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Preface to the course.

In this course we will try to understand the main aspects of the theory of partial
differential equations (PDE). PDE theory is a vast subject with many different
approaches and subfields. We can not cover everything in one course. Some
selection has to be made. In this course we will try to achieve the following:

1: We will try to stress that the foundation of theory of PDE is basic real
analysis.

2: We will try to motivate the increasing levels of abstraction in the theory.
Our starting point will be a difficult problem, to find a solution w(z) to the
equation

Au(z) = f(z) in some domain D (1)
u(z) = g(x) on the boundary 9D.

We will use the tools we have from analysis to attack the problem. But with
the tools at hand we will not be able to solve the problem in its full generality.
Instead we are going to simplify the problem to something that we can solve and
then add more and more (and more abstract) theory in order to solve the prob-
lem in its full generality. And at every step of the way we will try to motivate
the theory and why we move into the more abstract areas of mathematics.

3: We will try to introduce and motivate a priori estimates in the theory
of PDE. A priori estimates are one of the most important, most technical and
most difficult to understand part of PDE theory. Often it is not mentioned on
the masters level. But due to its importance we will introduce it and try to
understand its significance.

4: We will try to show some of the different aspects of PDE theory. In
particular, in the later parts of the course, we will discuss some functional
analysis and viscosity solutions approaches in the course.

For various reasons this course will be based on lecture notes written by
myself. T guess that only a madman would conceive to write a book in paral-
lel with giving a course on that book. Writing the course material has some
advantages. In particular for me! T get the course that I want and a course
that covers the material that I think is important. The specific contents of the
course will be whatever I put in these notes. It also have some disadvantages to
write the course book in parallel to teaching it. Writing is time consuming and
I am a terrible bad writer even under the best circumstances. Besides my lack
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of suitability as a course book author, the manuscript will inevitable contain
many many typos.

I therefore feel that I should suggest some supporting literature that might
be red in parallel to these notes.

One of the standard PDE texts today is Lawrence C. Evans Partial Differ-
ential Equations published by the American Mathematical society. Evans’ book
is an excellent introduction to PDE theory and it covers much material that we
will not have the chance to discuss. In particular Evans’ book covers elliptic,
parabolic and hyperbolic equations of any order as well as variational calculus
and Sobolev spaces. We will focus on second order elliptic equations - but we
will go further than Evans’ book in some respects. Evans’ book could be seen
as a complement to my notes.

The next book that can be seen as a complement to this course is D. Gilbarg
and N.S. Trudingers Elliptic Partial Differential Equations of Second Order
published by Springer. Gilbarg and Trudinger’s book is an excellent PDE book
that covers much regularity theory. However, Gilbarg-Trudinger’s treatment of
the topic is very terse and I don’t think that it is suitable for a masters course.
As a complement to this course it is however a great book. It also covers much
more material than we will be able to cover in a term. One of my hopes is that
you will be able to easily understand the first six chapters of Gilbarg-Trudinger
after finishing this course.

Since the course will assume that you have a good understanding of ba-
sic analysis I would also recommend that you have an analysis book at hand.
Something at the level of Walter Rudin’s Principles of Mathematical Analysis
published by McGraw-Hill Higher Education.

The course will be defined by my notes and no other course literature is
necessary.



Chapter 1

The Laplace Equation,
some Heuristics.

One of the most fundamental partial differential equations, and also one of the
must studied object in mathematics is the Laplace equation:

Solving the laplace equation means to find a function u(z) such that for
every x € D, where D is a given open set,

"L 9%u(x
Au(z) = 830(2 )
j

= 0. (1.1)

j=1

Equation (1.1) appears in many applications. For instance (1.1) models the
steady state heat distribution in the set D. In applications it is often necessary
not only to find just any solution to Au(z) = 0 but a specific solution that
attains certain values on 9D (say the temperature on the boundary of of the
domain).

Notation: We will denote open sets in R™ by D. By 0D we mean the
boundary of D, that is 9D = D\ D. An open connected set will be called a
domain.

Since we will always consider domains in R" we will use x = (21, X2, ..., Ty)
to denote a vector in R™ with coordinates (x1,xa, ..., Ty).

It is also of interest to solve the problem Au(x) = f(z) for a given function
f(z). We therefore formulate the Dirichlet problem:

Au(z) =" Pulz) _ f(x) inDCR"

- p)
Jj=1 0%

u(z) = g(z) on 0D. (12

D is a given domain (open set in R™ that might equal R™) and f(z) a given
function defined in D and g a given function defined on dD. Later on we will
have to make some assumptions on f, g and D.

Let us fix some notation before we begin to describe these equations.

1



2 CHAPTER 1. THE LAPLACE EQUATION, SOME HEURISTICS.

Definition 1.1. We say that a function u(zx) is harmonic in an open set D if
Au(z) =0 in D.

We call the operator A = Z?:1 68—;2 the Laplace operator or the laplacian.
Jj

We will call the problem of finding a solution to (1.2) the Dirichlet problem
or at times the boundary value problem.

Our first goal will be to solve the equations (1.2).

1.1 A Naive Approach - and a motivation for
the theory ahead.

Warning: This section is an informal discussion to motivate the theory that we
will develop later. Reading this should give you a feeling that you could, if given
some time, come up with the main ideas yourself. There is nothing miraculous in
mathematics - just ordinary humans carefully following their intuition and the
mathematical method. Later we will give stringent arguments for the intuitive
ideas presented in this section.

We stand in front of a new, interesting and very difficult problem: given a
domain D and two functions f (defined on D) and g (defined on 9D) we want
to find a function u(x) defined on D such that

Au(x) =370, azl;(;) = f(z) inDCR"
u(z) = g(x) on 0D.

(1.3)

One should remark that the problem is extremely difficult. We may, at least
apriori, choose f (and g) in any way we want which means that for any of the
infinitively many points 2° € D we want to prescribe the value of Au(z") so
we have infinitely many equations that we want to solve simultaneously at the
same time as we want the solution to satisfy u(z) = g(z) for every « € dD.

How do we start? How do we approach a new problem? We need to play
with it. Try something and see where it leads.

The easiest way to attack a new problem is to make it simpler! So let us
consider the simpler problem!

Au(z) =0 in R"™. (1.4)

This problem is still quite difficult. So let us simplify (1.4) further and look
for solutions u(x) that are radial, that is functions that only depend on |z|.
This should make the problem solvable - since we know how to solve differential
equations depending only on one variable.

IRemember that we are just playing with the problem now. At the end of this section we
will see that this approach leads to a theory for the equation Au = f in R™. My point is that
whenever we encounter a new problem in mathematics we need to find an “in”. A way to
approach the problem and tie it into formulas. The we need to see where those formulas take
us. If we pay attention to the formulas, and if we are lucky, we will gain some understanding

of the problem. Not always the understanding we set out to find.
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Lemma 1.1. If Au(z) =0 and u(zx) is radial: u(z) = h(|z|). Then

Oh(r) n (n—1) 0h(r)

or? r ar 0-

In particular

(1.5)

()_ ‘Il%“rb an23
WE = aln(Jz))+b ifn=2

for some a,b € R.

Proof: If we set r = |z| then we see that

or aiﬁg

8mi77§81’i7 r Or

+ angular derivatives

and
02 10 220 22 02 N | .
_ = —— = = = angular art.
dzz  ror r20r 13 or? & P

In particular for a radial function u(x) = h(r) we have

oh(r) .,  Or . &

r

and

(92h(7") 7 .’I}72 ’ 1 1‘12
8:17? h (7") r2 h (7") r r3 ’
where we have used that E ;ﬂ 1 (EZ2 = 7"2.

We may thus calculate

0= Au(@) = anr) =3 20—y STy (1 . l“) _

i=1 i=1 i=1

-1
='(r)+ =

R (r).

We have thus shown that h(r) satisfies the ordinary differential equation

-1 1 0 _10h(r)
— () + W () = —— (! . 1.
0 () + r (r) rn=1 9r (T or (16)
Multiplying (1.6) by r"~! and integrating twice gives the desired result. O

The solutions in (1.5) have a singularity, and are not differentiable, in 2 = 0.
So Our radial solutions only solve Au(z) =0 in R"™\ {x = 0}.

We would want to analyze the singularity at the origin. If you know anything
about the theory of distributions you could consider Au(z) to be a distribution.
Here we will use more elementary methods to analyze the singularity. The main
difficulty with u(z) = h(]z|) as defined in (1.5) is that u isn’t differentiable
at the origin. So let us approximate u by a two times differentiable function.
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We may then analyze the approximation and use the information about the
approximated function to say something about wu.

In order to simplify things somewhat we will assume that n = 3 and we will
define an approximation to u according to

3 1 2\
| (55—l ifal <0
us(z) —{ (&) if 2] > 6. (17)
Here we have chosen a = ﬁ and b = 0, the particular choice of a will be

explained later. Moreover, we have chosen the coefficients us so that ugs is
continuously differentiable.
Then
if || < ¢

3
— 413
Aus(z) = { 0 if |z > 6.

Since we are only trying to gain an understanding of the problem we don’t care
so much about the value of Aus on the set {|z| = 6} - the set where the second
derivatives are not defined.

In order to simplify notation somewhat we will define the characteristic
function of a set A according to

xa(z) = { é ﬁz Z j (1.8)

Then
3
Aus = m)ﬂag(o)@)-

We may also translate the function and solve, for an z° € R3,

3
Aug(x — xo) = mxgé(mc))(x). (1.9)

Notice that equation (1.3), with D = R3, is to find for each 2° € R? a function
u(x) such that Au(z®) = f(2°). But us(x — 2°) accomplishes almost that when
0 is small.

In particular, given N points z!, 22, ...,2" € R3 and values f(z!), f(2?), ..., f(z)
such that |z? — 27| > 6 for i # j then the function

u(x):Zf(xj) 3 ug(x — 27) (1.10)

2 2
) 22:52"?*28 — forgw e+
3721776;"2]:2 |z|* for |z| < 6. With that definition us becomes two times continuously differentiable
and all the analysis in the rest of this section would follow with minor changes. Also, if you
know anything about weakly differentiable functions, you will realize that us has weak second
derivatives in L which justifies the following calculations.

2If you are really worried about it we could define u;s to be equal to
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will solve
N 53 A
Au(z) = A Zf(xj)435 us(z —a?) | =3 (1.11)
j=1
N 3 .
=35t dusta - = { = ra)
j=1

That is, given any finite set of points z*, #2, ..., ¥ and values f(z!), f(22)..., f(=V),
we may find a function u, defined according to (1.10), such that Au(z?) = f(z?).

This opens up for many possibilities. Could we consider a dense set of
points {2/}32, and find a solution u™ to (1.11) for the points {z/}}, and
values {f(x7)};2,? Then let N — oo and hope that u = limy_o u™ solves
Au(z) = f(z) for any x € R3? This might work, but will use a different
approach.

For that we need to notice that

/Dg(ac)dx ~ Z (Volume(ﬂj)g(xj)) ,

if g(x) is continuous and Q; are a collection of disjoint sets such that D C U;;
and the diameter of Q; is small. If we compare that to (1.10) we see that

4763 N

N
ule) = 3 £(aT) us(o — a7) = 3 fa? volume(By(o)us o — ')

j=1

~ | fy)us(x —y)dy,
R3

we are very informal here and we can not claim that we have proved anything.
But let us, still very informally, make the following conjecture:

An informal conjecture: Let f(z) be a continuous function and § > 0 a
small real number. Then

w(z)= | fy)us(z—y)dy
RS

should be an approximate solution to

Aud(z) = f(z).

Let us try to, still very informally, see if the conjecture makes sense. We
make the following calculation

A (@) — f(x)] = \A [ fwste =y - )| =
RS

3Here we use an important property for the laplace equation, that it is linear. We will say
more about the linearity later.
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__ | differentiation under
"] the integral

4553 /RB FWXBs @) (W)dy — f(z)| =

. f(y)Aus(x — y)dy — f()

3

3
<
- 47’(53 Bs(z)

4783 /Ba(m) f)dy = 7@)
< sup |f(x)— f(y)l,

yEBs(x)

1f(y) = f(@)|dy <

where we used that [ dy = @ in the last step and that [p, xag(z)dz =

J4 9(x)dx at the end of the third line of the calculation.
If f is uniformly continuous® then for every e > 0 there is a §. > 0 such that

sup |f(x) — f(y)| <e for all x € R3.
yEBg(:E)

That is if we choose § = d. then we have, at least informally, shown that
Au (@) — F()] < e

It appears that

u(z) = ;ii% u’(z) = ;iir(l) . f()us(z — y)dy = { informally } =

1
= /]R3 f(y)mdy

solves Au(z) = f(z) in R3.
We may thus make the following new conjecture

Another informal conjecture: Let f(x) be a uniformly continuous func-
tion defined in R3. Then

1
u(z) = /RS f(y)mdy (1.12)

solves Au(x) = f(x).

We will consider the informal conjecture as a working hypothesis to motivate
the formal theory we develop later. One can already see that we need more
assumptions on f(x) in order for the conjecture to make sense. For instance,

we need some assumption on f(x) to assure that the integral in (1.12) is well
defined.

4In our informal conjecture we just assumed continuity, but after some calculations we see
that uniform continuity is a more natural assumption. The point in playing with mathematics
is that we have the opportunity to see what assumptions we will need in the theorems we prove.
At this point we have not proved anything. But we need to understand the problem before
we can get down to the work of writing a proof.
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Moreover, in proving the conjecture (with whatever extra assumptions we
need) we need to be much more formal than we have been so far. In doing
mathematical research one needs to be able to take a leap in the dark and argue
informally to set up a reasonable hypothesis. And then have the technical skill
to turn that hypothesis into a stringent proof. So far we have, what I feel to
be, a reasonable hypothesis for how a solution to Au(z) = f(z), for uniformly
continuous f(z), should look. In the next section we will prove this.

Observe that this is just a first step in the development of the theory for the
laplace equation. Later on we will need to find methods to handle the boundary
conditions, that is to find solutions in a domain D C R"™ for which the boundary
condition u(x) = g(x) on dD is satisfied.
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Chapter 2

The Laplace Equation in
R™.

2.1 The fundamental solution.

In this chapter we will be much more stringent than in the previous chapter.
In particular we will take care to prove every statement that we make and to
clearly define our terms. Our goal is to prove that if f(z) is an appropriate
function in R™ then

u(z) = — ! / W) dy ifn>3 (2.1)

(n —2)wn Jgn |2 —y|"—2
or
1 f(y)

T S

dy ifn=2 (2.2)
solves Au(x) = f(z). Here w, is the area of the unit sphere in R™.

It is clear that we need to choose f(z) in a class of functions such that the
integrals (2.1) and (2.2) are well defined. To that end we make the following
definition.

Definition 2.1. For a continuous function f we call the closure of all the points
where f is not equal to zero the support of f. We denote the support of f by
spi(f) = {z; f(z) #0}.

We will denote by CE (D) the set of all functions f(x) defined on D that
are two times continuously differentiable on every compact set K C D.

We denote by C¥(D) the set of all functions in CF (D) that has compact
support. That is:

CH(D) =

={f¢€ CF .(D); there exists a compact set K C Ds.t.f(x) =0 for all z ¢ K}

In what follows we will often use the functions — ﬁ I:r\% and — 3~ In(|z|)
appearing in (2.1) and (2.2) so it is convenient to make the following definition.

9
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Definition 2.2. The function defined in R™ \ {0} defined by

— 5= In(|z]) forn =2
N — 2m
) { ~wo e forn#2,

where wy, 1s the surface area of the unit sphere in R™, will be called either the
Newtonian potential or the fundamental solution of Laplace’s equation.

With this definition we see that (2.1) and (2.2) reduces to

u@) = [ N@=y)fy)dy (2:3)

Notice that N(z) is a radial function. That means that N(z) depends only
on |z|. The name fundamental solution is somewhat justified by the following
Lemma (which is essentially covered in Lemma 1.1).

Lemma 2.1. Let N(z) be the fundamental solution to Laplace’s equation then
AN(z)=0 inR"\ {0}.

Proof: This follows from the calculations of Lemma 1.1. ]
In order to prove that Au(z) = f(x), where u is defined in (2.3), we need to
show that:

1. The function wu(z) is well defined. That is that the integral in (2.3) is
convergent for each x.

2. That the second derivatives of u(x) are well defined. This in order to make
52
sense of Au(z) = S, L)

i=1 Bmf

3. Show that Au(z) = f(x).

Let us briefly reflect on these steps in turn.

1: Since the singularity of N(z — y) is integrable it should be enough to
assume that f(z) has compact support in order to assure that the integral in
(2.3) is convergent.

2: This is a more subtle point. If we naively! differentiate twice under the
integral sign in (2.3) we see that, if we for definiteness assume that n > 3,

0*u(x) 1 1 n |z —yil®
—_— _— — —_— d .
Oz} /n (wn e y|”+2) Ty

7

9%u(zx)
Ox?

We see that the formal expression of involves integration of the function

f(y)

lz—y|™

which is not locally integrable in R™ since

1 polar 1q
W= - —w, | —dr =0,
B1(0) Y™ coordinates -

1By naively I mean that we do not care to verify that it is justified at this point.
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*u(x)
Ox?
to add new assumption in order to assure that u(x) is two times differentiable.

(See also Exercise 3 at the end of the chapter.)

It is therefore far from certain that

exists. As a matter of fact, we will have

3: We already have good intuition that this should be true.

In view of the second point above it seems that we need to make some extra
assumption of f(x) in order to prove that u(x) has second derivatives. Therefore
we define the following class of functions.

Definition 2.3. Let u € C(D) and o > 0 then we say that w € C*(D) if
|u(z) — u(y)|

sup ——— <0
cyeDaty T —Y®

We define the norm on C*(D) to be

|u(z) — u(y)]
U|| e = sup |u(x)| + sup —_—.
H ” (D) :1:€D| ( )| z,yED,x#y ‘LL’ _y|a
If u e C*(D) then we say that u is Holder continuous in D.

We say that that w € C*(D) if u is k—times continuously differentiable on
D and

k
luller(py =D sup | DIu()| < oo.
=0 xeD

Moreover we say that that u € C**(D) if u € C*¥(D) and for every multiin-
dex? B of length |8 = k

sup lug(z) —up(y)|

< o0
z,y€D,x#y |$ - y|a 7

18]
where ug = aaxﬁ“.

We define the norm on C*<(D) according to

|UB(33) - Uﬂ(y)\
U k,a = ||u k + max sup - - 3
H ”C (D) || ||c (D) B=k (LyeDJ#y |x y|a

where the max is taken over all multiindezes 8 of length |8| = k.
We are now ready to formulate our main theorem.
Theorem 2.1. Let f € C¥(R"™) for some o > 0 and define
u(x) = | N(z—&)f(&)d. (2.4)
R?’I,

Then u(x) € C2_ and satisfies

loc

Au(x) = f(a).

2See the appendix for an explanation of this notation.
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Proof: We will only prove the Theorem for n > 3, the proof when n = 2 is
the same except for very small changes. The proof is rather long so we will split
it up into several smaller steps.

Step 1: The function u(zx) in (2.4) is well defined.

f(&)

Proof of step 1: We need to show that the integral fRn Wd{ is conver-

gent for every x. Notice that the integral is generalized in two ways. First the
integrand have a singularity at z = £, and secondly the domain of integration
is not bounded. Therefore we need to show that

lim / SO e (2.5)

0.8~ ) o)\ B (2) 1T — €]

exists.
Since f(£) is continuous by assumption and W is continuous for £ # x

f(€)
Y,
/BR(I)\BE(I) |z — &2 -

is well defined for each R,e > 0. Moreover, since f(£) has compact support
there exists an Ry such that f(§) = 0 for every & ¢ Bgr,(x). This means that

lim / SO e SO e
Br(

R—o0 2N\B.(2) [T —&"2 Bry (2)\B.(x) [T — &2

it is clear that

so the limit as R — oo causes no difficulty.

So we only need to consider the limit as e — 0. To that end we show that
fBR(w)\BC(I) %dﬁ is Cauchy in e. That is, for each p > 0 there exists a
0, > 0 such that

f(6) f(€)
) e I8,
/BR(z)\BQ(m) |z —¢n2 ¢ /BR(m)\Bq(z) |z — &2 ¢

for every 0 < 1 < € < 4.
We may rewrite the left hand side in (2.6) as

f(€)
—r
~/B€2(I)\B€1(I) |z — §|n—2 ¢

1
< sup If(ﬁ)l/ e =
Bey(@) Bey(@)\B., (@) T =€

:{ polar }an sup |f(£)|/62 rdr < Wi €3 sup [f(&)]-

coordinates B., () 2 B, ()

<p (2.6)

<

Clearly (2.6) follows with 6, = 1 i—’i It follows that u(z) is well defined.
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Step 2: The function u(z) is CL_(R™) and

ou ON(x — &)
= R a—— d¢.
Proof of step 2: First we notice, using a similar argument as in step 1, that
ON(xz — &
wi) = [ = feyae (2.7
n .fL‘i
is well defined for every i = 1,2,...,n. We aim to show that w;(z) = %—if)

(which is what we would expect by differentiating under the integral sign). To
prove this we define u.(z) according to

g 1) B . )
wie) =~y [ L arndla=ihds = [ N-r(©nlla—c)ae
where n.(|z]) € C*°(R™) is an increasing function such that n/(|z|) < C/e and

satisfies?

