À�³O¸

f(t) ≡ 0¯XV®�®YX¶9«'¯-°2%¬{§{¤V£?«�£É¿�¤V¸�¤;Â+«�£ Å V£s£Ir¥�¶�§�£\¿�¤V¸�¤;Â+«d£7À
Q�R*_�kX^\T%[db�frS;S�wlkXbAUX_C_

a, b, f
kXb�T%fV^
_CRY^+gs[dbCWYRYa+Umt�g\^\T�_CRifV^s[db�y�Q�UXb�tvuVb�TrUXWYWpUVS�[dT�qVUX_CRifV^s[d^�WYRY^VâCkXb*)��%f\�

UXWYWY|xkX^+_�S�~�S�kXa%[]SK[d^�t�g\^\T�_CRifV^,+VU]q��\RYWiZh^\RY^\a
L
|�[]ZmZ\[�Ñs^\RY_CRifV^sSC|xkX^\a%Z DL

qrUXb�U9WYRY^VâCkXbÇfV|
R Í L(y1 + y2) = L(y1) + L(y2) y1, y2 ∈ DL

RYR Í L(αy) = αL(y), y ∈ DL, α ∈ R.

��| q
RO^
g Z\[�Ñs^\Ri[db�UXb
L(y) = y′′ + a(t)y′ + b(t)y

� Ë ZhqhS�y}S;fV| qVkX^sS;_;[dbCWi[]Z\[d_cR Ë � ÍCÍ S�~ÃS;[db�q�ROUX_C_
L
g\�\�ht���WYWi[db�q�RYWYWYT%fVb;[d^ÁR Í f
`�w�RYR Í f�qrUX^Áf�`;w S�~XWi[]Z\[]S�kXb�WYRY^Vâ;kXb�yÈ�G^²q
RYT�_CRYamT%fV^sS�[dT
q%[d^sS�U]qjZ\[d_C_�UÉkXbtvuVW âCUX^sZ\[r�sfV|

y1
f
`�w

y2
kXbK_CqV~cWiurSC^\RY^\a+UXbÇ_CRYWYWÈZ\[d^j¿�¤V¸�¤;Â+«�£7½[dT
qrUX_CRifV^s[d^

y′′ + a(t)y′ + b(t)y = 0
�

S�~�kXbKk]q%[d^mUXWYWpUAWYRY^Vâ;kXbCT%fV|��\RY^lUX_CRifV^s[db
C1y1 + C2y2

WiurSC^\RY^\a+UXb=_CRYWYW�S�UX|c|xU9[dT
qrUX_CRifV^�y\z�[d_�wlkXbOTrUXWYWpUVS
tvuVb�¶'»-Ù\«�¥0Ùh¤X¶'§{¬{§v¤V£\¶�Ù7¥'§�£I¾d§ Ù\«�£l�If
`�wmkXbÇ[d^�|��h`;T%[d_�q
RYT�_CRYac�\bCRY^s`dRY��y



��b;ZhRY^lkXb�U�z�Ron�[db;[d^+_CRpUXWi[dT�qVUX_CRifV^s[db S;RiZ�y  U]q Ì�ä
-Çø�ð��Xõ?ÿ%ñ/.�0iñ×ü�ÿ
ý�ð�ø�ð*ù�úIð�÷�1�üÈôÊü�ù�úlð�ñ����eï ôÊúlý32�ü·ð�÷2ûrñ?ð·ûrñ42Èü}ú�5�6\ø0úlð·ûVúlÿ
�O[d_Cb�UXT
_�U�Z\[d^�wsfV|�fVa%[d^lU�WYRY^Vâ;kXb�UcZhRon?[db;[d^
_CRpUXWi[dT
qrUX_CRifV^s[d^É|�[]Z�T%fV^sSC_�UX^+_�U�T%f
[87x`dRi[d^
_;[db

y′′ + ay′ + by = 0. Ë � Í
��|Ïq�R�Wp~X_;[db

y(t) = ert S�~Atv~Xb=q�RÈUX_C_

y′′(t) + ay′(t) + by(t) = r2ert + arert + bert = ert(r2 + ar + b).

��WYWY_;S�~�S�UX_CRiSCÑl[db�UXb
y(t) = ert [dT
qrUX_CRifV^s[d^ Ë � Í fV|èq�RÈTrUX^mqrkXW â;U

r
S�~�UX_C_

r2 + ar + b = 0
y7z�[d^mwlkXb

[dT�qVUX_CRifV^s[d^�wlUXb*â�g�S;fV| �?[dTrUX^+_K_Cqr~9b;uV_C_;[db
r1, r2

f�`;wmUXWYWY_;S'~�kXb=qVUXb{âC[�t{g\^\T
_CRifV^

y(t) = C1e
r1t + C2e

r2t

[d^�WiurSC^\RY^\ac_CRYWYW·[dT
qrUX_CRifV^s[d^ Ë � Í y�FuVW âCUX^sZ\[�t�b�~Xa%fVb�kXb=^
g�^lUX_Cg\bCWYRYa+Uh�

Ì y���[dbÇZ\[d_=wlkXb�UXWYWpU�WiurSC^\RY^\a+UXb*)
Îhy:9KkX^\T�fV|

r1, r2
T%fV|c�\Wi[��\U�)�Q�UVZmkXbKZs~

er1t f�`;w�a+kXWYWi[dbÇZ\[d_�UX_C_ d
dte

r1t = r1e
r1t )

ÐÉ[]Z�UX^\Wi[]Zh^\RY^\axwlkXb�U]q½RY^
_Cb;f
Zhgs`][db�UXb�q
R�Z\[d^�T%fV|c�\Wi[��sU�[��h�?fV^s[d^+_CRpUXWot{g\^\T
_CRifV^s[d^�y
���%�G�}�p�-���7�<;?¡c³O¸

z = α + iβ ∈ C
¶]Ä�©r¥

ez = eα(cos(β) + i sin(β)).

Q�Rs�7[dwsu-q%[dbNf�`;ThS�~�T�g\^\^lU�Z\[dbCRYq%[db�U�T%fV|c�\Wi[��hqrkXb;ZsU�t{g\^\T
_CRifV^s[db��
f
`�w�a%uVb�ZskXb�tvuVb*tvuVW âCUX^sZ\[ Ë ^lUX_Cg\bCWYRYa+U ÍZ\[�Ñs^\RY_CRifV^�y
���%�G�}�p�-���7�>=�¡ ê £I¬��ÂA%¬v¬

g(t) = u(t)+ iv(t)
¦%©V¥

u
¤�¾d¿

v
©V¥=¥C«�«�®¨®"°2©V¥C¦%Oº�»�£\¯2¬{§v¤V£7«�¥=¶]¤V¸ ¦+«�¶�¶'»h¬�¤V¸

©V¥�¦+«d¥'§�°X«�¥�¹CV¥C+À}´�Ä½©V¥
g′(t) = u′(t) + iv′(t).

��^+_�UXa�^
gÃUX_C_
r = α + iβ ∈ C

y\z�[�Ñs^\RY_CRifV^s[dbC^lUca%[dbÇZhRYb;[dT�_
d

dt
ert =

d

dt
eαt(cos(βt) + i sin(βt))

= αeαt(cos(βt) + i sin(βt)) + eαt(−β sin(βt) + iβ cos(βt))

= (α + iβ)eαt(cos(βt) + i sin(βt))

= rert.

�\b�~Xa+U9Îhy%f�qrUX^xwlUXbOUXWYWY_;S�~�t�~X_C_N[d_C_NSCqVUXb�y
�Çg\b�kXbNZ\[d_�|�[]Z�t�b�~Xa+U Ì �rwlUXb�UXWYWpU�WiurSC^\RY^\a+UXb�_CRYWYW Ë � Í tvfVbC|�[d^
y(t) = C1e

r1t + C2e
r2t )?9*��qrkXbCbKS�~ckXbKZ\[d_=RY^+_;[�t{g\WYWY_KS�~�[d^\T%[dWY_�ysz�[d_=q�RiS�UXb=SCRYac^lkX|cWYRYa%[d^ÃUX_C_=t�UXWYWi[d_

r1 = r2
g\_Ca%uVb}[d_C_}g\^sZsUX^+_�UXa��?Z\f
`�T�Z\[d_}[d^sZsUhyX��[dWY_·T
WpUXbC_FkXb·RhUXWYWpUOt�UXWYWhUX_C_}[dT
qrUX_CRifV^s[d^

r2+ar+b = 0SC�?[dWpUXbK[d^ÃU]q�a%uVb�UX^sZ\[�b;fVWYW?tvuVb=WiurSC^\RY^\a+UXbC^lUVS�g\_;S;[][d^sZ\[ry
���%�G�}�p�-���7�A@7¡CB�«C¦²¦+«�£Û¯XV¥CX¯2¬0«d¥'§¨¶�¬{§¨¶�¯Xå«�¯-°2r¬{§v¤V£7«�£5¬{§�®¨®K¦+«d£×¿�¤r¸c¤�Â+«�£I ¦V§ ª�«�¥;«�£l¬{§vV®Y«�¯-°2r¬{§v¤V£7«�£
y′′ + ay′ + by = 0

¸x«�£IV¥�°-§N«'¯-°2r¬{§v¤V£7«d£

r2 + ar + b = 0.

Q�R�b�kX_�UXbK^+g�g\_�Z\[d_KSCRiSC_�UAt{b�~Xa%[d_;[]`;T�^s[d_�f�`;wmS�UX|c|xUX^ht�UX_C_�UXbKRÈ[d^�S'UX_;S�y



��b;ZhRY^lkXb�U�z�Ron�[db;[d^+_CRpUXWi[dT�qVUX_CRifV^s[db S;RiZ�y�DcU]q Ì�ä
�! ��"xÜ�¡FEÈÄr¬

a, b ∈ R
¤�¾�¿É¹�«d¬{¥�V¯2¬��¦+«�£É¿�¤V¸�¤;Â
«�£I½¦V§ ª�«�¥C«d£l¬{§{r®Y«'¯2°2r¬{§v¤V£7«�£

y′′ + ay′ + by = 0. ËG%Í
ê £l¬��ÂEr¬v¬

r1
¤�¾d¿

r2
©V¥�¥CÆr¬v¬0«�¥�£IE¬{§�®¨®È¦+«d£m¯Xr¥�X¯X¬0«�¥'§¨¶�¬{§¨¶�¯V�«'¯-°2r¬{§v¤V£7«d£

r2 + ar + b = 0.

