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6. THE SIXTH LECTURE - GROUP ACTIONS

In the sixth lecture we study what happens when groups acts onsets.1 Recall that we have
already when looking at permutations defined what an action of a group on a set is.

Definition 6.1 (Group action). A group actionof a groupG on a setX is a function

G × X −→ X
(a, x) 7−→ a.x

satisfying the following conditions:

i) e.x = x, for all x ∈ X.
ii) (ab).x = a.(b.x), for all a, b ∈ G and allx ∈ X.

Example 6.2.There are a number of natural action that we have already met:

• The general linear groupGln(R) acts on the vector spaceRn.
• Any group acts on itself byleft multiplication, a.b = ab.
• Any group acts on itself byconjugation, a.b = aba−1.
• The symmetric groupSX acts on the setX.

We also looked at the following result which shows that the notion of group actions can be
seen as a generalization of the notion of symmetric groups.

Theorem 6.3.An action ofG onX is equivalent to a group homomorphismΦ : G −→ SX .

Proof. GivenΦ we get the group action by

G × X −→ X
(a, x) 7−→ Φ(a)(x)

1The sixth lecture is based on the sections 16-17 of Chapter III in A First Course in Abstract Algebra [1].
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On the other hand, if we have a group action, we may defineΦ : G −→ SX by Φ(a)(x) = a.x
for all a ∈ G and allx ∈ X. The mapΦ(a) : X −→ X is bijective sinceΦ(a−1) is the inverse
as

Φ(a−1)(Φ(a)(x)) = a−1.(a.x) = (a−1a).x = e.x = x, ∀x ∈ X.

�

Definition 6.4 (Transitive action, faithful action, kernel of action). The action ofG onX is said
to betransitiveif for any pair(x, y) ∈ X × X, there is an elementa ∈ G such thata.x = y.

The action ofG onX is faithful if any two elementsa 6= b in G have different actions onX,
i.e, if

a.x = b.x, ∀x ∈ X =⇒ a = b.

The kernelof the action ofG on X is given by alla ∈ X which acts trivially onX, i.e.,
satisfiesa.x = x for all x ∈ X.

Remark 6.5. The kernel of the action ofG on X is equal to the kernel of the homomorphism
Φ : G −→ SX given by the action. Hence the kernel of the action is a normalsubgroup.
Furthermore, we have that we get an induced action ofG/ ker Φ onX since the homomorphism
G −→ SX factors throughG/ ker Φ.

Exercise 6.6.Show that the action is faithful if and only if its kernel is trivial.

Definition 6.7 (Orbits). For any elementx ∈ X, theorbit of xunder the action ofG is given by

Gx = {a.x|a ∈ G}.

Exercise 6.8.Show that the action is transitive if and only if there is a single orbit.

Theorem 6.9.The orbits give a partition ofX into disjoint subsets.

Proof. We get an equivalence relation onX by x ∼ y ⇔ a.x = y for somea ∈ G. We check
that

i) (reflexivity) x ∼ x sincee.x = x.
ii) (symmetry)x ∼ y ⇔ a.x = y for somea ∈ G ⇔ x = a−1.y for somea ∈ G ⇔ y ∼ x.
iii) (transitivity) x ∼ y andy ∼ z implies thata.x = y andb.y = z for a, b ∈ G, but then

(ba).x = b.(a.x) = b.y = z andx ∼ z.

The equivalence classes under this equivalence relation are the orbits ofG onX. �

Definition 6.10 (Stabilizer or Isotropy subgroup). For each elementx ∈ X, we define thestabi-
lizer of x in G to be

Gx = {a ∈ G|a.x = x}.

In the text book, the stabilizer ofx is called theisotropy subgroup ofx.

Exercise 6.11.Show thatGx is in fact a subgroup ofG for anyx ∈ X.

Remark 6.12. The kernel of the action is the intersection of all the stabilizers.
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Theorem 6.13.For a givenx ∈ X, the non-empty sets

Gx→y = {a ∈ G|a.x = y}

are the left cosets of the stabilizer,Gx.

Proof. If b.x = y we have that

Gx→y = {a ∈ G|a.x = y} = {a ∈ G|a.x = b.x} = {a ∈ G|b−1a ∈ Gx} = bGx.

�

Theorem 6.14.|Gx| = (G : Gx) if the orbitGx is finite and|G| = |Gx| · |Gx| if G is finite.

Proof. By the Theorem 6.13, the elements in the orbit ofx is in one-to-one correspondence with
the left cosets ofGx which proves that their number is the same. The second statement follows
from the fact that(G : Gx) = |G|/|Gx| if G is finite. �

Example 6.15.We can use this result in order to compute the order of the general linear group
over a finite fieldFq. The general linear groupG = Gln(Fq) acts on the finite vector spaceF

n
q .