0 if|z|<e

ne(ll) = { 1 if 2] > 2. }
The reason we define u, in this way is that we have no singularity in the integral
in the definition of u.. This means that we may manipulate u. with more ease
than u. In particular, since the integrand in the definition of u. is in C}(R™)
and we integrate over a compact set (since f = 0 outside a compact set) with
respect to x we may use Theorem 2.3 in the appendix and differentiate under
the integral sign and conclude that u. € CL (R™).
Clearly u. — u uniformly since

— df’g

(n —2)wn Jgn |z —§"—2

1
- =<
/BQE(I) |z — &2 ’

SUP¢ep,, (2) £ (€)] 5
(n—2) €.

u() — uc(x)| =

< SUP¢e B, () | £(E)]
(n —2)wy,

If we can show that MTJ(:E) — w;(z) uniformly it follows that w is the uniform

limit of a sequence of C! functions whose derivatives converge uniformly to

w;(x). It follows, from Theorem 2.2 in the appendix, that u(z) € CL (R™) and
that %7;@ = w;(x) and the proof is done.
It remains to show that &gfﬁa) — w;(z) uniformly. To that end we estimate
Jue

3Such an 7. exists. Take for instance 7, as in Lemma 2.2 in the appendix, where n(z) =
XRrn\ By, and x is the characteristic function defined in (1.8).
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O [ N(x— &) f()me(|x - el)de - m‘@f@de'g

axi R™ Rn 8:102
| diff. under _
" | integral -
el — ON(x —
=| [ (- or@ 0 =0 4 2XE 8 ey, - g ) ae-

= O

(‘3xi
<| [ ¥ -aro b=l + (28)
R™ 7
i / %fﬂ&) (ne(|z — €]) — 1) d¢

where we used the triangle inequality in the last step and differentiation under
the integral is justified by Theorem 2.3.

Notice that |n.(Jx —&|) — 1| < 1 for £ € By(z) and |n(Jx —&|) — 1| = 0 for
& ¢ Bo(z) and that ’%ﬁ;a)’ < € for £ € Bac(x) \ Be(w) and ’%ﬁ:gl)’ =0
else.

We may thus estimate (2.8) from above by

¢ N - sl de+ [

€ JBse(2)\B.(z) Bae

C/ 1 1 )
< su — ——d¢+C —df) <
AN “)'<e o g2 ) g™

ON(z —¢§)
8%‘|f(5)|df<

< O sup [f(&)let (2.9)
£ERM
We may thus conclude that ‘gZ? — w; uniformly and that w. — u uniformly.
It follows, from Theorem 2.2, that agg(f) = w; € CY_(R™). Step 2 is thereby
proved.
Step 3: The function u € C?_(R™) and

Oulx) _ O*N(z —¢) ON(z — €)
o= [ e u© - senaeie [ SR

0Br(z) O

v;i(§)dA(E)

where Bg(x) is any ball such that spt(f) C Bgr(x). Here v;(§) is the j :th
component of the exterior normal of Bg(x) at the point £ € OBg(x) and A()
is the area measure with respect to &.

4Here, as is very common in PDE theory, we do not really distinguish between constants
that only depend on the dimension. We will often denote them by C' - but C will often mean
different things within the same experssion. We may for instance write 2C < C. By this we
mean that for any constant Cp there is another constant C7 such that 2Cy < C;. But we
usually don’t the indicate that we intend different constants Cp and C7 with an index.
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Proof of step 3: Before we prove step 3, let us try to explain the idea. We

2
will use the same method of proof as in step 2. However, since ‘%’ grows
1O

like \m—15|n as | — & — 0 which is not integrable in R™. We can not say that

/ 92N (z — €)

T (€ (2.10)

exists.

Since f(¢) € CY(R™) we know that |f(§) — f(x)] < Clx — €| for some
constant C' and « > 0. This implies that
9’N(z — )
8;@63@

1 o c
(7€) - )| < ot glo - e < -

which is integrable close to the point x = £. We may thus integrate

PN(z—¢) e
/;R(I> Doz, &)~ J@)d (2.11)

for any ball Br(x). The difference between what we want to integrate (2.10)
and what we can integrate (2.11) is the term

N9 [ PNE=9
/BRM Ox:0x; Jlede = /BR(x) 98¢ floyd =

_ { a very formal } _

integration by parts

[ M@ [ ONGE),
Br(z)

9&; 9¢; oBr(z)  O&

So at least formally

/ 92N (z — €)

_ [ ®Na@-9
L M v

BR(x) 830163:]

(f(€) = f(x))ds—  (2.12)

i ING-8)
I GIZIO

where all the terms on the right hand side are well defined. Of course, equation
(2.12) is utter non-sense since we aren’t really sure how to define the left hand
side. We therefore use the right hand side, which is defined, in the expression
in the statement of step 3. However, we need to be very careful when we prove
step 3 to make sure that all our integrals are well defined.

As we already remarked we will use the same method as in step 2 and
consider approximate functions u. and prove that the approximate functions
converge uniformly in C? to u.
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Let us start with the real proof. Following step 2 we define the function

[ PNe-g
wyle) = [ O~ ) de (2.13)

s ON(@z-¢)
s [ @i

Since the integrand in the first integrand satisfy the estimate

9?N(z — &) C
e - 1| <

it follows that the first integrand is absolutely integrable on Bg(z) for every
R > 0 and the first integrand is therefore well defined. The second integral
in (2.13) is also well defined since we integrate a continuous function over a
compact set. It follows that w;; is well defined.

We also define

_ ON(z —¢§)
ww) = [ e —e) T rede (2.15)
Clearly ve(x) — %—57‘”) uniformly since
Ou(x) ON(x—¢§)
@) = 2| = | [ lim =)~ )T e <
< sw i@l [P < cesw )
£€B2c () Ba.(x) Ly EER™

where we used that n.(|Jz — &|) =1 for |[x — &| > 2e.
Since the integrand in (2.15) is C! in = we may differentiate differentiate
under the integral, Theorem 2.3 in the appendix, and deduce that

Ove(x) 9 . ON(z —§)
el B R e FIOT

which is continuous, since the integrand is and the set of integration is compact.
As in step 2 we want to show that Sve(z) converges uniformly as € — 0.

ij
Ove ()

To prove that we write in a form similar to the form of wj;:

() d o enONE =9 N
= [ e (- ) s

1w [ » e (e - e =) e

e [ o (neuxa)aNg;f))dg

r(z) 0%;
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| integration |
"] by parts o

B /Bm) 8@ ( ellz —f>§m5>) (f(€) — f () de—

17

ING-9) .
1@ [ e )T @At =

_ O?N(x —Ene(|lz —¢€]) v de
a /BR(w) Ox;0z; (f(§) — f(x))d§

fa ON@—§)
s [ o)

where we used that n(|z —&|) =1 on 0Bg(z) if € < R (which we may assume)
in the last equality. Notice that now we have no problem to integrate by parts
since we have “cut out” the singularity by multiplying by 7..

To prove that gT”; converges uniformly to w;; we calculate

Ov ()
axj — Wiy ()

O?’N(x — )
‘ /BR(;E) Ox;0x; (f(§) = f(z)) e(|z — & = 1)) dé+

+/BR(Z) 8776(89;; 6\)8N(8:;— £) (f(@—f(a:))dg‘ .

<),
BQE (I)

C
+=
€ JBac(2)\B.(a)

1 C 1
< C/ - e+ —/ k<
Bac(a) |7 —&[" € JBo(@)\Be(o) |7 = &P
< Ce“.

O?N(z — &)
“aa,n (O~ f@))‘ det

A=) (1(6) - o e <

Thus a” — w;j uniformly. Since ve — 3 Du
conclude that

Ou(z) _ O*N(z — ) ON(@—¢)
= [ e - senaie [ e

0Br(z) 0T

uniformly we may use Theorem 2.2

which finishes the proof of step 3.
Step 4. The function u(z) satisfies Au(z) = f(z).
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Proof of step 4: By step 3 we know that u(z) € C2.(R™) and that

O*u(x) 9?N(z —¢) e e ON(z - &)
= [ e v s |

0Br(z)  OTi

Ox?

%

vi(§)dA(E).-

This implies in particular that

Bufa) = [ ZW (F(6) - fla)) de—

r(Z) j—1 Ou;

f() /6 SN =8 eaage) =

Br(x) i3 Ox;

- / AN(z — ) (f(6) — f(2) de — f(z) / VN(x — €) - v(€)dAQ).
Bpg(x)

833((1?)
(2.16)
But AN(z — £) = 0 at almost every point which implies that the first integral
in (2.16) is zero. To calculate the second integral in (2.16) we notice that

-8

and
1 z-¢ 1 v(€)

wy |z —€* T wy, RPL

VN(z — &) =

on 0Bg(z). Thus
Au(z) = f(x) /8 o TN =) vOAA() =

- f(z) ” 2 — f(x
= i . MORAA©) = 1)

since [v(¢)]*> = 1 and faBR(w) dA(§) = wpR™ by the definition of w,. This
finishes the proof. O

Remark: The proof is rather long and difficult to overview. But the bulk of
the proof consists in using the cut off function 7. to make sure that the integrals
involved are well defined. The real important step in the proof is in step 3 where
we use the Hélder continuity of f(x) to assure that the second derivatives of
u(zx) are well defined. It is in the very last equation of the proof where we see

why we choose the rather strange constant ﬁ in the definition of N (zx).

2.2 Appendix: Some Integral Formulas and Facts
from Analysis.

In this appendix we repeat some results form analysis.
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Theorem 2.2. Let D C R" be a domain and assume that u. is a family of
continuous functions on D such that

1. ue = w locally uniformly as € — 0,

2. g;f is locally continuous on D.

3. g—Zj — w; locally uniformly as e — 0.

Then 2% exists, is locally continuous and 2% = w;.
oz, ’ Ow;

Proof:
Step 1: The function w; is locally continuous.
Proof of step 1: We will argue by contradiction and assume that w; has
a discontinuity point ° € D. That means that there exists two sequences
23 — 2% and 7 — 2° such that
lim |w;(z7) — w;(y’)] =6 > 0. (2.17)

Since D is open there exists some 7 > 0 such that B,.(z%) C D. Also, since

% — w; locally uniformly there exists an €y > 0 such that

5w

5
<3 (2.18)

for all x € B, (z )ande<260

Using that 69 is locally continuous on D and that B,.(x?) is compact we
may conclude that there exists a p > 0 (for simplicity of notation we may assume
that 4 < r) such that

‘8u50 (@) Oue(y) ‘ 5

o, D, < 1 (2.19)

for all z,y € B, (z°).
In particular we may conclude that for any j large enough such that z7,47 €
B, (z°)
|wZ (z7) — w;(2?) |

j aeoj j 860 8€0J 860j
:’wi(ﬂ)_ua;x)_@i(y u ) (u ) u <y>>’S

5‘:& 8xz
o Oue, (29) o Oug ( y) Oy ( j) e, (y7) 30
< adY 0 adY 0 o o

where we have used (2.18) and (2.19). This clearly contradicts (2.17) which
finishes the proof of step 1.

Step 2: Assume that B,(z) C D. Then

h
u(z + e;h) = u(x) + /0 w;(x + se;)ds
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for any |h| < r. Here e; is the i :th unit vector e; = (0,0, ...,1,...,0) where the
1 is in the ¢ :th coordinate place.
Proof of step 2: Since u. — w locally uniformly it follows that

u(z + he;) —u(x) = lg% (ue(z + he;) — ue(x)) =

fundamental h h
8 € 7
= ¢ Theorem = lim st = / wi(x + se;)ds,
of calculus «=0Jo Ti 0

where the last step follows form the uniform convergence ggf — w;. Step 2
follows. /

Step 3: The end of the proof.

Form the fundamental Theorem of calculus and step 2 it follows that

ou(z)
8:5,»

= w;(x)

which is continuous by step 1. O

Theorem 2.3. Let Dy and Dy be domains and assume that f(x,€) is locally
continuous on Dy x D1 = {(x,£); © € Dy and § € D1}. Assume furthermore

that La(jf) is locally continuous on Dy X Dy.
Then for any compact set K C Dy
0f(x,€) .
&)d 2.20
i = [ 20 (2.20)

and f; is locally continuous on Dy.

Proof: Since Dy is open and x € Dy there exists a ball B ( ) C Dy. Notice
that B, (z) x K C Dy x Dy is compact since B, (z) and K are®
Since By (x) x K C Dy x D; is compact it follows that % is uniformly

continuous on By, (z) x K C Dy x D;.%
By definition

f(@+he;, §) — f(z,§)
e / f(z,6)d¢ = ilLl—m . dg. (2.21)

Next, using the mean value property for the derivative we see that there exists
a y(z, &) such that y(z,£) € [0, h] and

Of @+, 9e)

f(1'+h6i7§)—f($7f): OLs

5Remember that the product of two compact sets are compact.
SRemember that continuous functions are uniformly continuous of compact sets.
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We may conclude that

f(z+hei, §) — /
‘/ h d£ 3%
/3f$+7$€6u de — /5f96€
8% axz
33:, 0371
But since afa(:ff) is unlformly continuous there exists an he > 0 for each € > 0
such that 5 5
flotsend) 01O _

for each |s| < he. Since |y(z,£)| < h it follows, for |h| < hg, that

Ot e Gee) e 0118
/ ’ o, ® o ‘

where | K| denotes the volume of the set K.”
In particular we may conclude that for each € > 0
lim

f(x+hei7§)_f(xaf) af(l’,f)
lim /K > de — /K T df‘ < |Kle.

It follows that (2.20).
To see that f;(x,t) is locally continuous in z we again notice that

¢ < |K|e,

37;(;70:5) is

uniformly continuous on B, (z) x K which implies that for every ¢ > 0 there
exists a h > 0 such that

’af(m B 8f(x,€)‘ _

| Mg [ 2009, <
o0x; x Oz
| ede <1Kle
K
for every y € B, (x) such that |z — y| < h.. Continuity follows. O

Let us remind ourselves of the following results from calculus.

Theorem 2.4. [THE DIVERGENCE THEOREM.] Let Q be a C' domain (that
is the boundary OSY is locally the graph of a C' function) in R™ and v =
(vt 02, ..., 0") € CL(;R™). Then

/Q div(v)dx = /aQ v(x) - v(z)dA(z)

where div(v) = Z;Ll g%j is the divergence of v and v(x) is the outward pointing
unit normal of 02 the point x.

"Rather the measure of K (in case you have studied measure theory)
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We will not prove this theorem.

Corollary 2.1. [INTEGRATION BY PARTS.] Let Q be a C domain (that is the
boundary OS2 is locally the graph of a C* function) in R™ and v,w € C1(Q).

Then
(@), _ 0w S
/Qal‘idxi/Q()(?xidJr/m()()z()dA()

where vi(x) is the i :th component of the outward pointing unit normal of O
the point x.

Proof: If we apply the divergence theorem to the vector function v(z)w(zx)e;
we see that

/ div (v(z)w(x)e;) de = / v(z)w(z)e; - v(z)dA(x).
Q a0

The left hand side in the last expression is

ov(x) ow(x)
| o dx—i—/gv(a:) oz,

Putting these two expression together gives the Corollary. O

dx.

Theorem 2.5. [GREEN’S FORMULAS.] Let Q be a C' domain and u,v €
C2%(Q) N CL(Q) then

1.
A d + C . C u\r)ar = vl U/(:E) dA X

where v is the outward pointing unit normal of Q0 and agsf) =v - Vu(z)
and dA(x) is an area element of ON2.

/Q (0(2)Au(z) — u(z)Av(z)) dz = / at s

2]

) (v(m)au(m) — u(z) a“(m)) dA(z).

Proof: For the first Green identity we apply the divergence theorem to
v(x)Vu(z). The second identity follows from interchanging v and v in the
first identity and subtract the result. O

2.3 Appendix: An Excursion into the subject of
Regularization.

In this appendix we remind ourselves of a fact from regularization theory. The
goal of this section is to show that we may approximate any continuous func-
tion uniformly by a function in C'°°. This is an important tool in analysis to
approximate irregular functions by infinitely differentiable functions. We start
by introducing the standard mollifier.



2.3. APPENDIX: AN EXCURSION INTO THE SUBJECT OF REGULARIZATION.23

Definition 2.4. Let

1
_ ) coe 1= for x| <1
€T =
o) { 0 for x| > 1,

where ¢y s chosen so that fRn o(z)dx = 1.
We will, for € > 0, call ¢(x) = L ¢(x/€) the standard mollifier.
Slightly abusing notation we will at times write ¢.(x) = ¢c(|x]).

Before we state the main theorem for mollifiers we need to introduce some
notation.

Definition 2.5. We say that o = (a1, aa, ..., ) € Ni (where Ng = {0,1,2,...})
is a multiindex. We will say that the length of a is |a] = Z?Zl aj. And for
u(z) € CH(Q) and |a| =1 < k we will write

olelu(x) Olu(z)

(5} (') Ay
ox™ 0x{" 0z5”...0z5

Note that a multiindex is just a shorthand way of writing derivatives.
The standard mollifier is important because of the following Lemma.

Lemma 2.2. Let € > 0 and ¢.(z) be the standard mollifier then
1. spt(¢e) = Bc(0) where spt(¢e) = {x € R"; ¢ () # 0} is the support of b,
2. ¢ € C*(R"),
3. Jan te(x)dz =1,
4. ifue C(Q) (orif u is locally integrable) and we define

() = / u(y) e — y)dy

forxz € Q. ={x €Q; dist(x,00) > e} then uc € C*(Q)

5. and if u € C(Q), where Q is open, then lime o uc(z) — u(z) uniformly
on compact sets of §2.

Proof: We will prove each part individually.

Part 1: To show that the support of ¢, is B¢(0) we notice that for |z| > €
we have

1
6e(x) = (z/e) =0
since |z/e|] > 1 and ¢(z) = 0 for |z| > 1. For |z| < e we have ¢.(z) =
2

S TP > 0. That is ¢ > 0 in B.(0) and ¢, = 0 in R™ \ B,(0). By
definition the support of ¢, is the closure of the set where ¢, # 0.
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Part 2: In order to see that ¢. € C°(R™) we notice that it is enough to
show that ¢(x) € C°(R™). In particular we have

8'“%6(30) 1 3'“%(1‘/6)

dxe  entlal  gpe

so if ¢ € C° then ¢, € C°.
We will show, by induction, that, for any multiindex «,

01¢(x) _ palx
Ox® Ga(x

where p,(z) and ¢, (z) are polynomials, ¢, (z) > 0 in By(0). When |a] = 0
the representation is obviously true with po(x) = go(x) = 1. If we assume that
(2.22) is true for all multiindexes « of length k — 1 then for any multiindex 8 of
length k& we have some j € {0,1,2,...,n} and multiindex « of length & — 1 such
that in B;(0)

iqﬁ(x), (2.22)

9xB dx; Oz Ox;

Mo(z) 9 9lg(x) 0 <pa($) )
= (z) ) =

N Ga (@)

Go(2) 222 — py () 20 pal) 0(x)
20) PO @) Oy

Opa(x 9q(x
WP —w@Y

2@ a2 | 2

we may define the quantity in the brackets on the right hand side as 22 (2)
as(z)

Since pa, go and (1 — |z|*)? are all polynomials it follows that pg and gs are
polynomials. Moreover we see, by a simple induction, that gg is a power of
1 — |z|? so gg(x) > 0 in B;1(0).

For z € R™\ B;(0) it follows that

9lg()

Oz«

=0
since ¢(x) =0 for z € R™ \ By(0).

Finally we notice that since p, () is a polynomial we have for every multiin-
dex « a constant C, such that supg, (o) [pa(7)| < Co. And for each multiindex
a there is some k such that g, (z) = (1 — |z|2)*. We may therefore estimate

pa(®) .
1@ (z)

|x|—1

1
since e 1-2 — ( with exponential speed as t — 1 whereas (197;2),9 — oo with
polynomial speed.
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We have therefore shown that ¢(z) is continuously differentiable for any a.

Part 3: This follows by a change of variables

B 1 x _ set T = ey o _
an d)e(x)dx - /IR” ein(b (;) dr = { then dx = 67Ldy } - .- ¢(y)dy =1

Part 4: Follows from Theorem 2.3.

