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(1) a) Show directly from the axioms that a groGpn whicha * a = e, for all elements

a, has to be abelian. (2
b) Find all subgroups aofl, and write down the subgroup lattice. (2
c) Show that ifH and K are finite subgroups of a group, we have that
[H]- K|
HK|=-———
whereH K = {hk|h € H,k € K}. 2
SOLUTION

a). If a andb are elements of a group that satisfiesa = e for all elements:, we get
that
(axb)*(axb)=¢
and if we multiply this to the left by, and to the right by, we get
a*(axb)*(axb)xb=(axa)*(bxa)*(bxb) = (axe)xb

using the associativity. We now use thet a = b x b = e and thata * e = a which
together with the associativity yields

ex(bxa)xe=axb

and hence
bxa=axb,

sincee is a unit. We conclude that the group has to be abelianif, = ¢ for all a € G.

b). A, consists of the twelve even permutationsdp Each of the elements generate
a cyclic subgroup. The elements of order twg)(k¢) generate subgroups of order two
and the eight elements of order three generate subgroupdefthree. Thus we get one
cyclic subgroup of ordet, three of ordeg and four of ordeB. By Lagrange’s theorem,
there could be subgroups of order2, 3, 4, 6 and12. We have already found all the
subgroups of ordet, 2 and 3, since these have to be cyclic. If there is a subgroup of
order4 it has to have only elements of ordeand2, and since there are only four such
elements, there is a unique possibility. This is an abelidrgsoup, since the elements of
order two commute. We are left to find the subgroups of oédérthere are any. Such a
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subgroup cannot be cyclic. Hence it must be isomorphi tblowever,S; contains three
elements of order two, and they don’t all commute. Since wg bave three elements
of order two inA, and they all commute, there cannot be a subgroup isomorpltig. t
Hence there are no subgroups of oréleFhe only containments between the proper non-
trivial subgroups are between the subgroup of order foutla@three subgroups of order
two.

c). Since every element i K can be written agk, whereh € H andk € K, we get
that H K is the union of the cosets df which contains elements df. This union is
a partition of H K since cosets are disjoint. We now have to count the numbeuatf s
cosetshK = h/K means that~'/’' € K, but this happens only if~14' € HN K. Thus
the number of cosets i K is given by|H|/|H N K| and since each coset has cardinality
| K|, we get that
|| [H| - K]
[HK] = |HN K| K] = |HN K|

(2) a) Define what a normal subgroup is and show that there i®ladsfined group
structure on the set of cosets of a normal subgrBug a groupG. (2
b) LetG be the group of upper triangular matrices of the form

1 a b
01 ¢
0 01

in Gl3(Z3). Determine the centef (G)) and compute the factor group/Z(G). (4)

SOLUTION

a). A subgroupH < G is normal if the left and right cosets agree, which means that
aH = Haforall a € G or equivalenthuHa! = H, for alla € H. We define the group
structure on the factor grou@/ H for a normal subgroup/ by

aH «bH = abH.
We can see that this is well-defined since
aHbH = abHH = abH
as sets. Furthermore, associativity holds since

(aH xbH)*cH = (abH) * cH = (ab)cH
=a(bc)H = aH xbcH = aH * (bH * cH).

The cosetH is a unit since
eH xaH = eaH = aH, VaH € G/H.
The inverse of the cosef is given by the coset ! H since
aHxa 'H =aa'H = eH, VaH € G/H.
Thus we have a well-defined group structure on the set of saS¢td.
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b). When we multiply two of the matrices we get

1 a b 1 a ¥V 1 a+d b+b+ad
01 ¢ 01 =10 1 c+c
0 0 1 0 0 1 0 0 1

In order for these matrices to commute, we neé€d= d'c. Thus if the firts matrix is in
the center, we hawe’ = d/c for all choices ofi/, ¢'. In particular, witha’ = 1 and¢’ = 0,
we getc = 0 and witha’ = 0 and¢’ = 1 we geta = 0. On the other hand, if = ¢ =0,
we always get.c’ = a’c. Thus the center is given by

1 0 b
2(G)=410 1 0] :bez,
0 01
We can compute the cosets as
1 a b 1 a b+V
01 c|lzi@)=4[0o1 ¢ |:vez,
0 0 1 0 0 1

When we multiply two cosets, we add the values.@ndc. Thus we get that the factor
groupG/Z(G) is isomorhic toZ; x Zs.

(3) a) LetH andk be normal subgroups of a grou@ such thati{ K = G andH N K =
{e}. ShowthailG = H x K 2
b) The symmetric groug, can be presented by the generatfss, s,, s3} and the
relationss? = s2 = s2 = (s152)° = (s153)% = (s253)® = e. Use this in order to
determine the automorphism group$f. 4

SOLUTION

a). We can use the second isomorphism theorem sifiégin the normalizer off and
vice versa. We get tha@t/K = H andG/H = K. Thus we can define a homomorphism

d:G—G/KxG/H=HxK

by ®(g) = (9K, gH). The kernel is given by such thay K = K andgH = H, which
isjustg € H N K. Thus® is injective. Furthermore, we have thatife H andk € K,
we get that

O(hk) = (hkK, hkH) = (hK, hHE) = (hK, Hk) = (hK, kH)

which shows tha® is surjective.

1This was unfortunately not mentioned in original versiorhe exam.
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b). The genators must be mapped to elements which satisfiesrieerstations. Thus
they need to be mapped to elements of oed&k/e have nine elements of ord&rthe six
simple transposition§j) and the three products of commuting transpositioiys( k).
However, the latter are even permutations, and the gemsrate odd. Hence we are
forced to send, s, andss to simple transpositions. Once we decide on the image,of
there is a unique transposition which commutes with it. Tlwasave six choices for the
images ofs; andsz. Once we decided this, we can choose the image ¢ be any of
the four remaining transpotitions, since the product of ahthese with the two chosen
ones are all of order three. Thus we héve different automorphisms. In order to get the
group structure of the automorphism group, we can checkabdiave24 different inner
automorphisms, since the center%fis trivial. Therefore, the automorphism group is
isomorphic toS, and can be seen as the group of inner automorphisrfis. of