´AÄAÂ%©r®¨®i«�¥
§ µÛ³O¸

r1, r2 ∈ R
¤-¾�¿

r1 6= r2
¶dÄ�¯XV£É°2V¥�Ø]«�®YÆX¶'£l§¨£
Â�¬{§�®¨®*±IHdµ�¶�¯-¥�§¨°XX¶

y(t) = C1e
r1t + C2e

r2t,

¦+©V¥
C1

¤�¾d¿
C2

©V¥ÇÂ%¤-¦r¬#�%¾�¯-®"§oÂ%�¯V¤V£\¶�¬�r£l¬0«�¥�À
§�§ µ×³O¸

r1 = r2
¶]Äc¯VV£�°2V¥�Ø]«�®YÆX¶'£s§�£
Â�¬{§¨®�®G±JHdµ�¶'¯-¥'§�°2X¶

y(t) = (C1 + C2t)e
r1t,

¦+©V¥
C1

¤�¾d¿
C2

©V¥ÇÂ%¤-¦r¬#�%¾�¯-®"§oÂ%�¯V¤V£\¶�¬�r£l¬0«�¥�À
§�§�§ µ×³O¸

r1 = α + iβ, r2 = α − iβ,
¦+©V¥

β 6= 0
¶dÄ�¯XV£�°2V¥�Ø]«�®YÆX¶'£l§¨£
Â�¬{§�®¨®G±JH]µ9¶'¯-¥�§¨°2V¶

y(t) = eαt(C1 cos(βt) + C2 sin(βt)),

¦+©V¥
C1

¤�¾d¿
C2

©V¥ÇÂ%¤-¦r¬#�%¾�¯-®"§oÂ%�¯V¤V£\¶�¬�r£l¬0«�¥�À
K�«�°�§¨¶]ÀF��[d^sfV| UX_C_�S�kX_C_�U�RY^eg\_C_CbC��`�T%[d^jtvuVb

y(t)
R*[dT�qrUX_CRifV^s[d^ ËG%Í q%[dbCRoÑl[db�UVS�ZhRYb;[dT�_�UX_C_�Z\[�kXb�WiurSC�^\RY^\a+UXb�y\
qV~XbCRYarws[d_;[d^EWYRYara%[dbNR?UX_C_�q�RiS�U�UX_C_�V®¨®Y9WiurSC^\RY^\a+UXbNwlUXb�tvfVbC|�[d^m§ µX�\§�§ µ�[dWYWi[dbÇ§�§�§ µVy%�Ç^
_�UXaAZskXb�tvuVb

UX_C_
y(t)

kXbÇ[d^�WiurSC^\RY^\ax_CRYWYW ËG%Í ysz�[�Ñs^\Ri[db�UcS;[]ZsUX^m[d^½t{g\^\T�_CRifV^ g(t)
a%[d^sfV| S�UX|��lUX^sZ\[d_

g(t)er1t = y(t).

z�~ckXb
y′ = (g′ + r1g)er1t,

f�`;w
y′′ = (g′′ + 2r1g

′ + r2
1g)er1t.�Ft{_;[db;S;fV|

y
S�UX_CRiS�Ñl[db�UXb ËG%Í tvuVW â�[db�Z\[d_ÇUX_C_

0 = y′′ + ay′ + b =
(

g′′ + (2r1 + a)g′ + (r2
1 + ar1 + b)g

)

er1t. Ë D Í
��g�kXb

r2
1 + ar1 + b = 0

��f�`;w
a = −(r1 + r2)

S'~�UX_C_
2r1 + a = r1 − r2

f�`;wj[dT�qrUX_CRifV^s[d^ Ë D Í kXb[dT�q
RYqrUXWi[d^+_K|�[]Z
g′′ + (r1 − r2)g

′ = 0.ÐÉ[]Z
h = g′

t�~Xb=q�R�[dT
qrUX_CRifV^s[d^
h′ + (r1 − r2)h = 0,S;fV| kXbA[d^et{uVb;S;_�U�fVb;Zh^\RY^\a%[d^sS�WYRY^Vâ;kXb���z��K��|�[]ZjRY^+_;[darb;[db�UX^sZ\[xt�UXT
_;fVb

e(r1−r2)t.
�FuVW â;UXT
_CWYRYa%[d^�wlUXb

Z\[d^�WiurSC^\RY^\a+UXbC^lU
g′(t) = h(t) = K1e

−(r1−r2)t.��^+_;[darb�UX_CRifV^ma%[db
g(t) =

{

K2 − K1

r1−r2
e−(r1−r2)t,

fV|
r1 6= r2

K2 + K1t,
fV|

r1 = r2.��kXbÇkXb
K1

f�`;w
K2

a%f
Zh_���`�T
WYRYa+U�T%fV|c�\Wi[��\U�_�UXW�y7hUX|��lUX^sZ\[d_
y(t) = er1tg(t)