Part 5: Let K C Q be compact. Since u € C(Q) it follows that for any
x € Qand § > 0 there exists a 3 inf(1, dist(K, 09)) > ks > 0 such that

() —u(y)] <6

for all x € K and y such that | — y| < ks. In particular if € < ks then

/ bz — yyuly)dy — u(z)
Q

/ belz — y)u(y)dy — u(x)| <
Be(z)

/ bl — ) (uly) — u(z))dy| < / belz — y)luly) — u(2)|dy <
Bc(x) Bc(x)

<6/ de(x —y)dy =196
Be(z)

where we used that ¢.(z —y) = 0 in R™ \ B.(z) in the first inequality, that
I () ®(@ —y)dy = 1 in the second and that |u(y) — u(z)| < J in the forth and

and that fBE(x) ¢(x — y)dy = 1 again in the last equality. O

2.4 Exercises Chapter 3.

Exercise 1.
1. Show that all affine functions u(z) = a + b - z are harmonic.

2. Let A be an nxn—matrix and show that if u(x) = (x, A)-x = E?J‘:l ;T
is harmonic if and only if trace(A) = 0.

3. Find all harmonic third order polynomials in R2.

4. Let u(z) be an analytic function in a domain D C C. Define the function
v(z,y) = RE(u(z +1iy)) (the real part of the complex valued ) and prove
that Av(z,y) = 0 in the set {(x,y); = + iy € D}. In particular there are
polynomial harmonic functions of any order in R2.

HINT: The Cauchy-Riemann equations.
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Exercise 2:

A: Let K C R™ be a compact set and z € K° (the interior of K). Prove the
following

1. fK ﬁdy converges if and only if ¢ < n.

2. If | f(y)] < ﬁ and ¢ < n then [, f(y)dy is well defined.

B: Let f(x) be a continuous function defined on R™. Prove that if there
exists a constant C' such that |f(z)] < C|z|™P and p > n then the integral
Jgn f(2)dz is well defined.

C: Assume that f(z) is a function defined on R™ and that f(z) is continuous
on R™\ {z°}. Assume furthermore that there exists constants C,, C,, 0 < g <n
and p > n such that |f(z)] < Cplz|™P for all x ¢ Bi(zY) and |f(x)| < Cylz —
20|74 for all € By(z°). Prove that [p, f(x)dz is well defined.

D: Prove that (2.7), (2.14) and (2.4) are well defined under the weaker
assumption that f(z) is continuous on R™ and satisfies |f(x)| < Clx|=2%¢ for
some € > 0.

Exercise 3: In the informal discussion leading up to Theorem 2.1 we in-
dicated that we needed to assume that f € C}}. in order to make sense of the
second derivatives of u(x) defined as in (2.4). It is always good in mathematics
to make sure that our assumptions are necessary. In this exercise we will prove
that the expression in Step 3 in the proof of Theorem 2.1 is not well defined
under the assumption that f(z) is continuous with compact support. We will
also slightly weaken the assumption that f € C* in Theorem 2.1.

A: Define f(z) in By/2(0) according to

T1T2

1) = Py

Show that f(z) is continuous.

B: Prove that we may extend f(z) to a continuous function on R? with
support in By (0).

HINT: Can we find a function g(x) € C°(B1(0)) such that g(x) = 1 in
By)2? Then f(x)g(x) would be a good candidate for a solution.

C: Show that the right hand side in the expression

OPu(x) 92N (z — €)
ol M v e UGB (DL

e [ V-9
s [ g

from step 3 in the proof of Theorem 2.1 is not well defined at = 0 with the
f(z) defined in step B. Conclude that it is not enough to assume that f(z) is
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continuous with compact support in order for our current proof of Theorem 2.1
to work.

D: In the theory of PDE one often uses Dini continuity. We say that a
function f(x) is Dini continuous if there exists a continuous function ¢ > 0

defined on [0, 1) such that ¢(0) = 0 and
1
/ ﬂdt < o0
0 t
such that
[f(@) = f) <o(lz—yl) forallzyst. |z—yl <L

Prove that Theorem 2.1 holds under the weaker assumption that f(x) is Dini
continuous with compact support in R™.

Remark on Exercise 3: Notice that we have only proved that the ex-
pression in Step 3 in not well defined for this particular f. One might ask if
there is another way to define a solution so that Au = f. We will se later in
the course that that is not the case. With our particular function f the only
possible solutions to the Laplace equation are not C2. But before we reach the
point where we can understand how to define solutions that are not C? we need
to develop more understanding of the Laplace equation.

Exercise 4: Very often in PDE books one proves the weaker statement that
if f € C?(R™) then
u(z) = A N(z — &) f(£)d¢
is a C2_(R™) function and Au(z) = f(x). It might be a good exercise to prove
this statement directly using the following steps.
A: Show that

u(@) = | N(§)f(z - §)dE.

R

Pulx) _ *f(z—¢)
8@»6% o /n N(ﬁ) 6mi8xj

B: Prove that

dg

and that v € C?

loc*

C: Notice that

Au(z) = [ NE)Auf(z —&dE = [ NEAf(x—&)dE =

R Rn

= / N(§)Af(z —&§)dE + / N(§)Acf(z —&)ds, (2.23)
Bs(z)

Br(x)\Bs(x)
if R is chosen large enough. Then show that for any € > 0 there exists a d. > 0
such that the first integral in (2.23) has absolute value less than € and the second
integral differs from f(z) by at most e. Conclude the theorem.

HiNT: Use Green’s second formula when you estimate the second integral.
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Chapter 3

Green’s Functions.

In this section we will begin to understand how to solve the Dirichlet problem
in a domain €. The Dirichlet problem consists of finding a u € C?(Q) N C(Q)
solving
Au(z) = f(z) inQ
u(z) = g(z) on ON.

where f € C*(Q) and g € C(91) are given functions.

In this chapter we will investigate what the theory from the previous chapter
would imply for solutions to (3.1). This will lead to the concept of a Green’s
function which is similar to the fundamental solution - but for a given domain.
However, we can not, in general, calculate the Green’s function. But for certain
simple domains, with much symmetry, it is possible to explicitly calculate the
Green’s function. We will calculate the Green’s function for the upper half space
R} = {x € R"; x, > 0} and for a ball B,(0).

(3.1)

3.1 An informal motivation for the concept of
Green’s functions.

To motivate the introduction of Green’s functions we have to look at the theory
we have developed so far - that is all we have. In particular we have shown that
we may define a solution to Au(z) = f(x) for any f € C*(R™) by

ue) = [ N- s (32)
Using that Au(z) = f(x) we arrive at
u(@) = [ N(z—&Agu(£)dE.

Rn

Let us try to see if the same argument applies to solutions to (3.1). To that

29
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end we assume that u € C%%(Q2) and define

i(z) = /Q N(z — &) Au(z)dz.

If u(z) where defined according to (3.2) for some f € C%(R™) and Q = R"
then @(z) = u(z). But we don’t expect, in general, that u(x) = u(x) for any
u € C%2(Q) for an arbitrary Q. The point is that, using the explicit expression
for @(z), we can calculate the difference @(x) and see what mathematics gives
us back and hopefully it will give us some information about wu.

Therefore we estimate

/ N(z—€) Au(z)dz = / N(z—€) Au(€)dé+ / N(z—€)Au(€)dé = 41,
Q Be(x) Q\Be(x) (3 3)

+/ N(z — &) Au(€)de = Iy + L.
\B.(x)

We expect I to be small, as a matter of fact:
c 2
[I1| < sup [Aul T3 d¢ < C sup [Aule”,
B.(x) B.(x) |7 —§] B.(x)

where we assumed, for definiteness, that n > 3. To calculate I we use the
second Green formula and conclude

B= [ Na-9lugds -
Q\Be ()

- u T— T — Ou(g) u N —§)
- /Q\Be(w) (©)A:N( §)d£+/69 (N( £)ay(§) (©) 20(E) ) dAsa(€)+
du(§) ON(z —¢ B
" /aBE(@ <N(x -9 ov(é) “(5)(9”(5)) dAoB,(2)(§) = Iz + 14 + I5.

Notice that I3 = 0 since A¢N(z —¢&) =0 in Q\ B(x). Next we look at Is and
estimate

_ 11 b 1
= /BBE(ZE) (n - 2)Wn "2 Ov df . 9B.(z) Wn en—1 U(f)df
That is
11 o
—_ < _ -
Iy — ()| < /a P e R (3.4)
11 supq |Vl
* Wy u(§) —u(z))df| < ————€+ sup |u(§) —u(z)],
/aBE(I) w1 (u(§) — u(x)) dé — agzﬁ)' () —u(z)]

where the first term goes to zero as € — 0 since |Vu| is bounded (we assume that
u € C%(2)) and the second term goes to zero as € — 0 since u is continuous.
We can thus conclude that Iy — u(x) as e — 0.
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To summarize, we have proven that
/N(I*f)Au(f)dfill+Ig :O+13+I4+I5 =
Q

~0+0+ [ (N(x - 95 - u(f)%) dAg0l€) + u(x),

as e — 0.
Rearranging terms we arrive at

o ON@—g)
S S e L

So if u(x) was a solution to (3.1) then

du(§)
(&)

this is a rather good expression but it has one serious flaw. We do not know
what value % has on 9Q. If we new that we could calculate u(x) by just using
f(x), g(x) and %. But if N(z — &) happened to be equal to zero on 9 then
the troublesome term

-7 ) daane)
6

/Nxf £)de — <N(x€)

o0

u(§)
a0 Nz =9 ov(€)

in equation (3.5) would be equal to zero and (3.6) would become

dAsa(§)

_ ON(z — )
= [ Ne-or@icr | a0 i taano 60

and we would have a representation formula for u(z) in terms of the given data
f(z) and g(z). This motivates us to define a function G(z,¢) that has similar
properties as N(z — &) but so that G(z,£) = 0 for £ € 99.

Definition 3.1. Let Q be a domain with C* boundary and assume that for every
x € Q we have a solution ¢*(£) € C*(Q)NC(Q) to

AG*(€) =0 in Q

6°(€) = Nz —€)  on d9. (3:8)

Then we say that
G(z,§) = N(z — &) — ¢°(&)
1s the Green’s function in €.
Remark: Notice that until we can prove that ¢*(£) is a unique solution to

(3.8) we have on right to say that G(z,¢) is the Green’s function since there
might be many Green’s functions satisfying the definition. Later on we will
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prove that ¢* is indeed the unique solution and that we are therefore justified
in calling G the Green’s function.

Since the Green’s function G(z,£) has the same type of singularity as N(x —
&) at & = £ so there is some hope that the above calculations should work in
the same way for G(z,&) as they did for N(x — &). Moreover, G(z,£) = 0 for
¢ € 99 which makes it reasonable to hope that the representation formula (3.7)
would work for G(z,¢) in place of N(z — £). However, we need to prove this.

3.2 The Green’s function.

The main reason to introduce Green’s functions is the following Theorem.

Theorem 3.1. Assume that u € C?(Q) N CY(Q) and that u(x) solves (3.1),
where 0 is a bounded domain with C' boundary. Assume furthermore that
G(x,&) is the Green’s function for Q. Then

ue) = [ Gwor@ics [ (o020 aame. @)

Proof: The proof is very similar to the calculations we did in the previous
section. We will use use Green’s second identity on G(z,y) = N(z —y) — ¢*(y)
and u(y).

/Q G, ) Au(€)de =

=/ G(%f)AU(ﬁ)dﬁJr/ (-u(y) AyG(z,y) +G($»y)Ayu(y)> dy =
B.(z) Q\ B (z) ——

=0

Green’s Second
= formula on the

second integal

- [ cwgau@a+ [ <u<§> S8 | g 815(’5)) dA0a(E)+
Be(z) a0 v —— 1

=0

(3.10)
INGw &) 0670 2 ey 200 .
e (e (PG 2T ) - v -9 - ) T ) o, €)=
- [ cwosu@a- [ uEEdme+
Be(z) o9

067() iy oy Oull) ,
e (025 - 0% ) don, €+ B

where I5 — u(z) as € — 0 is the same as the expression in the previous section,
see formula (3.4).
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It is easy to estimate the remaining terms, in particular

< sup | Au(a) (/B( |

el

/ G €) Au(€)de
Be(z)

|N<zfs>|d§+/

Be(z)

¢(€)Id€> <

< C'sup |Au(z)| (62 + sup |¢e"> -0
Q Q

as € — 0. And similarily

96"(&) _ 1z OulE)
/a o (u(@ A0~ )mam)(@

<

<C (sup |u| sup |[V¢®| + sup |Vu|sup ¢x|) et o
Q Q Q Q

Using these estimates together with (3.10) we may conclude, after sending

e — 0, that
(960252 ) aan
QO 14

this finishes the proof of the Theorem. O

Remarks: 1. Notice that (3.9) makes perfectly good sense even if we do
not know that we have a solution. A good guess (which is indeed true) is that
if we define u according to (3.9) then u solves the Dirichlet problem (3.1). To
actually prove this will require some extra work.

2) In some sense we hide the difficulties in this Theorem. In particular we
assume that we can solve (3.8) in order to define the Green’s function. But to
solve the Dirichlet problem is exactly what we are aiming to do. So we assume
that we have a solution to one Dirichlet problem, namely (3.8), in order to find
a representation for the solution to another Dirichlet problem (3.1).

The Theorem is however useful since the Dirichlet problem (3.8) has f =0
and very special boundary data. So Theorem 3.1 states that if we can calculate
a solution to the Dirichlet problem with simple boundary data (3.8) in € then
we can find a representation for the solution to the Dirichlet problem in §) with
any boundary data g € C(09).

Our next goal will be to actually solve the Dirichlet problem (3.8) in some
simple domains ).

uw) = [ o+ [

13}

3.3 The Dirichlet Problem in R".

As pointed out in the last section, if we know that we have a solution u to the
Dirichlet problem in 2, it is enough to solve the Dirichlet problem

ApT(§) = in 2

0
¢7(¢) = —N(E—x) on . (3.11)
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for every x in order to find a representation formula for w.

If © is very complicated it will be very hard to find a solution to (3.11). But
if Q has some simple symmetries it is indeed possible to explicitly write down the
solutions to (3.11). In this section we will consider Q2 = R} = {x € R"; x,, > 0}.

We need to find a ¢*(§) solving

Ap*(€) =0 in R}
¢*(§) = N(§ —x) ondR} ={{€R"; §, =0}
Notice that

AN(§—x) =0 in R? ={§ € R"; £, <0}
N —-2z)=N(—2) ondR =0R} ={£e€R™ &, =0}

So N(y€ — x) is a solution, but in the wrong half space! This is however very
easy to fix by a simple reflection. We define

¢*(§) = N(E— %) (3.12)
where Z = (21,22, ..., Zn—1, —%y). Then we have, for £ € OR} that is &, = 0,
1 1 1 1

(&) = Ry AT T R prg o —opt |:z:n|2)nT_2 = N(§ —x),

where we have used the notation ' = (1, xa, ..., 2n,_1,0) and &' = (&1, &2, ..., €n—1,0).
We also assumed that n > 3 for simplicity. The calculations for n = 2 is very
similar.

We have thus proved the following Lemma.

Lemma 3.1. The Green’s function in R} is
G(@,§) =N —z) - N(E-7)

where T = (L1,%2, e, Tn-1, —Tn).

3.3.1 The Poisson Kernel in R’}r.

We know that if we have a solution to the Dirichlet problem

Au(z) = f(x) inQ
u(z) = g(z) on 0N.

then we can represent the solution by the formula

. 9G(.)
o) = [ G oaueier [ (e ) aamie

if Q is C! and bounded and the Green’s function G(z,¢) exists and is C1(Q) N
C?(Q).
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If f =0 this reduces to

o) = [ (w0252 ) aam(e

This representation formula indicates that % is of special importance. We

make the following definition.

Definition 3.2. Let Q be a domain and G(x,&) be the corresponding Green’s
function. Call assume that the normal derivative of G(x,€) exists on 982 and

callit
9G(z,§)

ov

the Poisson Kernel for Q and the representation formula

)= [ (02552 ) aaonte)

we call the Poisson formula.

K(x,§) =

Since we know the Green’s function in R} we are able to calculate the Poisson
kernel for R7.

Lemma 3.2. The Poisson kernel for R} is

Tn 1

K(z,8) =

wa |z — €[
Proof: The Poisson kernel is by definition
9G(x, §)

ov

The normal of R} is —e, so the Poisson kernel is

9G(,§)
K =——"2
(@.6) = =58
and
G(z,§) =N(€ —x) - N(§ - 1)
The Lemma follows by a simple calculation. O

Lemma 3.3. For every x,, > 0 we have

K(z,&)dg" =1,
Rn—l

where y' = (£1,82,-,&n—1,0) and d§’ = d§,ds...d&, 1.
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Proof: In order to evaluate the integral of the Poisson kernel we will resort
to a trick. I am not particularly fond of tricks in mathematics but in this case
it will save us some calculation (which I do not like any more than tricks).

First we notice that by translating £ — z + 2’ we get

T , Tp , Tn /
T q¢ = e P S —
/]R" |£l - :L.|n 5 /R” |Z/ - xnen|n : /]R” |§/ - xnen‘n g

so we might assume that 2’ = (0,0,...,0) without changing the value of the
integral.
Secondly, we notice that if we change variables & — sz’ for any s > 0 then

we get
-1 n
S E—— S g [
re | — x|” rn-1 |$2" —x|" n |2’ — f‘n

which implies that the value of the integral of the Poisson kernel is independent
of x,, > 0. So there is a constant ¢, such that

x
Cp = — " _q¢,
/'n |&" — x|™ ¢

where ¢, is independent of = as long as z,, > 0.
The difficult part is to evaluate

x T
T e = . m qe = - 1
/]Rn—l |§/ _ 1'|n 6 ‘/Rn_l (|§/|2 + |$n|2)n/2 5 & (3 3)

In order to evaluate (3.13) we notice that

< 1 / T ,
————0d§ | dzp 3.14
/0 1+ 22 ( Rn—1 (|§’|2+m%)”/2 > (3.14)

oo 1 o
= Cn/o mdxn = ¢y, (arctan(co) — arctan(0)) = &l

We may also evaluate (3.14)

<1 / T ,
— — " d¢ | dxy, =
b A ( ret (€2 + 23)"? )

& 1 T
= n d¢'dx,,,
b e TR

changing to polar coordinates z,, = 7 cos(¢))r, 72 = |€/|> + 22 we may continue
the equality,

e rcos(1)) 1 .4
= —— " A dr =
/O /83;r(0) 1 + 72 cos? (,(/)) rn r BT (0) "
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o cos(1)) / ™ Ty
_ _ O AL ovdr = TaA, . == (3.15
/aBj(o) /0 T+ 72 cos?(i) 0B O omro) 2 0BT T 2 (8.15)

where we again used that [ 17%-z = arctan(ax) and that rcos(y)) — oo as
T — 00.
Comparing (3.15) and (3.14) we see that ¢, = w,, this implies that

K(z,&)dy = =1,
Rn—1 Wn,
O
The next Theorem establishes that we may indeed use the Poisson kernel to
calculate a solution to the Dirichlet problem in R} .

Theorem 3.2. Let g € C.(OR") and define

u(z) = /]R Zn _9(E) e (3.16)

n—1 E |:,L' - €/|TL
where & = (£1,&2,...,&n—1,0) and d§’ = d&1d&s...d€,—1. Then

Au(z) =0 in R’}
lim, o+ u(z',z,) = g(x') wuniformly on compact sets 2’ € K cC R"1.
(3.17)

Remark: There is a slight abuse of notation in this Theorem. We use the
notation &' = (£1,&, ...,€n—1,0) as a vector in R™ with zero as its last compo-
nent. But we also use £ = (£1,&s,...,&,_1) € R"™1 without the zero in the
n :th component when we write g(¢'). It should be clear from context which
convention we are using.

Proof: We will do the proof into two steps.

Step 1: The function u defined in (3.16) is well defined and is harmonic in
R? .

That the function is well defined and that we may differentiate under the
integral sign is clear since the integrand has compact support in £ and is C* in
x for each x € R’. To show that Au(x) = 0 follows from a simple calculation.

Step 2: Showing that lim, _,o+u(2’,2,) = g(z’) uniformly on compact
sets.

To show that lim, o+ u(z’,2,) = g(2’) uniformly on compact sets we notice
that since g € C(R"™1) it follows that g is uniformly continuous on compact
sets K CcC R*"!. Fix a compact set K CC R"!'. For technical reasons that
will become clear later we will define

K' = Uger Bi(2),

that is K is the closed set containing all points that are at a distance at most
one from K. Since K is compact it is closed and bounded which implies that K*
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is closed and bounded and thus compact. Therefore g is uniformly continuous
on K.

In particular for every € > 0 we have a d./o > 0, which we may assume to
satisfy /o < 1, such that

l9(a’) — 9(€)] < 5 (3.18)

for every x' € K such that |2 — ¢'| < d./o. Here we use that g is uniformly
continuous on K, notice that if 2/ € K and |2’ —¢| < §./o < 1 thena’,¢’ € K!
and we may use the same d¢/o for all ' € K.