Look at the stabilizer of the vectorx = (1, 0, . . . , 0)t under this action.
We get thatGx is given by all the invertible matrices which first column equals x. Hence

|Gx| = qn−1|Gln−1(Fq)|. Furthermore,G acts transitively on the non-zero vectors ofF
n
q . Thus

we get from Theorem 6.14 that

|Gln(Fq)| = |Gx| · |Gx| = (qn − 1)qn−1|Gln−1(Fq)|

and by induction, we get

|Gln(Fq)| = qn(n−1)/2

n∏

i=1

(qi − 1)

We can use the notion of group actions to prove the following partial converse to Lagrange’s
theorem:

Theorem 6.16. (Cauchy’s Theorem)If p is a prime divisor of the order ofG, thenG has an
element of orderp.

Proof. Let p be a prime divisor of|G| and letX be the set of elements inGp = G×G×· · · ×G
satisfying

a1a2 · · ·ap = e.

The cardinality ofX is |G|p−1 since we can choose thep− 1 first elements in arbitrarily and the
solve for the last element. Hence|X| ≡ 0 (mod p).

The cyclic groupZp acts onX by cyclic permutations of the components since

(a1a2 · · ·ai)(ai+1 · · ·ap) = e ⇐⇒ (ai+1ai+2 · · ·ap)(a1a2 · · ·ai) = e

for all i = 1, 2, . . . , p − 1.
The stabilizer of an element is a subgroup ofZp, which means that it is either trivial or equal

to Zp, sincep is a prime. If it is equal toZp, the element has to be of the form(a, a, . . . , a), med
ap = e.
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The orbits have size one orp by Theorem 6.14. If there was only one orbit,{(e, e, . . . , e)} of
size1, we would have that|X| ≡ 1 (mod p), which contradicts|X| ≡ 0 (mod p). Hence there
is at leastp orbits{(a, a, . . . , a)} of size one. Each such elementa 6= e has orderp. �

As we have seen, any group acts on itself in two natural ways, by left multiplication(a.b = ab)
and byconjugation(a.b = aba−1). In the case of left multiplication, the action is transitive so
there is a single orbit and all the stailizers are trivial.

In the case of conjugation, the orbits are calledconjugacy classesand the stabilzersGa are
non-trivial apart from whena is in the centerZ(G).

Definition 6.17 (Centralizer). For each elementa in G, thecentralizerof a in G is given by

CG(a) = {b ∈ G|ab = ba} = {b ∈ G|bab−1 = a}.

Theorem 6.18(The Class Equation).For a finite groupG we have that

|G| = |Z(G)| +

k∑

i=1

|G|

|CG(ai)|

wherea1, a2, . . . , ak are representatives for all the non-trivial conjugacy classes inG.

Proof. G acts on itself by conjugation and we get at partition ofG into orbits, which are the
conjugacy classes. The elements of the center are in a trivial conjugacy class. The remainder of
the elements are in non-trivial conjugacy classes and the size of the conjugacy class containing
a is |G|/|CG(a)| by Theorem 6.14. �

Example 6.19.We can deduce from the class equation that the center of ap-group, i.e., a group
of prime power order, is non-trivial. In fact, ifp is a prime and|G| = pn, n > 0, we have that
the left hand side of the class equation is divisible byp. On the other hand, all the terms in the
sum on the right hand side are divisible byp since|CG(a)| < |G| if a /∈ Z(G). Hence|Z(G)| is
divisible byp andZ(G) is non-trivial.

The following result will help us count the number of orbits when a finite group acts on a finite
set. In particular, it will help when counting objects up to symmetries.

Theorem 6.20(Burnside’s Lemma). If G is a finite group acting on a finite set withr orbits, we
have

|G|r =
∑

a∈G

|Xa|,

whereXa = {x ∈ X|a.x = x}, for a ∈ G.

Proof. We count the setS = {(a, x)|a.x = x} ⊆ G×X in two ways. Firstly, for each orbitGx,
there is the same number of elements in the stabilizor for each of the elements in the orbit. The
contribution from each orbit is|Gx| · |Gx| = |G|, which shows that|S| = r|G|.

Secondly, we make a sum over all elementsa ∈ G and add the number of elementsx fixed by
g. In this way, we get that|S| =

∑
a∈G |Xa|. �

Exercise 6.21.Count the number of essentially different cubes that can be made with three pairs
of identical faces.
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RECOMMENDED EXCERCISES

III-16 Group Action on a Set. 8, 11, 12, 14-16

III-17 Applications of G-Sets to Counting. 1-9
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