a%[db=^
g

y(t) =

{

C1e
r1t + C2e

r2t,
fV|

r1 6= r2

C1e
r1t + C2te

r2t,
fV|

r1 = r2.
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wlkXb�kXb

C1 = K2, C2 = − K2

r1−r2

RFZ\[d_�t{uVb;SC_�U�t�UXWYWi[d_���f�`;w
C1 = K2, C2 = K1

RGZ\[d_AUX^sZhb�U�t�UXWYWi[d_�y
��g\bÇS;fV|Ïws[dWiSC_�kXb

C1
f�`;w

C2
a%f�Zh_0�h`;T�WYRYa+Uh�If�`;wÃfV| Z\[�qrkXW â�SKb;[][dWYWpU�S�~At�~XbKq�R�WiurSC^\RY^\a%S�t�UXWYWi[d^�§ µ�f
`�w

§�§ µVy��FuVb�UX_C_Çq
RiS�U�§�§¨§ µ�fV�sS;[dbCq%[db�UXbKq�RÈUX_C_ÇfV|
r1 = α + iβ

f
`�w
r2 = α − iβ

S'~ckXb
er1t = eαt(cos(βt) + i sin(βt))

er2t = eαt(cos(βt) − i sin(βt)).�FuVW âCUXT�_CWYRYa%[d^ÃkXb
y(t) = C1e

r1t + C2e
r2t

= eαt((C1 + C2) cos(βt) + i(C1 − C2) sin(βt))

= eαt(A1 cos(βt) + A2 sin(βt)),ZskXb
A1 = C1 + C2

f�`;w
A2 = i(C1 − C2).

��|èq�R·[d^sZsUVSC_�kXbÇRY^
_Cb;[]S;[db�UVZ\[cU]q�b;[][dWYWYqrkXb;ZsU�WiurS;^\RY^\a+UXb
qrkXW â�[db=q�R�wlkXb

A1
f
`�w

A2
b;[][dWYWpUhy

2

Ý�Þ��
ßjà��
á
�}RY^\^mZ\[d^mUXWYWY|xkX^lUcWiurS;^\RY^\a%[d^�_CRYWYW

y′′ + 4y′ + 4y = 0.

��urSC^\RY^\as�lz�[d^mTVUXb�UXT�_;[dbCRiSC_CRiSCTrU�[dT
qrUX_CRifV^s[d^ÃkXb
r2 + 4r + 4 = 0,S;fV| wlUXbKb;uV_C_;[dbC^lU

r1 = r2 = −2.
�G^\WYRYar_�hUX_;S Ë é Í wlUXbÇZs~�[dT�qrUX_CRifV^s[d^mZ\[d^ÃUXWYWY|xkX^lU�WiurSC^\RY^\a%[d^

y(t) = (C1 + C2t)e
−2t,ZskXb

C1
f�`;w

C2
kXb=a%f�Zh_0�h`;T�WYRYa+UcT%fV^sSC_�UX^
_;[db�y

Ý�Þ��
ßjà��
á
�}RY^\^mZ\[d^mUXWYWY|xkX^lUcWiurS;^\RY^\a%[d^�_CRYWYW

y′′ + 4y′ + 5y = 0.

��urSC^\RY^\as�lz�[d^mTVUXb�UXT�_;[dbCRiSC_CRiSCTrU�[dT
qrUX_CRifV^s[d^ÃkXb
r2 + 4r + 5 = 0,S;fV|@wlUXb�b;uV_C_;[dbC^lU

r1 = −2 + i
�
r2 = −2 − i.

�G^\WYRYar_chUX_;S Ë é Í wlUXb�Zs~�[dT
qrUX_CRifV^s[d^�Z\[d^ÁUXWYWY|xkX^lUWiurSC^\RY^\a%[d^
y(t) = e−2t(C1 cos(t) + C2 sin(t)),ZskXb

C1
f�`;w

C2
kXb=a%f�Zh_0�h`;T�WYRYa+UcT%fV^sSC_�UX^
_;[db�y

Ý�Þ��
ßjà��
á
�O[d_Cb�UXT
_�U�[d^É�7[d^sZ\[dW}�7[]S;_�~V[d^sZ\[�U�q�[d^Ã�\g\^\T�_�tvfVbC|xUVZÃ|xUVS�S�U
m
t�kVSC_�R7[d^Eq�RYT
_CWiurSOSC_�~X^\a9|�[]ZEWpkX^\a%Z\[d^

l.
�È~X_

θ(t)
qVUXb�UAg\_��

SCWpUXa%SCq�RY^\T%[dWY^Ét�b�~X^É�?[d^sZ\[dWY^sS�â;kX|�q�RYT�_;SCWpkXa%[9q
RiZÃ_CRiZ\[d^
t
�s|�[]Z

|�fV_Cg\b;S�S;fV| Z\[d^Ã�7frS;RY_CRYqVU�bCRYT
_C^\RY^\a%[d^�y7ÐÉUVS�S�UX^
m
�l~�q%[dbCTVUVS