Using that [, K(z,£')dy =1 (Lemma 3.3) we see that for any 2’ € K

/ zn (') — g(x’)dy,
R

no1 Wy Jr =&

/ zn g(&') — g(:’)dy/
Rnfl\Béé/z(m/) Wn, |£L' — f |

= Le/2 + Je/2

<

|u(x’, xn) - g(xl)‘ =

<

_|_

/ 25 9(£') — g(a') e’
B

55/2(I,) Wn |x_£/‘n

(3.19)

It is easy to see that

2o |9(€) — 9] 0 € o0
Je/zs/B —7d5<2/ a' < 5

5e/2 (@) wn |z =g /2 (@) Wn |x - €/|n
(3.20)
since [, K(x,&)dy =1, |g(&')—g(z")| < eforall¢’ € Bs, (2') and K (z, &) > 0.
Noticew that the estimate (3.20) is independent of z,, > 0.
Also, if we chose R so large that g(¢') = 0 outside of Br(z') for all 2’ € K,

/ 0 g(§') — gz )df
Rn71\355/2 Wn, |x — £/|n

< sup g(¢&) —g(a")]
gEeRn—1 /e K

2| =

< (321)

n 1
i
Br(0)\Bs, 5 (x') Wn |z — &'

P S l9(y)|

1
< / e <
Br(O\Bs,_,, (=) /2

- (2 SUP cpn-1 Ig(y)IR”> .

Wn

n5g‘/2

From (3.21) it follows that |1 5| < § if 2, < b where

- ndg/Q

~ Asupyegn [g(y)| R
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only depend on ¢ and the dimension.’

Putting (3.19), (3.20) and (3.21) together we have shown that for each com-
pact set K and each € > 0 there is a d. such that for each 2/ € K

lu(z',z,) — g(a')] < e for all z, < d..

It follows that
lim w(z',z,) = g(z')
z,—0t

uniformly on compact sets. O

Corollary 3.1. Theorem 3.2 is still true under the assumption that g(&') is
continuous and bounded.

Sketch of the Proof: The proof of the corollary is almost the same as the proof
of the Theorem. We only need to make sure that the integrals are convergent.
We will show that the integral in (3.16) is convergent and leave the rest of the
details to the reader.

Notice that u(z) is still well defined if g(¢) is bounded and integrable. In
particular, under those assumptions there exists a constant C, depending only
on T, supgn-1 |g(¢§’)| and the dimension such that

zn _9(&)

L=t | < Cin By (2
onfe—gp| <€ B

and
L 9(5/)

;|x_§/|n in Rnil\Bl(x/)v

— |3?/ _ é‘/‘n

it follows that the integral (3.16) is convergent under the assumptions in the
Corollary, see exercise 2C in the previous set of lecture notes. O
Notice that we can now solve the Dirichlet problem in Ri. In particular if

f € C¥R") and g € C.(R"1) then

Rn
solves
Aul(z) = f(x) in R"
" : o 9l€) —u(€)
u(x) = /W_1 o poep Y
solves

Au?(z) =0 in R"}
u?(2',0) = g(z') —ul(a’,0) on OR" 1

n particular, 5e only depend on g through sup |g|, the support of g and the continuity
properties of g, that is on J. 5.
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where the second identity is interpreted in the sense of limits as in Theorem 3.2.
In particular u(x) = u!(x) + u?(z) will solve

Au(z) = f(x) in R”
u(2’,0) = g(z')  on OR" L

that is we now know how to solve the Dirichlet problem in R’f.

In Theorem 3.1 we made an assumption that 2 was bounded. Obviously R”}
is not a bounded set so we can not apply Theorem 3.1 to R’}. We can however,
Theorem 3.2, construct a solution in R’}.

The difference between Theorem 3.1 and Theorem 3.2 is that in Theorem
3.1 we assume that we have a solution and we find a representation formula for
that solution. In Theorem 3.2 we do not assume that we have a solution - we
prove that we have a solution.

However to state that the solution we construct in Theorem 3.2 is the same
as the any given solution we would have to know that the solutions are unique.
In bounded domains €2 it is indeed the case that solutions that are C?(Q)NC(9Q)
are unique, a fact that we will prove later. In unbounded domains, in particular
in R’ , the solutions are not uniquely determined by the boundary data. A
simple example is that u(z) = az, is a solution to

Au(z) =0 inR?

u(2’,0) =0 for every 2’ € R"~L. (3.22)
for any a € R. Clearly the Dirichlet problem (3.22) does not admit a unique
solution.

Before we end our discussion about the Dirichlet problem in R’ we should
mention something about the conclusion in Theorem 3.2 that lim, _,o+ u(z’, z,) =
g(z') uniformly on compact sets. We start by an example.

Example: There are infinitely many solutions to the following Dirichlet
problem in R} :

Au(z) =0 in Rn—!

lim, o+ u(z’,z,) =0 foralla’e R im0 0, 50 u(@) = 0. (3.23)

Only one of these solutions, the trivial solution u(x) = 0, is bounded.
To see that there are infinitively many solutions we just notice that for each
a€Randi=1,2,..,n— 1 the function

XiTp
Uq (.’E) = GW

solves (3.23). In particular, u, is just a constant multiple of the derivative of the
Poisson kernel 250 which is harmonic in R’ . That limy e0,e, >0 u(z) = 0

follows easily from |uq (z)| < mm — Oas |z] = co. The proof that u(z’, z,) — 0

as x, — 0T splits up into two cases. If |2'| = § # 0 then |u,(z)| < wer — 0
as o, — 07 and if |2/] = 0 then x; = 0 and thus u,(x) = 0.
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Clearly, if a # 0 then the limit lim, _ o+ uq(2’, z,) = 0 is not uniform since
U, 18 not bounded close to x = 0.

We have not developed enough theory, yet, to show that u(x) = 0 is the only
bounded solution. But we will in the next few weeks.

This example shows that the solution defined in Theorem 3.2 is a particu-
larly good solution. And that we have to be very careful when we investigate
uniqueness properties of the solutions. In general, it is not enough that the
boundary values are obtained in a limit sense for the solution to be unique.
That is we need the solution to the Dirichlet problem in 2 is continuous up to
the boundary for the solution to be unique.

3.4 The Green’s function in B,.

In this section we will repeat the analysis in the previous section for the domain
Q= B,(0). We will leave some calculations for the reader.
For every x € B,(0) we need to find a solution to

A¢(§) =0 in B,(0)
¢"(€) = N( —x) ondB(0).

As before we want to use the particular symmetry of the domain to explicitly
calculate ¢*. To do that we need the following definition and Lemma.

Definition 3.3. For any x € R™ we denote

T2$

We say that x=* is the reflection of x in 0B, (0). And if u a function defined in
Q then we say that

1s the Kelvin transform of u.

Lemma 3.4. The * operator maps the ball B,.(0) onto R™\ B,.(0):

{z*; x € B.(0) \ {0}} =R"™\ B,(0).
Furthermore (x*)* = x for all x # 0.

Proof: Clearly if |z| < r then

2
|z*| = s
||
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Also

2r2
(%) = (7"255 BT
|[?

=X.
x|2
7“4||

[a]*

8

Lemma 3.5. Assume that u* is harmonic on ). Then u* is harmonic on
O = {z; 2" € Q}.
Proof: The proof is a straightforward, although rather tedious, calculation

n—2 2
Au*(z) = A ( !

X
———u(—= || =0.
a2 (m))

Next we notice that for x € B,(0) we have that N({ — z) is harmonic in
both = and & for z # £. We want to do the Kelvin transform of N(y — x) with
respect to x € B,.(0). That is

O
I 1 1
* Z1"—2 (n—2)w —prn—2
N*(€ —z) = ||1 (n—2)wn, [€—a*]

_ P2 1
(n—2)wn (|a||lz*—¢)" 2
T (n—2)wn
when n > 2.

ifx£0
ifx =0,

By Lemma 3.5 that A¢N*({ — 2) = 0 whenever { # z*. In particular, since
AgN*(g - JZ) =0.

x € B-(0) so z* ¢ B,(0), we have that for every £ € B,.(0) 2* # zi and thus
We have that if £ € 0B, (0) then

N*(€—2) = —— A—
(n = 2)eon (fa 2] — gf2) "2
1 rn—2
T (n—2)w, ( o

o\ (n-2)/2
Tz —§|$|‘ )

(3.24)
1

Tn72

(n = 2)wn (74 4 22z - € 4 72|z|2) "D/

where we used that [£]? = r? since £ € 0B,(0). Again using that |¢|?> = r? we
deduce that v + 2r?z - € + r?|z|? = r2|€ — z|?. So we may write (3.24) as

N —a) = —— -

(n = 2)wn [§ — 2|2
for all £ € 0B,(0)

=N —x)

In particular N*(¢ — x) satisfies the criteria of being the
corrector ¢*(£) in the definition of the Green’s function. All these calculations
also works for n = 2. We have thus proved the following Lemma
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Lemma 3.6. The Green’s function for B,(0) is

G(l’,f):N(g*.T)*N*(é'*IL’),

where

1 P2 .

N*(f - x) = (n—2)wy, (‘1||x*7§|)"*2 Zf:.’l? 75 0
R C=rm ifx=0
(n—2)wy, =0,

when n > 2 and

N - —iﬂ In(|¢ —z*|) —In(r?)) = ifz#0
N(fz){ _217T< ) ifx=0,

when n = 2.

When we know the Green’s function we can calculate the Poisson kernel for
the ball.

Lemma 3.7. The Poisson kernel for the ball B,.(0) is

r? — |z|? 1

WnT Ix_§|n

K(z,8) =

Proof: The proof is a simple calculation. We know, for n > 2, that
G(z,§) =N(E—z)-N"(§—=2) =

1 Lo 1
(n = 2wn & = €72 (0= 2wn (j2 |7 - ¢)"

The outward normal of B,.(0) is v = f—l = % which implies that for || = r we

7§ B n 6 1 l"*f' rn $-7|1’|2§v B
K9 =y Vel =2 (oiss - e -

_ £ G (L a =g a2
=y Vel )‘er(mxj—gi ‘mfm—5>|>3> (8.25)

where we used the same argument as in and the lines following (3.24). Simpli-
fying (3.25) we get
r?—lz? 1

WnT |$_§|n

K(z,8) =

O
Continuing as we did with the Poisson’s equation in R’} we need the following
Lemma.
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Lemma 3.8. Let K(x,&) be the Poisson kernel for a B,(0) then for each x €
B,(0)

/ K (2, ©)dAog, o) () = 1.
0B,.(0)

Proof: We know, Theorem 3.1, that if Au(xz) =0 in B,(0) and u(z) = g(x)
on 0B,(0) then

u(z) = /aQ (g(f)aGéi’g)> dApa(§) = (3.26)

_ / 9O K (z, €)dApa (€),
o0

where we also used the definition of K(z,&) in the last equality.
Clearly u(x) = 1 is a C? solution to the Dirichlet problem with g(x) = 1.
Inserting this in (3.26) gives the lemma. O
We are now ready to state the main Theorem of this section. The proof is
parallel to the proof of Theorem (3.2) and left to the reader (see the exercises).

Theorem 3.3. Let g € C(0B,(0)) and define

r2 — |z|? 1
u(z) = / il 9(9)dAss, 0)(1)- (3.27)
8B,.(0)

WnT |$ - y|n
Then u € C?(B,0) and

Au(z) =0 in B(0)

lim,_, ;- u(sz) = g(x)  uniformly for every x € 0B,(0). (3.28)

Notice that the second line in (3.28) only says that u satisfies the boundary
conditions in some sense.

3.5 Exercises:

Exercise 1: Let K(({, ) be the Poisson kernel for the half space R’. Prove
that A,K(&,x) = 0 for all { € OR’. Conclude that an integral of the kind
Jn—1 K(x,&")g(&)d€’ is nothing more that a summation of harmonic functions
K(x,-).

Exercise 2: Verify that v(z) = x,, is a solution to

Au(xz) =0 inR7
u(z) =0 on OR" .
Define u(z) as in Theorem 3.2 and verify that u(x)+av(z) is a solution to (3.17)

for any a € R.
Draw the conclusion that the solution to (3.17) are not unique.

Exercise 3: We say that the functions K.(z,&) defined for every € > 0 and
z,& € R" is a family of “Good Kernels” if
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1. For every € > 0 and every x € R™ the function K.(z,£) is integrable in £
and
Ke(x,§)ds = 1.
R’!‘L

2. For every € > 0 and = € R” there is a constant C' that is independent of
e such that

| Ewolde<c.

3. For every, § > 0, and every x € R™

/ |F(z,£)|dé — 0 as e — 0.
R™\B; ()

A: Prove the Poisson kernel K(z,¢’) for R is a family of “Good Kernels”
on R"~1 if we interpret K (z,¢') = K, (2/,¢') with ,, > 0 playing the role of e.

B: Prove that if Fe(x,&) is a family of “Good Kernels”, g is continuous and
bounded on R™ and

ue(z) = [ Ke(x,£)g(§)dE.
R’n
Then lim g+ u(z) = g(x).
HINT: Look at step 2 in the proof of Theorem 3.2. As a matter of fact, my
main reason for putting this exercise here is to force you to think through that
proof.

C: Can you formulate what it would mean for K .(z,£) to be a family of
“Good Kernels” on the unit sphere 9B1(0)? Use this to prove Theorem 3.3.

Exercise 4: Assume that u(z) € C2_(D) and that Au(z) = 0in D. Assume
furthermore that B,.(z°) C D is any ball. Prove that

|
(@) = /aB " w(z)dApp, (20 (x).

wprn—1

This is known as “T’he mean value property for harmonic functions” since it
states that if u(z) is harmonic in a domain then u(z°) is equal to the mean
value of u on the boundary of any ball with center at z°.

HINT: Can you use Theorem 3.37

Exercise 5: Show that if u,o € C?(B,(0)) N C*(B1(0)) both solve the
Dirichlet problem
Aw(z) =0  in B1(0)
w(z) =g(x) on dB1(0)

then u(z) = v(zx) for all € B1(0). This shows that C?(B,(0)) N C'(B1(0))
solutions to the Dirichlet problem in B;(0) are unique.

HINT: Representation formulas are great! They tell us exactly what the
solutions to the problem are.
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Exercise 6: Derive a representation formula for the solutions to the follow-
ing Dirichlet problem

Au(r) =0 in By (0) = {x € B1(0); x, > 0}
u(z) = f(z) for x € (8B1(0)" = {z € dB1(0); z, > 0}
u(z) =g(z) for xz € B1(0)N{x; z, =0}

Where f(z) and g(x) are given functions.

HINT: First prove that if we define the function f on dBi(0) according to

) for z € (B, (0))"
flx) = { —f(@',—z,) forxe (331(0))_ :

Then the solution, v(z), to the Dirichlet problem in B;(0) that satisfies u(x) =
f(x) on OB1(0) also satisfies v(x’,0) = 0. Use this together with Theorem 3.2
to get your representation formula - it doesn’t have to be pretty.



Chapter 4

An interlude on the Path
we will take - why go
abstract?

So far we have been able to prove that for any f € C%(R") we can solve
Au(z) = f(x) in R™. Also, by using very similar ideas, we where able to solve
the simple Dirichlet problems

Au(z) = f(x) inD

u(z) = g(x) on 0D (4.1)

for the simple domains D = R} and D = B,(0). With a little bit of work
we could also, Exercise 6 from last installment of the lecture notes, solve the
Dirichlet problem for the simple domain D = Bf (0).

However, in many applications we would like to solve a PDE on a very
complicated domain. For instance, if we want to solve a problem involving
turbulence we might want to solve a PDE describing the motion of air in a
domain D that consists of R? minus the shape of an airplane.

The method of solving a PDE by means of a Green’s function involves finding
the functions ¢*(y), that is solving the Dirichlet problem with boundary data
N(xz — y), which we could only do for very simple domains. Even for fairly
simple domains such as the one consisting of three overlapping circles in figure
4 we do not know how to calculate ¢*(y) - and thus not how to calculate the
Green’s function. We need to move into the abstract theory and give up any
hope of finding explicit representation formulas.

Since the only way we know (at least from this course) to solve PDE in a
domain is by means of a Green’s function that is the only thing we can use
in solving the Dirichlet problem for a more complicated domain, such as the
domain consisting of three circles.

So let us try to hammer out an approach on how to solve (4.1) for D = “the
union of three circles Ay, Ay and Az” and f(x) = 0. We may use the Green’s

47
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Figure 4.1: Domain consisting of Three Circles.

function to find a solution, lets call it u!(z), to the Dirichlet problem in A;
with boundary data g(z) on the part of JA; where g(x) is defined and 0 on the
other part of OA;. If we let v' be the function u' extended by 0 to the rest of
D we have created a function v! that is harmonic in D\ (A N D).

We may continue and use the Green’s function to find a harmonic function,
lets call it u?(x), in Ay with boundary data g(z) on the part of A, where g(x)
is defined and u!(z) on the other part of 9A; N D and boundary data equal to
zero on the rest of 0A; N D. We may define

2, [ vMz) inD\A;
vie) = { u?(x) in As.

Inductively we may create sequences u*(z) and v¥(x) such that for any
1=0,1,2,3,... and j € {1,2,3} the function u**J solves the Dirichlet problem
in Aj:!

Audti(x) =0 in Aj
udtti(z) = g(x) on OA; \ D (4.2)
uwdti(z) = ¥ -Y(2) on 0A;UD

and o _
S V¥ (z) in D\ A,
ud i (1) in Aj.

Notice that v3*J(z) is then harmonic in A; and that v**J = g(z) on 9D
for every [ > 1 and j = 1,2,3. So if lim_,, v*(z) converges to some function
u(z) then u(x) = lim;_, o v3*(z) in A; for j = 1,2,3. That is u(z) would be
the limit of a sequence of harmonic functions in A; for j =1,2,3.

This leads to two questions:

1. Can we show that limy_,. v*(z) exists?

2. Is harmonicity preserved under limits? That is, if a sequence of harmonic
functions v3*+7(x) — u(z) as [ — oo will it follow that u(x) is harmonic?

1Since A; is a ball we have no difficulties to solve this Dirichlet problem by means of a
Green’s function.
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Figure 4.2: An open Domain covered by Balls.

If the answer to both these questions are affirmative then we know how to
construct a solution to the Dirichlet problem, even though we don’t have an
explicit solution formula.

Before we try to make a brief outline of the theory that lies ahead. We will
indicate that the three balls domain described above isn’t as special as it looks.
We could have used the same approach for a domain consisting of four, five on
N balls. And if we can solve the Dirichlet problem for a domain that is the
union of a finite number of balls then we should be able to use some analysis
to to solve the Dirichlet problem for any domain that is the union of an infinite
number of balls. Observe that any open domain is the union of all the balls in
its interior.

So let us briefly indicate how we could attack the Dirichlet problem for a
general domain D using the strategy used for the domain consisting of three
balls. The natural way to approach this problem would be to we start with
a function v%(x) defined on that domain with boundary data g(z). Then we
define a new function

via) = { S py P (4.3)

for some ball B,(z°) C D and u* being a harmonic function, constructed by
means of a Green’s function, in B,(z") with boundary data v*~!(z). This
way we can construct a sequence v¥(z) that hopefully converge to a harmonic
function.

The problem with this approach in a general domain is that the choice
of the ball B,.(z°) was a quite arbitrary choice among infinitively many balls
B,(z°) C D. With this arbitrariness we can not expect that v*(x) converges to
a unique solution.? So we can not rely on an arbitrary choice of the ball B,.(z°).

Before we explain how to get rid of the problem with the arbitrary choice
of the ball B,.(2°) in (4.3) let us say something brief about the convergence of

21If we choose the ball B, ok (2°) in the construction of v*(z) then every function v*(z)

would equal v0 in D\ B, (0) so unless our starting function was harmonic in D\ By(x°) there
is no chance that the limit would be harmonic in D.
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v¥(x). There are many ways to prove convergence of sequences of functions,
but one of the simplest ways to assure convergence is to have a bounded and
monotone sequence. So if, for every k = 1,2,3, ..., v*~!(z) had the property
that v*(x) > v*~!(2) then the convergence of the sequence v*(x) would be easy.

If we could identify some functions S that has the property that if v*~!(z) €
S then v* () defined as in (4.3) would satisfy v*(z) > v*~1(x) and v*(z) € S for
any ball B,.(2°) C D then it would follow that v(x) < vl(z) < ... <v*(z) < ...
So if v*(x) would be bounded then it would be pointwise convergent to some
function u(z).

But if every function in S is bounded then we could define

u(z) = supwv(x) = sup v(z) (4.4)
veES vES
where @ )
- w(x in B.(z"°) Cc D
o) = { v(z) in D\ B(a2) (4.5)

where w is harmonic in B,.(z°) and equal to v on 9B, (z°). That (4.4) holds,
for any ball B,.(2°) C D, would follow from v <9 € Sifv € S.

Notice that by considering the supremum over S we no longer make any
choice of B,.(z"). The supremum assures that we take all balls B,.(z°) C D into
consideration simultaneously.

