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(1) a) Show that there are exactly two non-isomorphic grdupctures on a set of four

elements directly from basic properties of groups. (2
b) Draw the Cayley digraph of the symmetric grotipusing the generatos 2 3) and
(23). 2

c) The group of upper-triangular invertible matrices of fieéd Z; with three elements
has order2 as well as the dihedral groupg given by the symmetries of a regular
hexagon. Show that they are isomorphic. (Recall that the Figlcan be seen as the
integers modul@, i.e., with the usual addition and multiplication of resedtlasses.)

)

SOLUTION

a). Assume thaty is a group of ordett. Let a be a non-unit of7. ThendG is cyclic if a
has ordert and there is only one cyclic group of order four up to isomarph

By Lagrange’s theorem, we know that the ordes bfas to be a divisor of, but we can
also exclude the possibility af = e in the following more elementary way. if = e,
we have that: generates a cyclic subgroup of ordeleaving just one element outside.
This is impossible, since the x 3- subtable of the group table given by the subgroup
already contains the elements of the subgroup in each roweactd column, forcing the
fourth element to be in the last column all the time, violgtihe condition that each
element occurs only once in each row and column.

If a®> = e, we have to have thath = ¢ = ba, if the other two non-units areandc,
sincea is not a unit and we cannot haué = e or ab = a, since there is a unique inverse
to a and sincé is not a unit. Now we can fill in all the other entries of the gudable
using the property that each element occurs exactly oncadin ew and column.

b). Leta = (123) andb = (23). We can write all the elements as {f} asa®b*',
where the exponents satisfy< e¢; < 1 and0 < e; < 2. (a°0° = Id, a't® = (12, 3),
a?’ = (132), a®0' = (23), a'd! = (12), a®' = (13)) The Cayley digraph will be
two directed cycles of length three corresponding to miittpion bya joined by double
arrows corresponding to multiplication by
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The digraph can be seen as

o . 1

N
w

a — Qa — Qa
[ I
0 2

a’b — a'b — a’bh — a*b=c¢e

S]

>

—

where the left and right ends are to be identified. Horisaat@ws correspond to multi-
plication bya and vertical arrows to multiplication bly where we use thai = a~1b.

c). We need to find a matrix of multiplicative ordér which we can do by seeing that
it should be a matrix which is not diagonalizable and witheeigplues of ordeg, i.e.,
2 = —1. Hence we have two choices

(21 o (22
"=1{o 2 "=\o 2/

Now the rotations of the hexagon should correspond to poafersind the reflections to
the remainding matrices, which we can get from the powers-dfy multiplying by one
matrix of determinang.

Now, we can check that we get alt invertible matrices as

10 2 0 12
0 _ 1 _ 2 _
e )G )
2 0 10 2 1
3 4 5
PG (e

and

—_ =

) -
) - G

2

(9

10
3 _
ST = (0 9

where we have used

(2) LetG = Sly(Z) be the group of integer matrices of sizex 2 with determinant one.
a) Show thati acts orZ? seen as x 2-matrices by matrix multiplication by the inverse
onthe right, i.e., byd. (m n) = (m n)A™". (2)
b) Determine the stabiliz&rG,,, wherez = (1 2). (4)

Lcalledisotropy subgroup in the text-book.



SF2729 - Midterm Exam 2011-03-15 3

SOLUTION

a). We have that the inverse of an integer matrix of determinastis again an integer
matrix since the inverse equals the adjoint matrix in th'fsecaﬂence(m n) A-lis an
integer vector.