Z\[dWiScU]qÁ_0��^\a%ZhT
b�U2t{_;[d^åf
`�w Z\[dWiS�U�qÁZhb�UXarT�b�U2t�_;[d^²t{b�~X^ SC_�~X^h�
a%[d^�yV�Ç[]SCg\WY_�UX^
_;[d^�U]qAZ\[]S�S�UKT�b�U2t{_;[dbFkXb}bCRYT
_�UVZ\[�q�RY^\T%[dWYb�kX_F|�fV_
SC_�~X^\a%[d^��sf�`;wma%[db=g\�\�\wsf�q�_CRYWYW��?[d^sZ\[dWYb;uVb;[dWiS;[d^�y

θ l 

m 



��b;ZhRY^lkXb�U�z�Ron�[db;[d^+_CRpUXWi[dT�qVUX_CRifV^s[db S;RiZ�y ÌrÌ U]q Ì�ä
Ð�UVS;S�UX^²wlUXb9q�RiZ²_CRiZ\[d^

t
wlUVSC_CRYarws[d_;[d^

lθ′(t)
f
`�w UV`]`][dWi[db�UX_CRifV^s[d^

lθ′′(t).
��[d�=_;fV^sS�UX^sZhb�UÉWpUXaÃa%[db

ZskXb�tvuVbÇS�UX|��lUX^sZ\[d_
mlθ′′ = −mg sin(θ),[dWYWi[db��\|�[]Z

a = g
l > 0

θ′′ + a sin(θ) = 0.�GT�qVUX_CRifV^s[d^ÁS;fV|@�7[]S;T
bCRYq%[db��?[d^sZ\[dWYb;uVb;[dWiS;[d^ÁkXb�S�~XWi[]Z\[]S�[d^�UX^sZhb�U�fVb;Zh^\RY^\a%[d^sS�Ri`;T%[���WYRY^Vâ;kXb�ZhRon�[db;[d^h�
_CRpUXWi[dT�qVUX_CRifV^�y·��|@q�R}t{uVbCg\_;S'kX_C_;[db�UX_C_��7[d^sZ\[dWY^sS�S;qVkX^\ar^\RY^\a+UXbAkXb�SC|x~h� Ë ZhqhS�y?q�RF�7[d_Cb�UXT�_�UXb�SC|x~�g\_��SCWpUVSCq�RY^\T�WpUXb

θ Í S'~cTrUX^Ã|xUX^eUX^+qrkX^sZsU½UX�\�\b;f]�hRY|xUX_CRifV^s[d^ sin(θ) ≈ θ
�If
`�wÉSCT�bCRYqrUc�?[d^sZ\[dWi[dT
qrUX_CRifV^s[d^

S;fV|
θ′′ + aθ = 0, Ë�Ì��%Íq�RYWYT%[d_9kXbA[d^ UX^sZhb�UVfVb;Zh^\RY^\a%[d^sSE® §�£�Ø]©V¥�ZhRon?[db;[d^
_CRpUXWi[dT
qrUX_CRifV^ S;fV| q�R�TrUX^jWiurS�Uh�ÈZ\[d^ÁTVUXb�UXT�_;[dbCRiSC_CRiSCTrU

[dT�qVUX_CRifV^s[d^ekXb
r2 + a = 0

S�fV|èwlUXbÇb;uV_C_;[dbC^lU
r1 = i

√
a, r2 = −i

√
a, Ë T%fV| RYwl~Xa½UX_C_

a > 0 Í y7z�[d^UXWYWY|xkX^lU�WiurSC^\RY^\a%[d^Ã_CRYWYW Ë�Ì��%Í �\WYRYbÇZskXb�tvuVb
θ(t) = C1 sin(

√
at) + C2 cos(

√
at).

�ÇfV^sS;_�UX^+_;[dbC^lU
C1

f�`;w
C2

�\WYRYb�[d^
_0�hZhRYar_��?[]SC_�kX|�ZsUÉfV| q�R=SC�?[]`dRoÑl`][db�UXb�[d_C_�¹�«vÂ��V£s£7«�® ¶]«d°�§¨®�® ¯X¤V¥�U]q
_0���?[d^

{

θ(0) = p
θ′(0) = q

��WYWY|xkX^+_ÇTrUX^�|xUX^�WpkX_C_=q�RiS�UcUX_C_K�?[dar�
^\^s[dWiS�[dqVkXb;Z\[]SC�\b;fV�\Wi[d|�[d_
{

y′′ + ay′ + by = 0
y(0) = p y′(0) = q

wlUXbA[d^²[d^+_���ZhRYaÉWiurSC^\RY^\asyL��[dq�RiS;[d_��?[]SC_�~Xb�U]q�UX_C_AS;T
bCRYqrU½g\�\�ÁZ\[d^ UXWYWY|xkX^lU�WiurS;^\RY^\a%[d^�_CRYWYWNZ\[d^ÁwsfX�
|�fVa%[d^lUA[dT
qrUX_CRifV^s[d^

y′′ +ay′ + b = 0,
f�`;wES;[]ZsUX^xg\_C^
�
_C_{â;U��?[dar��^\^s[dWiS;[dq
RYWYWYT%fVb;[d^�tvuVb�UX_C_��?[]SC_�kX|c|xU