So the strategy to show existence of solutions in a general domain would
involve:

1. To identify a class S such that if v € S then v(z) < 0(x) and 0 € S
where 0(z) is defined by (4.5). The class S will be all the sub-harmonic
functions.

2. Since we will be taking a supremum over § we will have to understand the
limit properties® of harmonic functions. In particular, we have to prove
that if 9% is harmonic in B,.(z°) and ©¥ — w in B,.(z°) will u be harmonic?

Step 1 of the strategy: We would like to define S so that v € S implies
v < ¥ for any ball B,.(z°). It is easy to find such a condition on S. In particular,
if v(z) > 9(x) for some point in x € B,(z°) then, since v = ¥ on B, (2°), the
function v(x) — o(z) has a strictly positive maximum at some point & € B,.(2°).
At T we have, by first year calculus, that w < 0. Summing from
i =1,...,n we deduce that 0 > A(v(%) — 9(2)) = ZAv(ﬁc) This implies that if
Av(x) > 0 then there are no x € B,(2°) such that v(x) > 9(x). So we are
tempted to define the class S to be the class of all functions v(x) such that
Av(z) > 0.

But the other condition we impose on S is that © € S. For us to state that
A9 > 0 we need to know that & € C?*(D). But even if v(z) € C?*(D) it will

3In taking the supremum we may consider a sequence v® € S such that v*(z) —
sup,cs v(z). So taking the supremum and a limit are more or less equivalent.
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not follow that @ is C?2, or even differentiable, on 9B, (z%).* We will therefore
have to find another way to define the class S without using derivatives. As a
matter of fact we will find a way to define harmonic functions without referring
to derivatives.

Step 2 of the strategy: Secondly we need to understand the convergence
properties of harmonic functions. To that end we can not use monotonicity but
we have to rely on compactness. We want to show that if ¥ (z) is a sequence of
harmonic, and thus C?, functions in B,.(2°) that converges to u(z) then u(z) is
harmonic. It is enough to show that the second derivatives of o converges.

In general, by the Arzela-Ascoli Theorem, it is enough for a bounded se-
quence of continuous functions to be equicontinuous in order for a subsequence
to converge to a continuous function. Therefore we need to show that the sec-
ond derivatives of o* are equicontinuous. This leads us to one of the more
complicated aspects of the theory of partial differential equations: the regu-
larity theory. Regularity theory involves proving that the solutions to partial
differential equations are regular, that is have a certain number of derivatives
defined - preferably also being able to say that the derivatives are bounded in
terms of the given data.’

In this case we will prove that the third derivatives of % are bounded uni-
formly which implies that the second derivatives are equicontinuous and thus
convergent.

Once we have understood sub-harmonic functions and the convergence prop-
erties of harmonic functions we will be able to prove existence of solutions for
general domains using the strategy outlined above - a method called Perron’s
method. That proof will be quite long and complicated.

When we consider the sup, s v(z) we do not address the issue of the bound-
ary values. So we have to prove that our solution satisfy the boundary values®
in a separate Theorem.

When we solve the Dirichlet problem in a general domain D we can not hope
to find an explicit solution. Imagine how complicated such an explicit solution
would have to be, it would have to be a function from the set of domains D,
functions f and g and points € D to the value u(x) where Au(z) = f(x) in
D and u(z) = g(z) on 0D. Just to find a reasonable way to define the space of
all domains D would be rather complicated. We have to move into an abstract
theory because the Dirichlet problem is very complicated and we have very few
tools.

4Take for instance v(z) = |z|?> — 1 and D = B1(0), then Av(z) = 2n > 0 but if we use

20 =0and r = % in the definition of ¥(z) we will get

3 .
- -2 in By /5(0)
v(x) = .
@={ b1 mmib Lo
which is clearly not differentiable on 9B ,5(0). However, as a distribution A% is well defined
and A9(x) > 0. But we will not discuss the theory of distributions in this course.

5By data I mean the domain D, the right hand side f and the boundary data g.
60r does it? Under what assumptions on the domain?
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Chapter 5

The Mean value Property.

If u € C?(B,(0)) N C(B,(0)) is given by the Poisson integral then

u(y)dAsp, 0)(y) =

9B, (0) wn [Y["
(5.1)

u(0) = /8 o KD A05, /1) = / w1

1
= / u(y)dAsp, 0)(Y),
0B,(0)

wnrnfl
where we have used that |y| = r on dB,(0). In particular, it follows that u(0)
equals the mean value of u(y) on the boundary of dB,.(0). This is a very powerful
property and it is true for all harmonic functions.

Theorem 5.1. [THE MEAN VALUE THEOREM.| Suppose thatu € C%(Q)NC(Q)
is harmonic in the domain Q and that B,(z°) C Q. Then

1.
1
we) = o [ addon, o)
9B, (x0)

wnr”*1

2. and
n

0
= d .
wet) = i [y

Remark: The calculation in (5.1) constitutes a proof of the first statement.
We will however provide a different proof that directly uses that Au = 0. First of
all this proof is classical and should be included in the course. Secondly, we will
have reason to investigate the mean value property for solutions to Au(z) > 0
and for those solutions the proof given here will be easier to utilize.

Proof: By translation invariance of the Laplace equation we may assume
that 2% = 0. That is the function @(z) = u(z + z%) is harmonic if u is. It is
therefore enough to prove the theorem for (z) with 2 = 0. By this, there is
not loss of generality to assume that z° = 0 from the start.

53
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Assuming that 20 = 0 and making a change of variables in the mean value
formula rz = y we see that, defining the function ¥(r),

1 1
U(r) = ﬁ/ U(y)dAaBr(z) (y) = */ U(TZ)dAaBl(o)(Z)-
wpT 8B,(0) Wn JoB,(0)
Taking the derivative with respect to r we see that
1
V(r)=— z-Vu(rz)dAsp, 0)(2) = (5.2)
Wn JoB,(0)
1 0 1
= u(m)dAaBl(O)(z) = —/ Au(rz)dz =0
Wn J OB (0) ov Wn JB1(0)

since u is harmonic. We also used the divergence theorem in the second to last
equality. In particular ¥(r) =constant= lim,_,o ¥(r). Since u € C(€2) we have

. 1 .
YO =IO = 0 o o om0 2) =
1
= — u(O)dAaBl(o)(Z) = u(0).
Wn JOB;(0)

This proves the first version of the mean value Theorem.
To prove the second part of the mean value Theorem we use polar coordi-

nates.
s [ wwdres o) ) d
u == u S.
wnr™ I (20) y)ay o™ Jo 0B, (0) Yy dB,(0)\Y

Using the mean value Theorem on spheres we see that the integral in the brackets
can be evaluated

/ u(y)dAsp, ) (y) = wns”_lu(O).
9B:(0)

This implies that

n / u(y)dy = n /Tw s" " tu(0)ds = u(0)

N y)ay = ", n = .

This concludes the proof. O
As a matter of fact the mean value property characterises harmonic functions

as the following Corollary shows.

Corollary 5.1. Assume that u € C%(Q)) and that u satisfies the mean value
property in ). That is, for every ball B, (x0) C Q the following equality holds

u(a®) = — / w(y)dA s, (20 (y)- (5.3)
OB, (z9)

wprn—1

Then u is harmonic in €.
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Proof: We will argue by contradiction and assume that there exist an 2° € Q

such that Au(z?) # 0 and derive a contradiction. For definiteness we assume
that Au(2®) =6 > 0.
Since u € C?(Q) there exist an 75 < dist(z%, 99) such that

|Au(z?) — Au(y)| < g

for all y such that |2 — y| < r5. In particular Au(y) > §/2 in B, (z°).
Define ¥(r) according to

1
U(r) = 7/ u(y)dApB, (20)(Y)-
9B, (29)

wprn—1

That is, using the mean value property (5.3), ¥(r) = u(2°). It follows, for
r < rs and using the calculation in the proof of the mean value property,

1 1 )
0=0'(r)= Au(rz)dz > —/ r?—dz > 0.
Wn, By (z9) W, B1(z0)
This is a contradiction. It follows that Au(z) =0 in Q. O

Remark: Something important, but subtle, happens in this section. We
show that there is a property that is equivalent to Au(x) = 0 for C? functions -
the mean value property. But the mean value property is in itself independent
of the function being C?. So could we define any function, regardless of whether
it is C? or not, to be harmonic if it satisfies the mean value property? Indeed
we can, it even turns out as we will see later that the mean value property for
a function u implies that w € C?. It is also through the mean value property
that we will be able to define something like Av(x) > 0 without assuming that
v € C? which will be a crucial step in defining the class S of sub-harmonic
functions.
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Chapter 6

The maximum Principle.

From the mean value Theorem it follows that if u(z) is harmonic in a domain
and if u(z) equals its supremum at a point 2° € € then u must equal its supre-
mum in every ball contained in € with center at 2°. It is a direct consequence
that only constant harmonic functions achieve their maximum in their domain
of harmonicity (if the domain is bounded and connected). The next Theorem
proves this.

Theorem 6.1. [THE STRONG MAXIMUM PRINCIPLE.] Suppose thatu € C*(Q)N
C(Q) is harmonic in the bounded domain . Then

sup u(z) = sup u(z).
TEQ €N

Furthermore if Q is also connected and there exist a point x2° € Q such that
u(z") = sup, g u(x) then u(z) is a constant.

Proof: Lets denote M = sup, g u(x). Since u € C(9Q) it follows that the set
Q= {z € Q; u(z) = M}

is a relatively closed set in 2. Now assume that there is a point 2 € Q such
that u(z°) = M then for any r such that 0 < r < dist(2°, 9Q) we have by the
mean value property

n n
M =u(z?) = /B ( O)u(y)dy < — /B " Mdy = M, (6.1)
r (T n r (T

wpr™

where the inequality is an equality (which it obviously is) if and only if u(y) = M
for all y € B,.(z"). It follows that for any x € Qs there is a ball B,.(z) C Qay,
that is 2, is an open set in ). Since €2;; is both open and relatively closed in
Q it follows that Qp; is either empty or a component of €.

If Qp/ is the empty set it follows that the supremum of « is attained on the
boundary of Q. If Q,/ is a component of € it still follows that u(x) = M on the
boundary of that component of 2.
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Finally, if Q is connected and there exist an 2° € Q such that u(z°) = M
then it follows that @ # Qjs and therefore Qpr = Q, that is u(z) = M in Q. O
Remark: If u(z) is harmonic so is —u(z). It is therefore an immediate
consequence of this theorem that if Q is bounded and u is harmonic in ) then

inf = inf .
1 = )

If Q is also connected and if w attains its infimum at a point z° € Q then v is
constant.

The maximum principle has many consequences, one of the most important
consequences is that it implies that solutions to the Dirichlet problem are unique.

Theorem 6.2. Let Q be a bounded domain and suppose that u',u? € C?(Q) N

C(§2) be two solutions to

Au(z) = f(z) inQ
u(z) = g(z) on IN.

Then ut = u? in Q.
Proof: Define v = u! — u? then

Av(z) =0 inQ
v(z) =0 on 0.

So by the maximum principle it follows that sup,cq v(z) < sup,cpq v(z) = 0.
Applying the maximum principle on —v(x) we see that

- insfzv(x) = sup(—v(z)) < sup (—v(x)) =0.
ze z€Q €N

It follows that 0 < v(x) < 0, that is v(z) = 0 or u'(z) = u?(z) in Q. O



Chapter 7

Sub-harmonic functions.

If we assume that Au(z) > 0 in Q and define

U(r) = ! /837‘(0) U(y)dAaB,w(o) (y)

wnr"*

for all r such that B,.(0) C Q. Then we see, following the calculation in (5.2),
that

1
V' (r)=— z-Vu(rz)dAgp, 0)(2) =
Wn JoB,(0)
1 Ou(rz) 1 /
= — dA z)= — Au(rz)dz > 0.
o Josoy o 0B, (0)(2) o oo (r2)

In particular ¥(r) is a non-decreasing function and since u is continuous we

have
w(0) = lim ¥(r) < ¥(r) = 71 / u(y)dAgg, ) (y)- (7.1)
dB.,.(0)

r—0+ © wprn!
We will say that u satisfies the sub-mean value property if it satisfy (7.1).

Definition 7.1. We say that u € C(Q) is sub-harmonic if it satisfies the sub-
mean value property:

1
0
<
U(J? ) - OJn’I’n_l

/ w(y)d Aoz, o) (4)
8B,(x0)

for all 2° € Q and r > 0 such that B,.(x°) C Q.
We say that u € C(Q) is super-harmonic if —u(x) is sub-harmonic. Equiva-
lently, u € C(Q) is super-harmonic if it satisfies the super-meanvalue property:

1
0
>
u(z”) > =

/ w(y)dAos, o) (1)
9B, (x9)

for all z° € Q and r > 0 such that B,.(x20) C Q.
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Since u being sub-harmonic implies that —u is super-harmonic it follows
that every theorem for subharmonic functions have a corresponding theorem
for super-harmonic functions.

Many of the theorems in the previous two sections have versions for sub and
super-harmonic functions with very similar proofs. In particular we have the
following, corresponding to Corollary 5.1.

Lemma 7.1. Assume that u € C*(Q) and that u is sub-harmonic in Q. Then
Au(z) >0 in Q.

Conversely if u € C?(Q) and Au(z) > 0 in Q then u(x) is subharmonic in
Q.

Proof: The proof is very similar to the proof of Corollary 5.1.

We will argue by contradiction and assume that there exist an 2 € Q such
that Au(2) < 0 and derive a contradiction. For definiteness we assume that
Au(2?) = —§ < 0.

Since u € C%(Q) there exist an 75 < dist(x?, 9) such that

5

}Au(xo) - Au(y)| < 3

for all y such that |2° — y| < rs. In particular Au(y) < —§/2 in B, (z°).
Define ¥(r) according to

1
U(r) = dAsp. 20 (1).
)= G o 108408,
It follows, for r < rs, that
l 1 0 1 2 0
U'(r)=— Au(rz + 2" )dz < —— r=dz < 0. (7.2)
Wn J B, (0) Wn J B, (0)

Since u € C() it also follows that lim,_,o+ ¥(r) = u(2). Using (7.2) we see
that ¢ (r) < u(z®) for r € (0,75). This contradicts the sub-mean value property.
The second part follows by the calculation in the beginning of this section.

O

Remark: Here we use a wonderful technique of mathematics. In principle
we could define u(x) to be sub-harmonic if u € C?(Q) and Au(x) > 0. Instead
we use the sub-mean value property and are able to define sub-harmonicity for
functions that are only in C(QQ) which is a much more flexible class of functions.
In particular, which we will show and use later, if u and v are subharmonic so
is max(u(x),v(z)) (this would not be true if we demanded that subharmonic
functions had to be in C?).

The Lemma shows that we are not giving up anything in our definition based
on the sub-mean value property. If a sub-harmonic function happens u(x) to be
in C%(Q) then it satisfies the equation Au(x) > 0.

Since our proof of the maximum principle was based on the mean value prop-
erty it is not surprising that the same result holds for sub-harmonic functions
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Theorem 7.1. THE STRONG MAXIMUM PRINCIPLE FOR SUB-HARMONIC FUNC-

TIONS. Suppose that v € C(S2) is sub-harmonic in the bounded domain Q. Then

sup u(z) = sup u(x).
zeQ €0

Furthermore if Q is also connected and there exist a point 2° € Q such that
u(z") = sup, g u(x) then u(z) is a constant.

Proof: The proof is exactly the same as for the strong maximum principle.
The only difference is that the second equality in (6.1) should be an inequality
and every time we referred to the mean value property we now have to refer to
the sub-mean value property. O

Next we state a theorem that will be very important in our proof of existence
of solutions for the Dirichlet problem in a general domain. We will state it for
super-harmonic functions, but a similar statement is also true for sub-harmonic
functions.

Theorem 7.2. Let u,v € C(Q) be super-harmonic functions. Define
w(x) = min(u(x), v(x)).
Then w(z) is super-harmonic.

Proof: 1t is clear that w(z) is continuous so we only need to show that w
satisfies the super-mean value property. Notice that by definition w(z) < u(x)
and w(z) < v(x), with one of the inequalities being an equality. We will fix an
arbitrary point 2° € Q and for definiteness assume that w(z®) = u(2°). Then
since u(x) is super-harmonic we have, for any ball B,.(z%) C Q, that

1
w(z®) = u(a®) > —— / w(y)dAop, oo (y) >
WnT OB, (z0)
= IR Py
w xT b
~ war™ B, (a0) YEEoB

where we used that w(z) < u(x) for all z. But this shows that w satisfies the
super-mean value property. O

7.1 Sub and Super-Solutions.

It is possible to extend the concept of sub and super-harmonic functions to
general solutions to the Dirichlet problem.

Definition 7.2. We say that w(z) € C*(2) N C(Q) is a sub-solution to

Au(z) = f(z) inQ

u(z) = g(z) on 99 (7.3)
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for f € C(Q) and g € C(09) if

Au(z) > f(z) inQ
u(z) = g(z) on IN.

Similarly we say that w(x) € C%(Q) N C(Q) is a super-solution to (7.3) if

Au(z) < f(z) inQ
u(z) = g(z) on N

Remark: Notice that if u € C%(Q) is sub-harmonic then by Lemma 7.1 u is
a sub-solution to Au(x) = 0.

When we defined sub-harmonicity, we only needed to assume that v € C'(£2)
(see Definition 7.1) whereas we demand general sub-solutions to be C2. It is
noteworthy that there are other definitions of sub-solutions that require less
stringent assumptions® - and most of the Theorems we show for sub-solutions
would still be true. For simplicity we will assume that sub and super-solutions
are C%(Q) for now.

The following Theorem will be important in our proof of existence of solu-
tions to the Dirichlet problem.

Theorem 7.3. [THE COMPARISON PRINCIPLE.| Let Q be a bounded domain
and suppose that u'(x) € C*(Q) N C(Q) be a sub-solution and u?(x) € C%(Q) N
C () be a super-solution to

Au(z) = f(z) inQ
u(z) = g(z) on 9N (7.4)

Then u!(z) < u?(x) in Q.

Proof: Notice that w(z) = u'(z) — u?(z) solves

That is w(z) is sub-harmonic. By the maximum principle for sub-harmonic
functions it follows that w(x) < 0 which implies that u'(z) < u?(x). O

Notice that if u(z) € C?(Q) N C(Q) is a solution to (7.4) then u is both a
sub and a super-solution so this Theorem directly implies Theorem 6.2.

ISee for instance Definition 24.1.



Chapter 8

Interior Regularity of
Harmonic Functions.

A major part of the study of partial differential equations (PDEs), a part that
can be a little difficult to grasp, is the regularity theory. Regularity theory is
the branch of PDE studies that investigates how regular a solution is, basically
how many derivatives the solution has and if one can bound those derivatives.

We have already seen that the mean value property is equivalent to har-
monicity for C? functions. But we only need the function to be continuous in
order to define the mean value property. So if we would define a function to be
harmonic if it is continuous and satisfies the mean value property could we still
make sense of the equation Au(z) = 07

There are many different definitions of a function being a solution to a PDE;
classical solutions (solutions that are continuously differentiable), weak solutions
(defined by means of integration by parts), variational solutions (functions that
minimise a certain energy), viscosity solutions (solutions defined by the com-
parison principle) etc. The only solutions that a priori have enough derivatives
to satisfy the equation in the classical sense are classical solutions. These are
the solutions that we have been working with so far, we assume that a solution
to Au(z) = 0 are in C? which makes it unproblematic to interpret whether a
given function is a solution or not.

There are several reasons that regularity theory is so important for the study
of partial differential equations. One reason is that it is often easier to prove
the existence of a, say, weak solution than it would be to show the existence of
a classical solution. But it is of obvious interest to know if the weak solution,
once we have it, is in fact a classical solution. Other reasons for doing regularity
theory is that one can use regularity theory to show properties of solutions,
something that we will exemplify by by the Liouiville Theorem below. Regular-
ity is also strongly related to existence theory, often it is only possible to show
that a solution exists by approximating the PDE and by a limit procedure for
which we need compactness. As a final motivation we should mention that only
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in very special cases are we able to write down a solution to a PDE. Instead we
rely on numerical analysis to calculate approximate solutions with computers.
In order to verify that we actually get a good approximation, and to say how
good our approximation is, we need to know something about the regularity of
the solutions.

In this section we will start to do some easy regularity theory. Our first
theorem states that if u(x) satisfies the mean value property in Q then u €
C> ().

Theorem 8.1. Let Q be a domain. Suppose that u € C(Q) and satisfies the
mean value property in Q. Then v € C*(Q) and Au(x) =0 in .

Proof: Tt is enough to show that v € C*°(£),) for each € > 0 where
Qe = {x € Q; dist(z, Q) > €}.