We now check that = I, acts trivially since

w1t = () (g §) = w)

forall (m,n) € Z2.
For two matricesd, B € G we have thatAB)~' = B~'A~! which gives us that for
an integer vectox = (m,n) € Z?, we get

(AB)x =x(AB) ' =xB'A™' = (xB HA™' = A(Bx).

b). The stabilizer of 1, 2) is given by the matrices with determinant one such that
(1,2)A™ = (1,2)

Since this means that, 2) is a left eigenvector of eigenvalue we get that the other
eigenvalue must bé as well as the product of the eigenvalues equals the detantin
Hence the characteristic equatiom\ts— 2\ + 1 = 0 and we get that the trace equals
Such matrices can be written ds' = I + N, whereN is a nilpotent matrix such that
(1,2) is in the left kernel. This means that

2a  2b
v=(% %)
1 2 4
A —]+a(_1 _2)

2 4 1—2a —4a
A—[—a<_1 —2)_< a 1+2a>

for any integela.

and2a — b =0, i.e.,

and

(3) a) LetH be a normal subgroup of a grodp Give the definition of the factor group

G/H and prove that this is a well-defined group. (2

b) LetG be the group given by the generatarandb with the relations:® = e, b3 = ¢
andabab = e, i.e., the factor group of the free grodfia, b] by the smallest normal
subgroup containinga?, b, abab}. Show thatG is isomorphic to the alternating

group Ay. 4)
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SOLUTION

a). The factor group&/H is defined in the following way whel < G is a normal
subgroup. As a sety/ H is the set of cosets dff in G. with the binary operation given
by
aH xbH = abH,
fora,bin G.
This binary operation is well defined since

(aH)(bH) = a(Hb)H = abH H = abH.

where we have used that is normal. The operation is associative since the operation
G is associative,

aH x (bH x cH) = aH % (bcH) = a(bc)H = (ab)cH = (abH) * cH = (aH * bH) % cH.
and the cosell = eH is a unit since
eH xaH = eaH = aH = aeH = aH xeH.
The inverse ofiH is given bya~'H since
aH+a 'H=aa'H=eH=0a"'aH =a'H *aH.
Hence the factor group is in fact a group.

b). In order to find an isomorphism, we need to find which elemehtd cthat corre-
spond taz andb. Since they have ordér there are eight natural candidat@sj k). They
come in pairs that form the four subgroups of ordetogether with the unit. We can
pick any two from different subgroups, for example= (123) and7 = (234). The
composition is
or =(123)(234) =(12)(34)

which has orde?, so we get the relatiomror. Thus we know that there is a well-defined
homomorphism front7 to A, satisfyinga — o andb — 7. Sinces andr generated,,
this homomorphism is surjective, and it remains to show thiatinjective. (We can see
thato andr must generatd, sinces = s;s, andr = s, 3, which shows that all products
of two adjacent transpositions there simce= s;s3.)

In order to see that the homomorphism s also injective, welowk at the expressions
for all the elements ofi, as products of the generators. We have

o=(123) T=(234) oc'=(132) 1 1=(243)
or=(12)(34) 70 =(13)(24) o't =(134) or ' =(124)
To ' =(142) 77lc=(143)

and

ot o =0tro =10 ir =77 tor T = (14)(23).

In G we have the relationbab = e, which we can rewrite as

ab=0b"ta7!
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and we can use it together with = b = ¢ to deduce that
(a™'0)?® = a*ba*ba*b = a(ab)a(ab)a(ab) = a(b"ra V)a(b~ a a(b~ a™")
=abBal=aa ! =e.
We get from this thata='ba=')(ba~1b) = e, which implies that
ba b= (a 'ba ')t = ab'a.
We can write any element i as a product of,,b,a~!,b7 1, i.e., as
ail bigaig L bzk
wherei; = =*1. If there are two adjacent factors with the same sign of tipoeznt,
we can use the relatiomh = v~'a~! to reduce the word to a shorter word. If there are
no adjacent factors with the same sign of the exponent, weisarhe relationa b =
ab~'a to reduce the length of the word. Hence any word of length mdonger can be
reduced and the only words that cannot be reduced are théisteelsabove written i

andr. ThusG is no larger tham,, which shows that they have to be isomorphic due to
the surjective homomorphistd — A,.