T%fV^sSC_�UX^
_;[dbC^lU
C1

f�`;w
C2
y\�ÈkVS�UXb;[d^Ãg\�\�\|xUX^lUVS�UX_C_ÇS;T
bCRYqrUA^s[]Z�Z\[d_�UXW â�[dbC^lUhy

M2ð�1*üÈôÊü�ùÈúlð*ñÛú�2LN7ñ7û%ø�üÈð�úsÿ�ôÛúIýO2ÈüÈð�÷2ûrñ�ðÈûrñ<2�üFú	5�6\ø0úlð·ûrúsÿ
9·UV`�T½qVUXb;[AhUX_;S�é�wlUXb=q
R?t{g\WYWiSC_�kX^sZhRYa�T%fV^
_Cb;fVWYW·u-q%[dbÇWiurSC^\RY^\a+UXbC^lU�_CRYWYW·Z\[d^�wsfV|�fVa%[d^lUc[dT�qVUX_CRifV^s[d^

y′′ + ay′ + by = 0,

ZskXb
a, b ∈ R

y\��g�SCTrUXWYW�q
R��?[]SCT�bCRYqVU9WiurS;^\RY^\a+UXbC^lU�_CRYWYW�|�fV_;SCqrUXb�UX^sZ\[�RY^\wsfV|�fVa%[d^lU�[dT
qrUX_CRifV^�y
�! ��"P%�¡FK�«d¬{¥CX¯2¬�m«'¯2°2r¬{§v¤V£7«�£

y′′ + ay′ + by = f(t). Ë�ÌrÌ-Íê £l¬��ÂÃr¬v¬
yp

©V¥x«�£²®YÆX¶'£s§�£
Â�¬{§�®�®O±RQ�Q'µ Å ±�«�£j¶�Ào¯VÀ�Ùhr¥�¬{§¨¯-»�®o©V¥�®YÆX¶'£s§�£
Â�µ Å ¤�¾�¿�®oÄ%¬ yh
°2V¥CÃ¦
«�£ r®¨®"¸�©V£I

®YÆX¶'£s§�£
Â+«d£É¬{§�®¨®�¸�¤r¬�¶�°2V¥CV£I¦+«�¿�¤r¸c¤�Â+«�£I�«'¯2°2r¬{§v¤V£
y′′ + ay′ + by = 0.

´AÄAÂ+«�¶9¦+«�£eV®�® ¸�©V£Ix®YÆX¶'£s§�£
Â+«d£É¬{§�®¨®*±RQ�Q'µxV°
y(t) = yp(t) + yh(t).

K�«�°�§¨¶]ÀI�Ç^
_�UXa�UX_C_
y(t)

kXbÇ[d^�WiurSC^\RY^\ax_CRYWYW Ë�ÌrÌ-Í �sf�`;w�S�kX_C_ z(t) = y(t) − yp(t)
ylz�~ca+kXWYWi[db�UX_C_

z′′ + az′ + b = y′′ + ay′ + b − (y′′p + ay′p + b)

= f(t) − f(t)

= 0.
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��WYWY_;S�~ckXb

z
[d^�WiurSC^\RY^\ac_CRYWYW·Z\[d^�wsfV|�fVa%[d^lU�[dT�qVUX_CRifV^s[d^��sq
RYWYT%[d_=q�R�SCT�g\WYWi[�q
RiS'Uhy

��|�qrkX^+_�kXbKZ\[d_KT�WpUXbC_�UX_C_ÇUX_C_
y(t) = yp(t) + yh(t)

kXbK[d^�WiurSC^\RY^\ac_CRYWYW Ë�ÌrÌ-Í y 2

�FuVb�UX_C_�Ñs^\^lU½Z\[d^ÁUXWYWY|xkX^lU½WiurSC^\RY^\a%[d^e_CRYWYW Ë�ÌrÌ-Í b�kV`;T%[db�Z\[d_�UXWYWY_;S�~�UX_C_�Ñs^\^lUÁ«�£�WiurSC^\RY^\a yp
y?Q�UXb{âC[