Fix an € > 0 and define u. by means of the standard mollifier
ucla) = [ wloele =),

where ¢¢(z) is a standard mollifier.It follows that u. € C*°(Q,).!
We will show that u.(x) = u(x) in Q.. This is established in the following
calculation

change to _
polar coordinates [

€

1 s
EIRIOI VAR EE

_1 06 ) (g) wn " tu(z)ds,

€n
where we have used the mean value property in the last equality. Noticing that
faBS(o) dApp,0)(y) = wps™ ! we may continue the calculation

1 06 0] <E> Wy s u(z)ds =

€

" 1 /r
—uo) [ [ Zo (L) dano@is =ule) [ ooy = (o)
0 JoB.(0) € € B.(0)
where we used that [ ¢.(y)dy = 1 by the definition of ¢ in the final step. In
particular it follows that u(x) = u.(x) € C*(Q,) for every x € . Since Q is
open it follows that u € C™ (Ues0f2) = C*°(Q). O

ISee the appendix in the first part of these lecture notes for the definition of standard
mollifiers and the C'*°-proof.
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Naively, one might think that the above result, that if u is harmonic then
u € C°, is the best possible result in regularity theory, which is after all about
showing that solutions to partial differential equations have derivatives.

There are two reasons why this result is not the best possible. The first
reason is that one can show (but we will not) that harmonic functions are in
fact analytic (can be expressed in a Taylor series). That is if Au(z) = 0 in the
domain Q and z° €  then there is a ball B,(z°) C Q such that u(z) equals it
Taylor expansion

u(@) =Y Y cale—a")* in By(a?),

k=0 |o|=k

where we have used the multiindex notation again; o = (a1, ..., @) in a multi-
index and (z —2°)% = (1 — 29)% (23 — 29)*2...(z,, — 20)**. That analyticity is
stronger than C'™ is easy to see since the standard mollifier ¢(z) € C°°(R™) but
the Taylor expansion at any point on 9B (0) must be identically zero since all
derivatives vanish on 9B1(0). Thus we can not express ¢ by means of a Taylor
series.

The other reason why the above C'* result is not the best possible (in every
respect) is more subtle. We already know that any continuous function f may
be approximated as closely as we want by a C°° function, namely f. (see Lemma
2 in the Lectures from week 5). This means that a function being in C'*° does
not mean very much, in particular convergence and compactness properties of
C* functions are not good.

We need estimates in order to deduce desirable compactness properties of
solutions. By estimates we mean some inequality where we control higher deriva-
tives by means of lower derivatives. A typical, and important, estimate is pre-
sented in the following theorem where we show that derivatives on any order
of a harmonic function can be controlled by the integral of the function (that
is higher derivatives are controlled by the zeroth order derivatives). Before we
state the theorem we need a definition.

Definition 8.1. If u is a function whose absolute value is integrable in ) we
write

lullLi) = [ |u(z)|dz.
Q

More generally, if |u|P is integrable in Q we write

llull r ) = </Q U(x)|dx>1/p.

Remark: We can consider the space of all integrable functions v such that
|lv]|Lr () < 00, call this space LP(2). If 1 < p < oo then || - ||r(q) is a norm
on LP(Q)). The most important result in integration theory is that LP(§2) is
a complete space with the norm || - ||p»(q) if we interpret the integral in the
Lebesgue sense. These considerations are not important for us in this course.
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Theorem 8.2. Suppose that u € C?(Q) is harmonic in Q. Then for each ball
B, (2°) C Q and each multiindez o of length |a| = k > 1 we have the following
esttmate

n(2"tnk)k

wnrnJrk

HUHLI(BT(IU))-

ooy (x0)
Ox®

Proof: Since u is harmonic in 2 we know that u € C°°(2). Writing % =u;
we see by changing the order of differentiation that

Au;(x) = %(Au(m)) = 338&'

(0) =o.

So u; is harmonic and satisfies therefore the mean value property. In particular
for B, (z") C © we may apply the mean value property to the ball B, (2°):

2’”/
ui(a) = = / wi(y)dy.
Wnt™ J B, 5 (20)

Taking the absolute values and integrating by parts we get

n2" / ou(y) dy| =
W™ I, ,5(a0) ox;

|ui(2°)] =

n2™

Wy, "

2n
<P G () D)
T 0B, 2(a0)

[ wtwmddon, )
6BT/2 (1}0)

where we used the notation v; = v - ¢; where v is the unit normal of 9B, /5 (29)
and that

< sup |u dAaBrm(wo) (y) =
9B, /2(z0) 9B, /2(x)

/ u(y)dAos, (a0 (1)
OB, )»(20)

1
———7  Sup [y
w(r/2)"1 5B, 4(20)

in the last inequality. To estimate sup,cop,_, (20 (Ju(y)|) we use the mean value

formula again. Since B,(2°) C Q we have that B, s(y) C Q for each y €
OB, 5(2"). We can therefore apply the mean value formula to the ball B,./5(y) C
Q:
<2 s 62)
wWn " By./2(y)

/ u(z)dz
By./2(y)
n2" n2"

d =
- Cdnrn /BT(ZL’O) |U(Z)| : wn'f'n Hu”Ll(BT(LEO)),

n2"

Wy Tr"

n2™

u(y)l

IN

where we used that fBr/Q(y) lu(2)|dz < fBr(aco) |u(2)|dz since B,j2(y) C By (z?)
and that the integrand is non negative.
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Taking the supremum over 9B, 5(2°) on both sides in (8.2) and inserting
this in (8.1) we get

n2an

ST ||UHL1(BT(JUO))
n

0
. <
|UZ(,I )‘ - w

which proves the theorem for |a| = 1.
In order to prove the Theorem for general o we will use induction on the

length of |«|. We will assume that we have proved the theorem for all multiin-
dexes « of length £ — 1. Now fix a multiindex [ of length k£ and assume that

@ [vI
% =2 g;; where « is a multiindex of length k —1. Writing u(z) = g 8;‘5’”)
for any multiindex ~ we have for any B, (2°) C  that
nk™ Oua(y)
ua)] = | 2 [ Ty
WnpT B, k(z0) 81’1
nk™ / kn
= ua(y)vidAon W] <— sup (Jual) (8.3)
W™ OB, /i (x0) Tk T 9B, (x0) ( )

Using the induction hypothesis we see that, for y € 0B, /5 (2°)

n k—1 n —
n(2 !k — 1) kA / w(z)dz
Bk—1yr/k(y)

wn ((k — 1)7’)”“371

‘ua(y)l < <

k—1
n(2n+1n) kn+k*1 /

— lu(z)|dz < (8.4)
wp(k — 1)npnth-1 Bh—1)r/x(¥)

n(?”“n)kilk’”k*l
wp (k — 1)npntk=1 [ull 21 (Bp o))

Putting (8.3) and (8.4) together we see that

n2(ontiy kilknﬂc
|uﬁ($0)| = w(n(k — i)nrnka ”uHLl(BT(zO)) -

_ k"™ n(2"+Hnk)k
- 2n+l(k _ 1)n wnr”+k Hu”Ll(BT(xO)) s

noticing that the first bracket to the right in the last equation is less than one
gives the desired estimate. O
As a direct consequence of Theorem 8.2 we state the following theorem.

Theorem 8.3. [THE LIOUIVILLE THEOREM)] Suppose that u € Co(R™) is har-
monic. Then if |u(z)] < Coy for every x € R™ and for some constant Cqy (Cy is
independent of x) then u(x) is constant in R™.
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Proof: We use Theorem 8.2 for k = 1 and deduce that for any j € {1,2,...,n}

Ou(z?) n22n n22n
T w

n2"
= dy < =-Cy. (85
or, pree=d L PACRED) /BT(IO) [u(y)ldy < ——Co. (8.5)

wyrntl

If we let r — oo in (8.5) we can deduce that

Ou(z°
2]
8xj
for every ° € R™ and j. It follows that u is constant. O

Corollary 8.1. Suppose that u € Co(R™) is harmonic. Then if |u(z)| < Co(1+
|z|*+e) for every x € R™ and for some constant Cy, k € N and 0 < a < 1 then
u(zx) is a polynomial of degree at most k in R™.

Proof: The argument is similar to the argument in Theorem 8.3. From
Theorem 8.2 we deduce that

Plu(z) C
SO
oxP —

rl—a

for any multiindex 8 of length k& + 1. In particular, sending r — oo we see that
the (k4 1) :st derivatives of u(z) are zero. That is the k :th derivatives of u are
constant. It follows that w is a polynomial of degree at most k. O

8.1 The Harnack Inequality.

In this section we will state a very important important theorem known as the
Harnack inequality. At this point I am not sure if we are going to further explore
its consequences in this course. We will certainly not talk more about it in the
first part of the course.

Theorem 8.4. (THE HARNACK INEQUALITY.) Let Q2 be a domain. Then for
every connected compact set K C § there exist a constant Cy such that

< inf
522 u(z) < Cg nf u(z)

for all non-negative harmonic functions u in 2.

Proof: From the mean value property (used both in the first and in the last
equality) and standard estimates we may conclude that

n n 1
u(z) = on(2r)" /Bz,.(z) u(z)dz > (2 /B,,,(y) u(z)dz = ﬁu(y) (8.6)

for any y € B,.(z). Notice that we use that u > 0 in the inequality of (8.6).
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We have thus shown that
u(z) > —u(y) (8.7)

for any y € B,.(z).

Next we let rg = idist(K, 09Q) and notice that for any z € K there is a
path of balls (that will be chosen below), for j = 1,2, ..., jo, By, (y?) such that
By () U By (y7) # 0 and By, (y7) U By, (v’ 1) # 0 and z € By, (y’°). Since K
is compact we see that jo is finite. In particular, the set U,ex By, (%) is an open
cover of K so there is a finite sub-cover K C UN_, B, (z¥). It follows that we
may choose y/ = 2% for some k; and conclude that jo < N.

We may pick a sequence #° = z, ¥/ € B, (y’) N By, (y’ ™) and 770t = 2
and apply (8.7) with 7 in place of  and Z7*! in place of y and r = 2r(. Since
¥, 797 € B, (y"11) C Bay, (#7) we it is justified to apply (8.7).

In particular we have shown that

u(z) = u(@®) > 27 "u(@') > 27" (27 (@) > ... >

> 2*(j0+1)nu(jjo+1) _ 2*(j0+1)"u(z).

But this holds for arbitrary x,z € K. In particular we can choose z such that
u(z) = infyex (u(y)) and z such that u(z) = sup,cx (u(y)). The theorem
follows. O

Remark: Notice that we may view the Harnack inequality as a quantitative
version of the strong maximum principle. In particular if w > 0 is a harmonic
function in the bounded connected domain ). Then by the strong maximum
principle we know that —u (which is also harmonic) satisfies either —u(z) < 0 in
Q or there exist a point 2° € Q such that —u(z") = 0 in which case —u(z) = 0
in Q. However the strong maximum principle says nothing if —u(z") < 0 but
|u(z°)| is small.

But if we assume that u(z°) = € for some 2° € Q then the Harnack inequality
states that 0 < u(x) < Cke for all x € K, where K is some compact connected
set containing z°. If € = 0 then it follows that u = 0 on every compact set in
Q, that is u = 0 in € so we recover the strong maximum principle.

But the estimate 0 < u(z) < Cke is stronger than the strong maximum
principle in that it provides information even if € > 0.



T0CHAPTER 8. INTERIOR REGULARITY OF HARMONIC FUNCTIONS.



Chapter 9

Exercises.

Exercise 1. The following Theorem is known as the weak maximum principle

Theorem: Let u € C%(Q) N C(Q) where 2 is a bounded domain. Further-
more assume that Au(z) > 0 in Q. Then

sup u(z) < sup u(z).
€N €0

Prove this Theorem using the following steps:

Step 1: Assume that z € Q and that x is a local maximum of u(z) show that
Au(z) <0.
(HINT: What do we know about the second derivatives at a local maximum?)

Step 2: Prove the Theorem under the assumption that Au(x) > 0.
(HINT: If the Theorem is false can you find a contradiction to step 17?)

Step 3: Define u.(x) = u(z) — €|z|> and show that the Theorem is true for u..
Pass to the limit ¢ — 0 and conclude that the Theorem is true for u.

Exercise 2. Assume that v € C(R™) and that for every ¢ € C.(R™)

[ u@ota) <o,
Show that u(x) = 0.
(HINT: Assume that u(z°%) > 0 and let ¢(z) = max(§ — |z — 2°],0) chose &

small enough and derive a contradiction.)

Exercise 3 a) Let u € C?(Q2) solve Au = f(z) in , where Q C R is some
domain in R™ and f € C(€2). Show that

[ (Vuta) - To(e) + ola) () ds =0 (9.1
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for every ¢ € CL(Q) = {¢ € C1(Q); ¢ =0 on 9Q}.
(HiNT: Use Green’s formula.)

b) Let u € C?(R™) and assume that (9.1) holds for every ¢ € C*(£2). Prove
that Au = f.
(HINT: Look at Exercise 2.)

c) Note that the equation (9.1) makes perfectly good sense even if f ¢ C(Q)
and in particular (9.1) makes sense even if u € C*(Q) but u ¢ C?(Q). We will
say that u is a weak solution of Au = f if u € C*(Q) and if (9.1) holds for every
¢ € Go()

Try to find a weak solution in R3 to

Au — 1 when || <1
“Z 0 when |z| > 1.

(HINT: Look for a radial u(z), that is u(z) = u(|z|) = u(r).)
d) Let u be your weak solution form c) and define

| u(x) when |z] <1
v(z) = u(z) + ﬁ —1 when |z| > 1.

Then v is continuous and Av = 1 when |z| < 1 and Av = 0 when |z| > 1.
However, v ¢ C'(R?) prove that v does not satisfy (9.1) and v is therefore not
a weak solution.

Remark: Notice that what we do in this exercise is very similar to what we
did when we defined sub-harmonic functions. Both solutions and sub-harmonic
functions can be defined by using C2. But we may relax the C? assumption
when we define sub-harmonic functions by using the mean value formula. In
the same way we can relax the notion of solution to weak solution where a weak
solution is defined in a bigger function space (C* instead of C?2). This allows us
to talk about solutions with discontinuous right hand sides such as the solution
in part c).

Exercise 4. Let u € C%(B1(0)) N C(B1(0)) and
Au= f(z) in B1(0) C R™ and
u(x) = g(x) on dB1(0).

Where f,g € C(R") are some given functions. Show that

1 _
supu < sup g+ —sup [~ (z),
B 8B1(0) 21 B

where f~(z) = max(0, — f(z)).
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(HINT: What equation will v = u + a|z|?> — « solve when « is a constant,
when is v sub-harmonic?)

Exercise 5. Hopf’s Boundary Lemma. Let u € C? (Ef), where B = {z €
By; x, > 0}, and

Au=0 ian'
u=g¢eC? ondBN{z, >0}
u=0 on By N{x, =0}.

Assume furthermore that 0 < g and that g is not identically zero.
Then the Hopf boundary lemma states that

ou(0)
oz,

>0,

the important point is that the inequality is strict. The aim of this exercise is
to prove this.
a.) Let u be as above. Show that the maximum principle implies that

ou(0) >0
ox, ~
b.) Define v(z) to be
] u(z) ifx, >0
’U(:I:) B { —u(xhg:Q,...,xn_l,—xn) if In < 0.
Show that v € C?(B;) and that Av =0 in Bj.
c.) Use the mean value formula to express 881;(2). Use this expression to
show that %”T(S) > 0.
(Hint: Let e, = (0,0,0...,0,1) as usual, then [, div(e,v(z))dr = [ 2 da,

also if v is the normal of 9B;(0) then v-e,, > 0 at points on B; where z,, > 0...)
d.) Use b.) and c.) to prove Hopf’s lemma.

Exercise 6. Suppose that u € C?(R%) and that Au(z) = 0 in R?} and
u(x1, 22, ..., p—1,0) = 0. Furthermore assume that lim,_e (Jz[~!|u(z)]) =0
uniformly.
a) Define
_ u(=) for z,, >0
v(@) = { —u(X1, Xy ey Tpe1, —Ty)  for z, <O0.

Show that Av =0 in R™.
b) Use the estimates on the first derivatives of v to prove that Vu(z) = 0.
Conclude that u(z) = 0.
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Exercise 7. Let € be an unbounded domain and assume that
Aut(z) = f(z) inQ
ul(z) = g(z) on 012,

fori=1,2.

a) Show that if limgs, o0 [ul(2) — u?(z)| = 0 uniformly then u! = u?.

b) Assume that © = R} and show that if lim ;o0 (|27 u! (z) — v?(z)]) =
0 then u! = u?.

(HINT: Look at Exercise 6.)

c) Assume that Q C R? and that, in polar coordinates, Q = {(r,¢); ¢ €
(0, o)} for some ¢y € (0,2). Show that if lim,| o (J2|7™/90|u! (2) — u?(2)]) =
0 then u! = u?.

(HINT: Let w(z) = u'(z) — u?(z) — er™ %0 sin(n¢/¢o). Is w(z) harmonic?
Does w(z) have a sign on 9 (2 N B,(0)) if R is large enough?)

Exercise 8. Use the Harnack inequality to show that if {u’ }321 is an increas-
ing sequence of harmonic functions in the connected domain Q then if u’(x°)
converges for some z° € € then there exist a harmonic function u° such that
w — u° uniformly on compact sets K CC €.

(HINT: What can you say about w/ ™% — u/ for k > 17)

Exercise 9. Let ¢.(x) be the standard mollifier. Use the estimate
9lg(x)

<
ox« Ca

sup
]R‘n.

for any multiindex « together with

el g, () 1 ollg(x/e)

Ox™ entlel  Jgo
to directly show that if u is harmonic in Q then for any 2° € Q

8‘a|u(a§0)
lokna

for some constant Cf.

1

= CoCo Gigt(a0, o0yl 1l 22 (B 20,00 (=)

Exercise 10. Suppose that u is harmonic in Q. Prove that u? is sub-harmonic
in Q.

(HINT: Is u? € C?(2)?)

Exercise 11. Show that the following definition is equivalent to our definition
of sub-harmonicity:

We say that u € C(Q) is sub-harmonic if for any D C Q we have u < h for
all h that are harmonic in D and h > u on 0D.



Chapter 10

Compactness Properties of
Harmonic Functions.

One of the stated reasons for the importance to develop a regularity theory for
harmonic functions is that estimates implies compactness for harmonic func-
tions. With the Arzela-Ascoli Theorem at hand (see the appendix) we can to
prove the following version of Weierstrass theorem.

Theorem 10.1. Let {uj} ° . be a uniformly bounded sequence of harmonic
functions in the domain Q. That is, v/ € C?(Q), Au/(z) = 0 in Q and there
exist a constant Co (independent of j) such that sup,cq [u’ (z)] < Co.

Then there exists a sub-sequence {u’* }72 L of {u?}32, that is uniformly con-
vergent on compact sets in Q and the limit u®(x) = limg_, oo u/* is harmonic in

Q.

Proof: We want to show that the sequence {uj} . is equicontinuous in Q.
Then the Arzela-Ascoli Theorem assures that there is a sub-sequence converging
uniformly on compact sets of 2.

To show that the sequence is equicontinuous we notice that for every point
x € Qo = {x € O dist(x,0Q) > 2r} we have Ba.(x) C Q. In particular for
y € By(x) we have the estimate

V! (y)] < \f T ||“ 228, (o)-

Using that |u/| < Cy we see that

o/l = [ Jut:)
Br(y)

So for any x € €5, we have

Vi (y)| < G, (10.1)

(0]
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for every y € B,(x).
To show that {u’}$2, is equicontinuos at = we need, for every e > 0, to find
a d¢ > 0 such that

|/ (x) —u? (y)| < e forall y € Bs, (x),

where d. is independent of j. There is no loss of generality to assume that
e < 1.

By the mean value Theorem (from analysis, not the mean value Theorem
for harmonic functions) we get for some ¢ € (0, 1)

, , A n3/29n+1
@)~ ()] = |(y — 2) - Vo (& + 1y ~ )| < " Cole —y| (102

if | — y| < r where we also used the estimate (10.1). If we set

. r
(Se = inf <C’0n3/22"+167r> )

then (10.2) implies that _ _
|u? () — u? (y)] < € (10.3)

for [# —y| < d.. Since (10.3) is independent of j it follows that {u/}52, is
equicontinious in €.

By the Arzela-Ascoli Theorem it follows that we can find a sub-sequence
{u*}72, of {u/}32, that converges uniformly on compact sets of Q to some
u® € C(Q).

We still need to show that «° is harmonic. We could do that by applying the
Arzela-Ascoli Theorem to the second derivatives (using estimates on the third
derivatives to show that the second derivatives of {u/}52, forms an equicontin-
uous sequence). But we will use another argument based on the mean value
Theorem.

Let 2° € Q and B,(2°) C Q. Then since B,(z9) is a compact set we know
that u/* — u° uniformly B,(x0). In particular for every e > 0 there exists an
N, such that [u®(x) — w/*(z)| < € for all k > N, and = € B,(z9).