UX^\^lUX^²WiurSC^\RY^\a
y
t�~VS�S�[]ZsUX^Á|�[]Z hUX_;Scé�f�`;wåhUX_;SS
ÉS;fV|

y = yp + yh
�·ZskXb

yh
kXb9Z\[d^ UXWYWY|xkX^lU

WiurSC^\RY^\a%[d^E_CRYWYW7Z\[d^E|�fV_;SCqrUXb�UX^sZ\[�wsfV|�fVa%[d^lUA[dT�qrUX_CRifV^s[d^�y
��g\b�Ñs^\^s[db�|xUX^½Zs~��lUXbC_CRYT�g\WpkXbCWiurSC^\RY^\a+UXb*)
z�[d_�a+~XbAUX_C_�SCT�bCRYqVUEg\�\�j[d^jt{fVbC|�[dWFtvuVb�[d_C_AUXWYWY|xkX^+_AwsuVa%[dbCWi[]Z

f(t) Ë |�[]ZewVâ;kXWY��U]q�[d^�S�y T?yIt�g\^sZsU2�|�[d^+_�UXWYWiurS;^\RY^\a Í �l|�[d^�q�RÈU]qhSC_�~XbOt{b�~X^mZ\[d_�ys��SC_�kXWYWi[d_=�?[dwlUX^sZhWpUXbKq
R�[d_C_Ç�lUXbÇSC�?[]`dRpUXWotvUXWYW��

Ì y y′′ + ay′ + by = p(t)
�lZskXb

p(t)
kXbK[d_C_K�?fVWY�
^sfV|èU�q½arb�UVZ

n
y

• b 6= 0
� �Ç^sS�kX_C_

yp(t) = K0 + K1t + · · · + Kntn
y

• b = 0, a 6= 0 :
�Ç^sS'kX_C_

yp(t) = t(K0 + K1t + · · · + Kntn)
y

• b = 0, a = 0 :
�0^
_;[darb;[db�U�_Cqr~�a+~X^\a%[dbÇ[dWYWi[db�UX^sS�kX_C_

yp(t) = t2(K0 + K1t + · · · + Kntn).

Îhy
y′′ + ay′ + by = p(t)ekt,

ZskXb
p(t)

kXbÇ[d_C_=�?fVWY�
^sfV| U�q½arb�UVZ
n
y

��^sS�kX_C_
yp(t) = z(t)ekt.

�Ft�_;[db�RY^sS�kX_C_C^\RY^\a½R}[dT
qrUX_CRifV^s[d^Étv~Xb�|xUX^
z′′ + cz′ + dz = p(t),

f
`�w
Zs~xkXb=|xUX^�_CRYWYWY�lUXTVUcR�Z\[d_=t{uVb;S;_�UAtvUXWYWi[d_�y

éhy
y′′ + ay′ + by = cos(βt)

[dWYWi[db
y′′ + ay′ + by = sin(βt)

�
β 6= 0.hkX_C_

r0 = iβ :

• r2
0 + ar0 + b 6= 0 :

�Ç^sS'kX_C_
yp(t) = K1 cos(βt) + K2 sin(βt)

y
• r2

0 + ar0 + b = 0 :
�Ç^sS'kX_C_

yp(t) = t(K1 cos(βt) + K2 sin(βt))
y

Ý�Þ��
ßjà��
á
�O[]SC_�kX|èZ\[d^mUXWYWY|xkX^lU�WiurSC^\RY^\a%[d^�_CRYWYW

y′′ + y′ + y = t.

��urSC^\RY^\as�=ÐÉfV_;SCqrUXb�UX^sZ\[�wsfV|�fVa%[d^lU [dT
qrUX_CRifV^ kXb
y′′ + y′ + y = 0

S;fV| wlUXb�Z\[d^5TrUXb�UX_;[dbCRiSC_CRiSCTrU
[dT�qVUX_CRifV^s[d^

r2 +r+1 = 0
y+��kXbGÑs^\^s[dbNq
Rlb;uV_C_;[dbC^lU

r1,2 = −1
2 ± i

√
3

2

qrUXb�tvuVb�Z\[d^EUXWYWY|xkX^lU�WiurSC^\RY^\a%[d^
_CRYWYWÈZ\[d^�wsfV|�fVa%[d^lUx[dT
qrUX_CRifV^s[d^��\WYRYb

yh(t) = e−
1

2
t(C1 cos(

√
3

2
) + C2 sin(

√
3

2
)).

�FuVb�UX_C_�Ñs^\^lU�[d^ �lUXbC_CRYT
g\WpkXbCWiurSC^\RY^\a
yp
S�~�UX^sS�kX_C_;[dbcq�R Ë [d^\WYRYar_ct�UXWYW Ì f-qVUX^ Í yp(t) = K0 + K1t.��^sS�kX_C_C^\RY^\a�R�Z\[d^�g\b;SC�\bCg\^\arWYRYa+Ux[dT
qrUX_CRifV^s[d^�a%[db

y′′ + y′ + y = 0 + K1 + (K0 + K1t) = K1t + K0 + K1 = t.

�FuVbÇUX_C_
yp
SCTrUXWYW?qVUXb�Uc[d^��lUXbC_CRYT�g\WpkXbCWiurSC^\RY^\aE|x~VSC_;[�q�RÈUXWYWY_;S�~�T�b�k]qrUcUX_C_

{

K1 = 1
K0 + K1 = 0,

q�RYWYT%[d_�a%[db
K0 = −1, K1 = 1.