Using this and the mean value property for u’* we see that when k > N,

n

07,.0y _ Jk d
W)= g [ e

€> ‘uo(xo) — (.1'0)‘ =

— |u0(20) — = / u® (y)dy — n / u?t (y) — ul(y)) dy| >
@) = 50 Whdy = = Br(m( (y) —u’(y))
> | - o [ ] - | [ ) -t w) | =
WnT™ J B, (20) WnT™ J B, (20)
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where we used that |u®(z) — u’*(z)| < € in B,(2°) in the last inequality.
In particular

n
- / u®(y)dy
wnpT B, (z9)

for any € > 0. That is u° satisfies the mean value property and is therefore
harmonic. O

u®(2%) —

< 2¢,

10.1 Appendix: The Arzela-Ascoli Theorem.

One of the main reasons that we are interested in estimating the derivatives of
a harmonic function is that it gives good compactness properties of solutions,
that is we can show that bounded sequences of solutions converge in C*. One
of the main compactness theorems for functions is the Arzela-Ascoli Theorem
which we will prove presently. We begin with a definition.

Definition 10.1. Let F be a set of functions defined in 2. We say that F is
equicontinuous at x € Q if for every e > 0 there exist an 0, > 0 such that

|f(z) = fly)l <e

for ally € Q such that | —y| < 0z and all f € F.
We also say that F is equicontinuous in Q0 if F is equicontinuous at every
x € Q.

Naturally, we may consider a sequence of functions { f; }j‘;l defined on € as
aset F = {f;; j € N} and we may therefore say that a sequence {f;}52, is
equicontinuous at = or in 2.

Theorem 10.2. Let {fj}}?il be a uniformly bounded sequence of functions de-
fined on Q, that is sup,cq |fj(x)] < C for some C independent of j. Assume
furthermore that { f; }300:1 is equicontinuous in ). Then there exist a sub-sequence
{fix 132, such that f;, (x) converges pointwise.

If we define fo(xz) = limp_,o0 fj, (x) then f;, — fo uniformly on compact
subsets and fo € C(Q).

Proof: The proof is rather long so we will divide it into several steps.

Step 1: There is a sub-sequence {f;, }32, that converges pointwise on a
countable dense set of .

Consider the intersection of {2 and the points with rational coordinates Qg =
Q"NA. Since Q is countable it follows that Qg is countable. Say Qg = {y’; j €
N, y/ € Q"}.

We will inductively define the sub-sequence {f;, }?2, so that it converges
pointwise on Qg.

Consider the sequence {f;(y') 721. Since [f;| < C in Q it follows that
|fi(y")] < C. In particular {f;(y')}52, is a bounded sequence of real numbers.
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We may thus extract a convergent sub-sequence which we will denote { f1 ; }j’;l
where the sub-script 1 indicates that the sequence converges at y!.

Next we make the induction assumption that we have extracted sub-sequences
{fij}32, for each [ € {1,2,3,...,m}, such that

L. {fi1;}32; is a sub-sequence of {fi—1;}32; for [ =2,3,4,...m
2. and fo, ;(y') converges for [ =1,2,3,...,m.

In order to complete the induction we need to show that we can find a sub-
sequence { fn 11,1521 of {fm,;}52, such that {fmy1;(y™")}52, converges.

Arguing as before, we see that {f, ; (ym“)};’il is a bounded sequence in
R and we may thus extract a sub-sequence, that we denote {fn1,}32;, that
converges.

By induction it follows that for each m € N there exist a sequence { f;, ;721
such that {fm ;}52, is a sub-sequence of {fn—1;}52; and {fm ;(y™)}72; is
convergent.

Notice that since { fm, ;}52, is a sub-sequence of { fr,—1,;}52; and { fm—1,;(¥")}32,
converges for 1 <1 < m —1 it follows that {f, ;(y') 521 converges to the same
limit for 1 <1 < m — 1. In particular, {fmyj(yl)};?';l converges for all I < m.

Now we define the sequence {f;, }32, by a diagonalisation procedure

fjk = fk,k-

Noticing that {f;, }32,, = {fer}iZ,, is a sub-sequence of {f, ;}52,. This
follows from the fact that fix is an element of the sequence {f;}32;. But
{fk,j}521 is a sub-sequence of {f., ;}52 for k > m.

We may conclude that {f;, }32,, converges at y! for all | < k. But k is
arbitrary so fj, (y') converges for every [ € N. This proves step 1.

Step 2: The sequence {f;, }32, converges pointwise in ).

It is enough to show that {f;, (z)}72, is a Cauchy sequence for every = € .
To that end we fix an € > 0. We need to show that there exist an N, € N such
that | f;, (z) — fj,(x)] < e for all k,1 > N.

Since { f;, }32, is equicontinuous at 2 € €2 there exist a J, /3 such that

Ful@) = f) <5 forallk €N, (10.4)

and y €  such that |z —y| < 0, /3.

Moreover since Qg is dense in €2 there exist an y € g such that |z —y”| <
0z,e/3- Instep 1 we showed that f;, (i) was convergent for all y € Qq in particular
it follows that {f;,(y*)}32, is a Cauchy sequence. That is, there exist an
Ny /3 € N such that

. . €
‘fjk (yl) - sz (y»L)| < g for all k01> Nyw,e/3‘ (105)
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From (10.4) and (10.5) we can deduce that

i (@) = Fi ()] < 15 (@) = £ )+ 15 (@) = £ (W) + 15 (") = F3, ()] <€,

for all k,1 > Ny= /3. It follows that {f;, (x)}72, is a Cauchy sequence and this
finishes the proof of step 2.

Step 3: Define fy(z) = limy_ o fj, (), then fo € C(Q).

Since f;, (z) is convergent for every x € €2 by step 2 it follows that fj is well
defined in €. To show continuity we need to show that for every x €  and
€ > 0 there exist a §. > 0 such that

|fo(z) — fo(y)| <€

for every y € Q such that |z —y| < d.. By equicontinuity there exist a d, /3
such that

[F @) = fi. )] < 3 (10.6)

for every y € Q such that |z —y| < d, /3 and all j € N.
Also by step 2 there exist an IV, (/3 such that

€
fo(a) = (@)l < £ (10.7)
for all k > N, /3. And an N, /3 such that

|fo(y) = fi. ()| < (10.8)

Wl m

for all k > N, /3.
From (10.6), (10.7) and (10.8) we can deduce that for y € € such that
|l‘ - y| < 61,6/3

lfo(@) = fo()| < [fo(z) = Fi (@) + [ fo(y) — i W+ [f5: (2) = Fi ()] < e

if k> maX(Na:,e/37 Ny,6/3)'
This proves step 3.

Step 4: {f;,}72, converges uniformly on compact sets.

We fix a compact set K C 2. We need to show that for every e > 0 there
exist an N, such that when k > N, then |fo(z) — fj, (z)] < e for all z € K.

Notice that by equicontinuity there exist a d, /3 for each z € K such that
for all k € N

€
f5.(2) = fi ()l < 5 (10.9)
for ally € Bs, ,,(v) N Q.
Notice that the balls Bs, _ , (z) forms an open cover of K: K C Uzer Bs, . s (z).
Since K is compact there exist a finite sub-cover Bs | s (21, for 1 =1,2,3,...,1p

for some lo € N. That is K C U2, Bs, __(a').



80CHAPTER 10. COMPACTNESS PROPERTIES OF HARMONIC FUNCTIONS.

Also, using that limy_,o fj, (2!) = fo(z!), we see that there exist an Nyt e/3
such that
Fuah) = frlah) < 5
for all i,k > Ny /3. We choose N = max (N1 ¢/3, No2,e/3, s Nyto e/3)-
Since K C Ué":lnglwe/s(xl) it follows that for every z € K that x € Bs, (z)
for some . Using this and (10.9) and (10.10) we see that

f5: (@) = Fi, (@) < (@) = f1.@)] + 1 i (@) = Fi,@)]+ 1 f5 @) = f (@] <
(10.11)

(10.10)

<t iii=e
3 3 3

for all k > N,. Taking the limit ¢ — co in (10.11) we see that

[fo(x) = fin(@)] <€
for all k > N.. This finishes the proof of the Theorem. O
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Existence of Solutions.

11.1 The Perron Method.

We are now ready to prove the existence of solutions to the Dirichlet problem

Au(z) =0 in

u(z) =g(z) on Q. (11.1)

The idea of the proof is to consider the largest subharmonic function that is
smaller than g on 9. If a solution to (11.1) exists then, by the maximum
principle, that solution has to be the largest subharmonic function that is less
than or equal to g on 0. This gives some hope that the largest sub-harmonic
function should be the solution to (11.1).

Before we prove that the largest sub-harmonic function is harmonic we need
to prove a Lemma that shows us that we can change a sub-harmonic function
into a harmonic function in part of the domain without destroying the sub-
harmonicity.

Lemma 11.1. Suppose that v € C(Q) is sub-harmonic in Q. Moreover, we
assume that By, (z°) C Q. If we define 0 to by the harmonic replacement of v
in By, (z°):

v(z if v € Q\ By, (2°
ﬁ(x):{ () e f € Q\ By, (2)

faB,\O(a;") o eyt W)dAep, @0y (y)  for x € By (a?).

Then ¥ is sub-harmonic in ).

Remark: We say that © is defined by the harmonic replacement in B, (z").
This language usage is natural since ¥ equals v outside of B,,(z°) and is defined
by Poisson’s formula in B, (x°). We know that functions defined by Poisson’s
formula are harmonic so v is defined by replacing the values of v by the harmonic
function with boundary data v in B,,(z°).

At times the harmonic replacement is referred to as the harmonic lifting in
By, (2°). The reason for that terminology is that, by the maximum principle,

81
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¥ > v in By, (2°). So ¥ is defined by increasing, or lifting, the values of v in
By (2°).

Proof: Since ¥ is defined by Poisson’s formula in B,.(z°) it follows that o
is harmonic in B,,(2°). Since 9 is harmonic in B,,(z") it follows that ¥ is
sub-harmonic in B, (x°).

Also o = v in Q\ By, (2°) so ¥ is sub-harmonic in Q \ B, (z°).

This does not imply that v is sub-harmonic in 2. We need to show that v
satisfies the sub-meanvalue property for every ball B, (y) C €.

To that end we fix an arbitrary ball B.(y) C Q. If B.(y) C Q\ B, (2°)
then ¥ satisfies the sub-meanvalue property for the ball B,.(y) since o = v in
By (y). Similarly, if B,.(y) C By, (2°) then ¥ satisfies the sub-meanvalue property
(and even the mean value property) for the ball B,.(y) since v is harmonic in
B.(y) C By, (xO)

We therefore only need to prove that ¥ satisfies the sub-meanvalue property
for balls B, (y) C € such that B, (y) N By, (x°) # 0 and B,.(y)N(Q\ By, (2°)) # 0.
Fix such a ball B, (y). We continue the proof in several steps.

Step 1: Let h be the harmonic function in B,(y) with h(z) = ¥(z) on
OB, (y). We claim that h > © in B,(y) \ By, (2°).

Notice that v — @ is sub-harmonic in B, (2°) and that v—9 = 0 on 9B, (z°).
So by the maximum principle for sub-harmonic functions v < ¥ in B, ().

Also, if we let h solve

Ah=0 in B.(y)
h=wv on 0B, (y),

then again, by the sub-harmonicity of v and the maximum principle v < h in

B (y)- N ~
Since v < © we have that h < h on 0B,(y) and since both h and h are
harmonic it follows that & > h in B, (y). That is v < h < h in B,.(y).
Using that © = v in B,.(y) \ By, (2°) the claim in step 1 follows.

Step 2: Let, as in step 1, h be the harmonic function in B,(y) with ﬁ(m) =
9(z) on OB,.(y). We claim that h > ¥ in B,(y) N By, (z°).

By step 1 we know that h > ©in B,(y)\By, (z°). Since ¢ and h are continuous
functions it follows that h > © on (8B, (2z°)) N B,(y). On (0B, (y)) N By, (z")
we have that h = o by the definition of h. ~

In particular, A9 = Ah = 0 in B, (z°) N B,(y) and & < h on 9(B,,(z°) N
B.(y)). It follows that w = 0 — h solves

Aw=0 in B, (2°) N B.(y)
w <0 on (B, (z°) N B, (y)).

By the maximum principle w < 0 in B, (z°) N B,.(y), that is & < h in By, (z°)N
By (y)-
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Step 3: 0 satisfies the sub-meanvalue property in €.

Pick any ball B,.(y) C Q. If B.(y) N B,,(2°) = 0 we have already shown
that © satisfies the sub-meanvalue property in B,(y). So we may assume that

Bi(y) N Bry (2°) # 0.
Define h as in step 1 and 2, then

- 1 ~ 1 -
W0 <) = gy [ REup () = i [ 0, 0(2)
n r(y n r Y
(11.2)
1
= U A
Wy /aBr(y) YFddos. (),

where we have used step 1ify € B,.(y)\ By, (z°) and step 2 if y € B,.(y)N By, (z°)
in the first inequality, the meanvalue property for the harmonic function A in
and finally that h = © on 9B, (y).

Notice that (11.2) is nothing by the sub-meanvalue property for o.

We have thus shown that v satisfies the sub-meanvalue property in {2 and is
thus sub-harmonic. O

Definition 11.1. Let g € C(9S) where Q is a bounded domain. We define
S4(2) to be the class of sub-harmonic functions v € C(2) such that v(z) < g(x)
on 08). That is

Sy(Q) = {v € C(Q); v is sub-harmonic in Q and v(z) < g(x) on IN}.

Since g € C(09) it follows that the constant infycan g(z) € S4(£2). That is
$,(2) £ 0.

The first part of the existence theorem is:

Theorem 11.1. [PERRON’S METHOD.] Suppose that 2 is a bounded domain
and g(x) € C(0Q). Define

u(z) = sup v(x).
vESG ()

Then u(x) is harmonic in ).

Proof: As we remarked before Sg(9€) # (). Also by the maximum principle
for sub-harmonic functions we have

sup (v(:r)—yseuar;2 9(y)) < sup (v(x) ~ sup (9(v)) = sup (v(x)) ~ sup 9(y) <0

for every v € S4(Q) since if v € S4(€2) then v is sub-harmonic and v < g on 9.
It follows that

sup v(z) < sup g(y).
vES, () yean

Using that a non-empty set of real numbers that is bounded from above has
a supremum (the completeness property of R) we may conclude that u(xz) =
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SUpP,es, (o) U(z) is well defined. Moreover, for every € {2 we can find a sequence
{vF}ee | in Sy(Q) so u(z) = limg_eo v¥(z). We fix an arbitrary 2° € Q and
sequence {vF}2° | such that limy_,o v*(2°) = u(2?). Since  is a domain, in
particular Q is open, there exist an r > 0 such that B,(2°) C Q.

We may assume that
k> inf . 11.
If (11.3) where not true then we could consider the sequence max (v¥(z), inf,co0 g(z)) €
Sg(2) instead.
In order to proceed we define the harmonic replacement of v* in B, (2°)
according to

vF(x ifz ¢ B,(2
a’“(x)—{ (x) ¢ B,(a0)

= 72 |e—a0? 1

fBBT(xO) o ‘x_xo_ylnvk(y)dAaBT(JCO)(y) for x € B,.(20).

Notice that @ is defined by the Poisson integral in B,.(x°). It follows that

A (z) =0 in B,(20)
o*(x) = v*(x)  on dB,.(2°).

By Lemma 11.1 it follows that ©* is sub-harmonic in € and since o* = v* < ¢
on 09 it follows that 7% € S,(€2).

Moreover, since v¥ is sub-harmonic and 9* is harmonic in B,.(2°) and o* = v
on OB, (x2°) we can conclude that % > v* in B,.(2°). Also u(x?) > o*(2°) since
o* € 5,(Q).

It follows that

u(z) = lim v*(2%) < lim &% (2°) < u(2?),
k— o0 k—oo
so 0% (z%) — u(z?).

From the compactness Lemma 10.1 we know that there exist a sub-sequence
{o*1}52, of {o%}72, such that o — 0 uniformly on compact sets in B,.(z°)
and that ¢° is harmonic in B,(2°).We claim that ©*i(z) — u(z) uniformly on
compact sets in B,.(z).

By the definition of u it follows that u > ©° in B,.(zV).

Claim: We claim that u(x) = °(x) for all z € B,.(z°). Since x° i arbitrary
this implies that Au(xz) = 0 in any ball B,(y) C § and finishes the proof of the
theorem.

We prove this claim by an argument of contradiction. Aiming for a contra-
diction we assume that there exist a z € B,.(2°) such that 7°(z) < u(z). Since
u(z) = sup,es, () W(z) there exist a w € Sy(Q) such that 7°(z) < w(2).

We define w? = sup(w, 7). Then w’ is sub-harmonic since w and o* are
sub-harmonic.

We also define the harmonic lifting of w’ according to

. w (x if v ¢ B,.(x°
. { @ ¢ B, (a)

faBr(wO) WOnT \zfxofylnwj (y)dAaBr(IO)(y) for x € Br(xo)
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Arguing as before, using the maximum principle, we see that @/ > w’. Notice
that
W > wl = sup(w, %) > oM, (11.4)

Using Lemma 10.1 again we can extract a sub-sequence {7t }72, of {@7}52, such
that {@w7'}2, converges uniformly on compact sets to some harmonic function
w°. Notice that

W°(z) = lllglo Wt (z) > llinolo w(z) = lliglo sup(w(z), "1 (2)) = w(z). (11.5)

In particular this imples that
@0 (2) > 9°(2). (11.6)

Also, since ‘
u(mo) > (xo) > P (xo) — u(xo)

we get that @%(2°) = u(z"). Using (11.4), (11.5) and that @°(2°) = °(z") =
u(x°) we get

= in B,.(z")

From the last two lines and the strong maximum principle we can conclude that
%(z) —@° = 0 in B,(2°). This contradicts (11.6).

We have thus finished our contradiction argument and proved that o% — u°
uniformly on compact sets in B,.(z"). But lim; o0 % = % where AP = 0 in
B,(2°). Tt follows that Au(z) = 0 in B.(z°). But 2° €  was arbitrary so we
may conclude that Au(z) =0 in Q. O

11.2 Attaining the Boundary Data.

In the previous section we showed that

u(zr) = sup v(z)
vES,(Q)

is harmonic in €. This is not enough in order to show existence of solutions to
the Dirichlet problem

Au(z) =0 inQ

u(z) = g(z) on 0.

Perron’s method gives a harmonic function but it does not prove that the har-
monic function actually attain the boundary values u(z) = g(x). In order to
solve the Dirichlet problem we need to show that the solution attained from the
Perron process actually satisfy the boundary data.

We will show that, at least in some cases, by the method of using barriers.
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Definition 11.2. Let Q2 be a domain and £ € 0Q2. We say that w is a barrier
at & relative to Q if

1. weC(Q),
2. w>01in Q\ {&}, w() =0 and
8. w is super-harmonic in 2.

If Q is a domain and there exist a barrier at & relatively to Q then we say
that € is a regular point of Of).

Theorem 11.2. Let Q be a bounded domain and g € C(0). Furthermore let

u(x) = sup wv(z).
vES,(Q)

If € is a regular point of 0K then

lim u(z) = g(&).

r—E&

Proof: We need to find, for each € > 0, a §. > 0 such that

sup u(e) - g(€)] < e.
€ Bs, (6)NQ

Since g € C(0R2) there exist an §, /o such that

€
wp o) —gle)] < 5.
:DG@QOB(;Q'E/Z &)

Let w be a barrier at £ and define

inf
2€0Q\Bs, _, (€)

Using that w > 0 in O\ {¢}, 9Q is compact and w € C(Q) we see that x > 0.
If we define

k= 1 sup |g(z) — g(§)]
R zeo0

then it follows that

5 — hw(@) < gla) = () < 5 + ku(a). (11.7)

We know that w € C(Q) and w(¢) = 0 so there is a Ow,e/(2k) such that

€

o (11.8)

sup  |w(z)| <
€8s, /a6
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Since w is super-harmonic it follows from the comparison principle and (11.7)
that

o(@) < g(&) + 5 + kuw(x) (11.9)

for every v € S4(12).
From (11.9) it follows that

u(z) < g(€) + % + kw(z). (11.10)

Since w is super-harmonic it follows that g(§) — § — kw(x) is sub-harmonic
so by (11.7) it follows that —§ — kw(x) € Sg(€2). In particular

€

ulw) > g(€) - 5 — ku(a). (11.11)

From (11.10) and (11.11) we deduce that
€
[u(@) = 9(&)] < 5 + kw(z). (11.12)

Finally we see that if § < 0,721 and x € Bs(§) N Q then, from (11.12) we
may estimate

€ e ke
— < |= — —_— =
ju(e) — 9(€)] < 15 + k@) < &+ oo = ¢
where we used (11.8) in the strict inequality. This proves the Theorem. O

We are now in the position to create harmonic functions by the Perron
method and we also have a criteria to assure that the function so created satisfies
the boundary values.

The criteria that assures that the Perron solution assumes the boundary data
at £ € 09 is that there exists a barrier at £ relative to €. Since the definition
of a barrier is rather abstract we need to develop some adequate theory for the
existence of barriers.