��WYWY_;S�~EwlUXb�q�R·t{g\^\^\RY_��lUXbC_CRYT�g\WpkXbCWiurSC^\RY^\a%[d^
yp(t) = t − 1

f�`;wjZ\[d^
UXWYWY|xkX^lU�WiurSC^\RY^\a%[d^Ã_CRYWYW�[dT
qrUX_CRifV^s[d^ÃkXbÇ[d^\WYRYar_�hUX_;ST


y(t) = yh(t) + yp(t) = e−
1

2
t(C1 cos(

√
3

2
) + C2 sin(

√
3

2
)) + t − 1.

Ý�Þ��
ßjà��
á



��b;ZhRY^lkXb�U�z�Ron�[db;[d^+_CRpUXWi[dT�qVUX_CRifV^s[db S;RiZ�y Ì é�U]q Ì�ä
�O[]SC_�kX|èZ\[d^mUXWYWY|xkX^lU�WiurSC^\RY^\a%[d^�_CRYWYW

y′′ − 5y′ + 6y = (2t + 1)e2t.

��urSC^\RY^\as�·z�[d^jTVUXb�UXT�_;[dbCRiSC_CRiSCTrU�[dT�qVUX_CRifV^s[d^Á�\WYRYb�wlkXb
r2 − 5r + 6 = 0

��S;fV| wlUXb�b;uV_C_;[dbC^lU
r1 = 2

�
r2 = 3

y\z�[d^ÃUXWYWY|xkX^lU�WiurS;^\RY^\a%[d^m_CRYWYW�Z\[d^�wsfV|�fVa%[d^lUx[dT
qrUX_CRifV^s[d^
y′′ − 5y′ + 6y

�\WYRYbÇZskXb�tvuVb

yh(t) = C1e
2t + C2e

3t.

�FuVbAUX_C_�Ñs^\^lUm[d^j�lUXbC_CRYT
g\WpkXbCWiurS;^\RY^\a
yp
Wp~X_;[db�q�R

yp(t) = z(t)e2t ��[d^\WYRYar_�tvUXWYWNÎ�f�qrUX^�y�z�~�kXb y′p =
(z′ + 2z)e2t, y′′p = (z′′ + 4z′ + 4z)e2t f
`�w�RY^sS�kX_C_C^\RY^\a�R�[dT�qVUX_CRifV^s[d^ma%[db

y′′p − 5y′p + 6yp = (z′′ − z′)e2t = (2t + 1)e2t.

��WYWY_;S�~ckXb
yp
[d^��lUXbC_CRYT�g\WpkXbCWiurSC^\RY^\a�fV|

z
S'UX_CRiS�Ñl[db�UXbÇ[dT�qVUX_CRifV^s[d^

z′′ − z′ = 2t + 1. Ë�Ì Î Í
Q�RÈUX^sS�kX_C_;[dbÇZskXb�tvuVb

z(t) = t(K0 + K1t) = K0t + K1t
2.
��^sS�kX_C_C^\RY^\a�R Ë�Ì Î Í a%[db

z′′ − z′ = 2K1 − K0 − 2K1t = 2t + 1,

qrUXb�U]q
2K1−K0 = 2

� −2K1 = 2
�-ZhqhS�y

K0 = −3, K1 = −1
y2�ÇWYWY_;S�~ÇkXb

z(t) = t(−3−t) = −(3t+t2)f�`;wmZ\[d_OtvuVW â�[dbÇUX_C_
yp(t) = z(t)e2t = −(3t + t2)e2t

kXb*[d^��lUXbC_CRYT
g\WpkXbCWiurS;^\RY^\a�_CRYWYWsZ\[d^�g\b;SC�\bCg\^\arWYRYa+U�[dT�qVUX_CRifV^s[d^�y�
WYg\_CWYRYa%[d^�TVUX^�q�R\SCT
bCRYqrU�g\�\��Z\[d^xUXWYWY|xk2�
^lU�WiurSC^\RY^\a%[d^��

y(t) = yh(t) + yp(t) = C1e
2t + C2e

3t − (3t + t2)e2t.

Ý�Þ��
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á
�}RY^\^m[d^��lUXbC_CRYT�g\WpkXbCWiurSC^\RY^\ax_CRYWYW

y′′ + y = cos(t).

��urSC^\RY^\as�?�Ft{_;[db;S;fV|
r0 = i

kXb�[d^Ãb;fV_�_CRYWYWGZ\[d^�TVUXb�UXT�_;[dbCRiSC_CRiSCTrU�[dT
qrUX_CRifV^s[d^
r2 + 1 = 0

UX^sS�kX_C_;[db�q�R
yp(t) = t(K1 cos(t) + K2 sin(t)).

�FuVW âCUXT�_CWYRYa%[d^��

y′p(t) = K1 cos(t) + K2 sin(t) + t(−K1 sin(t) + K2 cos(t))

y′′p(t) = − 2K1 sin(t) + 2K2 cos(t) + t(−K1 cos(t) − K2 sin(t)),

f�`;wm[dT�qVUX_CRifV^s[d^ma%[db
y′′p + yp = −2K1 sin(t) + 2K2 cos(t) = cos(t).Q�R�qVkXW âC[dbKZs~

K1 = 0, K2 = 1/2
f�`;w½t�~Xb

yp(t) =
1

2
t sin(t).
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