The simplest condition that assures the existence of a barrier is the exterior
ball condition.

Definition 11.3. Let Q be a domain. We say that Q satisfies the exterior ball
condition at & if there exist a ball By(y*) C Q° such that £ € B,(y$) N Q

We say that the domain Q satisfies the exterior ball condition if Q satisfies
the exterior ball condition at every & € OS).

We say that that the domain Q) satisfies the exterior ball condition uniformly
if Q0 satisfies the exterior ball condition at every & € O and the radius of the
touching balls have radius s > 0 independent of €.

Lemma 11.2. Let Q be a bounded domain and assume that ) satisfies the
exterior ball condition at £ € 5.

Then £ is a regular point of 02. That is there exist a barrier at & relatively
to Q2.
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Proof: Let the touching ball at £ be Bs(y). We define the the following
function that is zero on 9B, /5 ((€ +y)/2)

ln‘x—%ﬁ‘—ln(%) ifn=2

w(r) =< Hnle 1 .
T |x_%|n_2 ifn>3.

Since w is a multiple of the Newtonian potential plus a constant it is clear that
Aw(z) =0 in B\ {(y - €)/2}.

Notice that B,/o((§ + y)/2) touches JQ at only the point { € 0Q. The
original ball B,(y) might touch at a larger set.

Moreover w(z) = 0 on 9B /o((y +£)/2), w > 0 in R™ \ B /o((y +£)/2).
Finally notice that £ € 9B 2((y* — £)/2) so w(§) = 0. It follows that w is a
barrier. O

A somewhat stronger sufficient (but not necessary) condition for a the exis-
tence of a barrier is the exterior cone condition.

Definition 11.4. Let Q2 be a domain. We say that () satisfies the exterior cone
condition at & relative to Br(§) if Q° N B.(§) contains a circular cone. That is
if there exist a k > 0 and a unit vector n such that

{z e B (&) n-(x =& >0and |z —n-(z-E| <rlz ¢} Q%

We say that the domain Q) satisfies the exterior cone condition if ) satisfies
the exterior cone condition at every & € OQ with respect to some ball B, (§) and
re > 0 and some ke > 0.

We say that that the domain S satisfies the exterior cone condition uniformly
if Q satisfies the exterior cone condition at every & € 02 with respect to some
ball B,.(§) and r > 0 and some k > 0 where r and & is independent of €.

Proposition 11.1. Let Q be a bounded domain and assume that Q) satisfies the
exterior cone condition at & € 0f).

The £ is a regular point of 0). That is there exist a barrier at £ relatively
to Q.

Proof (only in R? and R? (sort of)): There is no loss of generality to assume
that £ = 0. If £ # 0 we may simply translate the coordinate system by the
translation x — x — £ to attain this situation.

By assumption there exist a unit vector  and r, x > 0 such that

K, ={x € Bs(0); n-x>0and |z —n-z| <klz|} C Q.

By rotation the coordinate system we may assume that n = e,,.
Proof in R?: If we change to polar coordinates x; = 7sin(¢) and zy =
r cos(¢) then the cone becomes

K, ={(r,¢); |sin(¢)| < &, sin(¢) > 0}.
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Recalling that Laplace’s equation in polar coordinates is

Purg)  10uw(rg) 1 0u(ro)

Aw(r, @) = Oor? r Or r2 Q¢

=0
it is easy to verify that
() = visin (§ )

is harmonic in R? \ K and w(r, ¢) = \/rk > 0 on K. So w(r, ¢) is a barrier at
& = 0 relative to Q.

Sketch of the proof in Proof in R3: Laplace equation in spherical coor-
dinates, (z1,x2,x3) = r(sin(v) cos(@), sin(y) sin(¢@), cos(v), is

Pw(r,¢,9)  20w(r,¢,¢) 10 (. ow(r e )
or? + r or + 2 sin(v) O (Sm(w) o ) +

n 1 O%w(r, p, 1)
2 sin’(¢)) 0¢?
To simplify the expression somewhat we assume that we can find a solution
w(r, ¢,¥) = r*w(vy) that is independent of ¢ and homogeneous in r. Taking
into consideration that we also want our barrier to be zero on K, o we end up
with the following ordinary differential equation

=0.

ro—2 (a(a + Daw(r, ) + ﬁl(w)% (sin(w)awézw))) =0 in Ky
w(r,¢) =0 on 0K, /o

It turns out that this ordinary differential equation is solvable and that there
exists a unique «, > 0 such that the solution is positive in R\ K,. It follows
that w(’r’ ¢’ 1/J) = /r.aﬁ,l”[](’r’ ¢’ 1/J)' D
Knowing that we have barriers in some cases it is natural to ask the question
if we always have barriers. The answer to that is: No.
Example of a non-regular point: Consider the domain 2 = B;(0) \ {0},
for simplicity we assume that n > 3. We want to solve the Dirichlet problem

Au(z)=0 inQ
u(z) = g(xr) on 0N

where
g()=0  onQ\{0}
9(0) = —1.

By the Perron method we would want to construct the solution

u(z) = sup v(z).
vESH ()
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Notice that for any j € N

1
wj(x)zmax —EW,

—1) € 54(9).

In particular, w; is the supremum of two harmonic functions and is thus sub-
harmonic. Also both 7%&\% and —1 are less than g on 0€). Since w; € S¢(Q)
we have
u(r) > w;(z)

for all j € N. But w;(z) — 0 as j — oo for every x € Q. This implies that
u(z) > 0. But the maximum principle implies that u(z) < sup,csq g(z) = 0.
That is u(z) = 0. So lim,_,ou(xr) = 0 # —1 = g(0) and therefore there is no
barrier at £ = 0.

In general we have a barrier at £ if the complement on 2 is “large” close to
£. In the above example the complement of {2 near the origin consists of just
one point and that is why we do not have a barrier at the origin.

11.3 Existence of Solutions to the Dirichlet Prob-
lem.

We can now prove our first general existence Theorem for the Dirichlet problem.

Theorem 11.3. Let Q be a bounded domain that satisfies the exterior cone
condition. Moreover, assume that f € C*(R™) and g € C(0N).Then there
exists a unique solution to
Au(z) = f(z) inQ
u(z) = g(x) on 9N

Proof: We know that, if N is the Newtonian potential then

(11.13)

v(z) = - N(z —y)f(y)dy

solves Av(z) = f(x) in R™. Tt is therefore enough to show that there exist a
solution to

Aw(z) = in Q
- 11.14
o) 2 300) = g(@) () o 9 (1114
since then u(z) = v(z) + w(z) would be a solution to (11.13).
By the Perron process we can find a harmonic function
w(z) = sup h(x) (11.15)

hESg(Q)

and since every point in 052 is regular it follows from Theorem 11.2 that limg_,¢ w(x) =
g(&) for any & € 990. Tt follows that the function defined by (11.15) solves the
boundary value problem (11.14).



11.3. EXISTENCE OF SOLUTIONS TO THE DIRICHLET PROBLEM. 91

Uniqueness is an easy consequence of the maximum principle. In particular if
u! and u? are two solutions to (11.13) then u!(x) —u?(z) is a harmonic function
with zero boundary data in 2. From the maximum principle we can deduce
that u!(z) — u?(x) = 0, that is u! = u?. O
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Chapter 12

Exercises:

Exercise 1. Let g € C(99Q) where Q is a bounded domain. Define the Perron
solution
u(z) = sup wv(z).
vES,(Q)
Assume that u is sub-harmonic and prove that Au(z) =0 in Q.

(HINT: Consider the harmonic replacement @ in some ball B,(z) C Q. Use
comparison to conclude that @ > u, how does that relate to the definition of u?)

Remark: The above proof is much simpler than the one we gave during
the lectures. The reason that we did not use that proof is that in order to
show that w is sub-harmonic one need to show that u is integrable. That is
to show that the supremum of an uncountable family of integrable functions is
integrable. That requires measure theory (and also a slightly different definition
of subharmonicity) which we do not assume for this course.

Exercise 2. Let Q = B1(0) \ {z € R% x; = 22 = 0} be the unit ball in R3
minus the xs—axis. Show that the origin is not a regular point with respect to

Q.

(HINT: How did we prove that the origin was not regular with respect to the
punctured disk B;(0) \ {0} in R?? What is the relation between the punctured
disk in R? and Q7)

Exercise 3. We say that u € C() is a viscosity solution to Au(z) =0 in Q if
for any second order polynomial p(z) the following holds:

1. if u(z) — p(z) has a local maximum at z° then Ap(z) < 0 and

2. if u(x) — p(x) has a local minimum at z° then Ap(x) > 0.

Prove that if u € C*(Q) is harmonic then u is a viscosity solution to Au(z) = 0.
Prove that if u € C?(Q) is a viscosity solution to Au(x) = 0 then wu(x) is
harmonic.

93
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(HINT: Assume that 1 or 2 holds at a point 2° €  what is the second order
Taylor expansion at 2°7?)

Exercise 4. Assume that u € C?(Q) is a solution to the following partial
differential equation
Au(z)

u(z)

=u(z) inQ
O on 0N.

Prove that u(z) =0 in Q.

Exercise 5. Prove that any convex function is subharmonic.
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Variable coeflicients.

So far we have been able to show existence for solutions to the Dirichlet problem
for Laplace equation. It is of some interest to generalize that result to more
general equations. We will consider the following general elliptic second order
PDE,

o a5 (1) G + Do @) B+ elau() = fl@) mQ g
u(z) = g(z) on 0

where (2 is some bounded domain, g € C(0R), a;;(x), bi(x), c(z) and f(x) are
given functions.

Equation (13.1) is to general for us to be able to say anything specific about
the solution u(z). We need to impose some conditions on a;;(x), b;(x) and ¢(x)
to assure that the solutions are “well behaved”.

A powerful tool we used in the solution of the Laplace equation was the
maximum principle. To assure that solutions u(z) to (13.1) satisfy the maximum
principle we make the following definition.

Definition 13.1. We say that an partial differential, equation defined a domain
Q,

n

> ai(@) 5 a%+;b 8% + e(x)u(z) = f(x)

i,j=1

is strictly elliptic in Q if there exists a constant X\ > 0 such that for all x € )

> ()68 = AP
ij=1
for any vector £ = (&1,&2, .., &n).

Remark: If we let A be the matrix with coefficients a;;(z) then the ellip-

95
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ticity condition say that

aii(z) ae(z) -+ am(x) &1
6 6 e 6] ?21(56) :a22(33) :a2n(x) 252 > AeP.
anl(x) e Ann (.’E) gn

This is the same as demanding that all (generalized) eigenvalues' of A are
greater than \.

One might ask what ellipticity has to do with the maximum principle. A
simple example will suffice to show that ellipticity is related to the maximum
principle.

Example: Let Q be a bounded domain, € > 0 and u(x) € C?(Q2) N C(Q) be
a solution to

n

Z 8 8% + Z 3@ + c(r)u(r) =€ in Q.

ij=1 i=1

Assume furthermore, for simplicity, that a;;(z) = a;(z) and a;;(x) = 0 for i # j,
a;;(x) > 1 (that is the PDE is elliptic with A = 1) and that ¢(z) < 0. Then
u(z) does not have any non-negative interior maximum.

This is quite obvious. We argue by contradiction and assume that u(z)
has an interior non-negative maximum at 20 € Q. Then Vu(2?) = 0 and

8%u(z®)
“,7— < 0. We can thus calculate
) 0 0
0<e= au + b C.’E)U.T SO,
Z Z (+°)u(a”)
<0
<0 =0 since Vu=0

where we used that a;;(z°) > 1, and ¢(z) < 0 by assumption and that u(z°) > 0
since 2° is the non-negative maximum. Clearly this is a contradiction. In

particular, elliptic PDE with ¢(z) < 0 seems to satisfy a maximum principle.

Remark on different kinds of PDE: We will only study elliptic PDE in
this course. However, there are other classes of important PDE that appears
in the applied sciences. Besides elliptic the most important classes of PDE are
parabolic and hyperbolic.

The heat equation,

Ou(z,t)
ot

is the archetypical parabolic equation. A parabolic equation is, more or less, an

elliptic equation minus a time derivative.

Au(x,t) — =0,

ISince Du@) _ = o2 u(i) for a C?

Oz;0x Oz ;0.
is diagonalizable and thus that the n eigenvalues exists.

function there is no loss of generality to assume that A
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The third important class of equations is represented by the wave equation

0%u(z,t)

2 0.

Au(z,t) —
The wave equation is the basic representative of the hyperbolic PDE.

Of the three classes of PDE one can say that elliptic and parabolic are the
most similar. Most of the results for elliptic PDE also exist for parabolic PDE.
For instance the maximum principle (suitably interpreted) and the regularity
theory that we develop also exist for parabolic PDE. However, one needs to
formulate the problems and results slightly different for parabolic PDE since
the PDE has a time variable t. We will not discuss parabolic or hyperbolic
equations in this course.

13.1 The maximum Principle for Elliptic PDE.

For simplicity we will write, for any u € C?(12)

n

Lu(z) = Z a;j 0:1: 8% Zb 8:1:1 + c(z)u(xz) in Q, (13.2)

ij=1

where L is an elliptic operator, a;;(z),b;(x), c(z) € C(8).

Lemma 13.1. [THE WEAK MAXIMUM PRINCIPLE.] Suppose that u € C?(12),
where 2 is a bounded domain, and Lu(z) = f(x) where f(x) € C(Y). Assume
that

1. ¢(z) <0 and f(x) >0 or
2. c(z) <0 and f(x) >0

The u(z) does not achieve a positive local mazimum in Q.
In particular, if u € C?(Q) N C(Q) then

sup u(z) = sup u(x).
Q Gi9)

Proof: The proof is very similar to the example in the previous section.
We argue by contradiction and assume that u(z°) > 0 and that 2° is a local
maximum for u(z). Then

Z % 8%89:] Zb 8337 N

i,5=1 i=1
= —c()u(@) + f(x).
>0 at 20
Since u(2?) is a local maximum we can conclude that Vu(z?) = 0 and

D?u(x?) is a non-positive matrix.
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In particular,

~ 2’LL xO - U CL’O - 2’LL xO
0< ). a5y (a*) 2 4] ?+Zbi(x0)a ( .) =) 0 (@) Z4E) (133)
i=1

8$i8$]‘

If we can show that the right hand side in (13.3) is non positive we get the
desired contradiction.

Since the matrix A(z°) = [a;;(z%)];; is strictly positive by ellipticity it has
a square root \/Z Also —D2u6(x0) is non-negative so it has a square root

v/ —D?u(2?). Now we notice that

n 2
Z a;j(z )%xzi’ax: = trace (4 - D*u(2")) =

ij=1

= —trace (A (—D*u(z"))) = —trace (\/Z\/Z\/fDQU(xo)\/szu(xo)) =
_ trace ((mmf mm) <0,

where we have used linear algebra freely and that the last inequality follows
from trace(CT - C) = 37'._ (cij)* > 0 for any matrix C. This finishes the
proof. O

Corollary 13.1. [THE COMPARISON PRINCIPLE.] Let Q be a bounded domain
and u,v € C%(Q) N C(Q) satisfy

Lu(x

)> Lo(a)  inQ
u(a) <

v
(x) on 9.
Then, if c(x) <0, it follows that u(z) < v(zx) in Q.

> L
v(x

Proof: The proof is simple, and follows directly from Lemma 13.1 if Lu(z) >
Lv(z) since then L(u — v) > 0 and can not archive a positive maximum.

We will modify the function v — v by a function w to obtain the strict
inequality and then use Lemma 13.1 to prove the Corollary.

To that end we define

2 2
w(z) =N — Nl

where r is chosen large enough that w(z) > 0 in  and N is to be determined
later. Notice that
Lw(z) = Z aij(z) (—2N&;; — AN?z;z;) Nl (13.4)
i,j=1

+ 3 bi(@) (~2Nw;) N 4 o) (N - Nl <

i=1

<0

<2NeNI#I? |2 supg [b(x)]
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< Z a;j(z) (—2Nb;; — AN?z;25) e Nlal* 4 2NeN|w|2|x|51§12p|b(x)|,

where we used that ¢(x) <0 and w > 0 in Q. We need to estimate

n

Z a;;(x) (72]\75” — 4N2x¢xj = fZNZa“ — 4N? Z a;j(z)xz; <

7,7=1 7,7=1
(13.5)
< —2NX—4N?\|z|?,

since the first sum is just the trace of A and the second sum can be estimated
from below by A|z|? by the definition of ellipticity with & = .
Using (13.5) in the estimate (13.4) we can conclude that

1
Lw(x) < —4N?\ ( N

|z| supg [b(2)] Nlz|?
find B £ V0 b Sei | — )
N e (13.6)

2N

AN 2N N2 \4)

>0

B \* 1 1 /B\?
= —4N2) <x|—> +—<) Nl <,
—_——

where B = supg, |b(x)| and the last inequality follows if N is large enough.
In particular Lw(z) < 0, so w(x) is a super-solution.
Now consider
he(z) = u(z) —v(x) — ew(x).

Then
Lhe(x) >0 in Q
he(z) < —ew(x)  on ON.

We may conclude, from Lemma 13.1, that h. can not obtain an interior maxi-
mum. Thus, for any € > 0,

sup (u(z) —v(z) — ew(x)) < esup(—w).
Q 09

If we let ¢ — 0 this implies that
sup (u(z) —v(x)) < 0= u(z) < v(z).
Q
O

Corollary 13.2. Let Q be a bounded domain and u,v € C?(Q) N C(Q) satisfy

Lu(z) = Lv(x)  in Q
u(z) = v(z) on 0f).

Then, if ¢(x) <0, it follows that u(x) = v(x) in Q.

Proof: By the previous Corollary it follows that u(x) < v(x) and v(z) < u(x)
in Q. O
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Chapter 14

Apriori estimates.

We know that the solutions to

2 ,
Lu(z) =377 ) aij(x) gmuéij + > bi(x) dgg(gf) +c(z)u(z) = f(x) inQ
u(z) = g(z) on 0f)

(14.1)
are unique, if they exist. The difficult part is to prove existence. That will take
considerable effort. We will start lay the foundations of the existence theory
in this chapter. In the next section we will prove sketch a strategy of how to
solve the problem. In particular, we will try to motivate the need for apriori
estimates. Then we will prove the estimates for the Laplace equation. At the
end of the chapter we will prove existence in a very basic case and use that basic
case as a springboard for a continued discussion of the strategy.

14.1 Discussion.

We need to find an approach to analyze a very difficult equation. We are in
particular interested in showing existence of solutions. One way to approach the
problem is to first consider operators L that somehow are close to the Laplace
equation - which we can solve. Let us consider

Liu(z) = Au(z) + t (L — A) u(z),

then Ly = A and L; = L so, at least intuitively, L; ~ A for small ¢ and for
t = 1 we are back at the general case. If we assume that, for every small £, there
exists a solution u:(z) to the following equation

Ltut(x) = f(l‘) in
ug(x) = g(x) on 9N.

Then for ¢ small we would expect u(x) ~ u®(x) + tu'(x) for some functions
u’(x) and u'(z). What equations would we have to solve to calculate u° and
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ul? If we set t = 0 we get, since Lg- = A-,

Louo(z) = Aul(2)f(z) in Q
ul(z) = g(x) on 012,

which is fine since we know how to solve the Dirichlet problem for the Lapla-

cian. However to calculate u!(z) we would need to solve, and here I am rather
informal,

f(z) = Lyuy(z) = A(u®+tu')+t (L — A) (u+tu') =~ Au +t (Au' + (L — A)u),
=f(z)
where we have disregarded terms of order t2. We see that we need to solve
Aul(z) = (A — L)u’(x), (14.2)

Equation (14.2) is in principle fine since we can solve the Dirichlet problem and
the right hand side is well defined. But we have only shown that u® € C?(2)
so the right hand side of (14.2) is, as far as we know, only continuous. But we
need the right hand side to be C* to solve (14.2).

In general, we will need to improve our regularity results so that Au(x) =
f(x) € O implies that u € C%%. We will prove this in the next section and also
show that these estimates are strong enough to show existence in some simple
cases.

14.2 Interior Aproiri Estimates for the Lapla-
cian.

Sinc eour aim in this section is to estimate ‘D2u(az) — D?u(y)| where Au(z) =
f(z) we need to have a better understanding of the Newtonian kernel which we
will provide in the next lemma.

Lemma 14.1. Let x,y € R”, |z —y| =7 and

9?N(z)
Nii(x) =
be the second derivatives of the Newtonian kernel. Then,
Clr—y
|Nij(z — &) = Nij(y — §)| < |x|—§|"+|1

for any £ € R™\ Ba,(z).

Proof: Fix a & € R™ \ Byy(x). Then N(z —¢) € C*R"\ {z = ¢&}). In
particular, N(z — &) € C%°(Bs,/2(z)) so we may calculate

Ny (2 — €) — Nij(y — 6)] = / (x — ) - YNy (s + (1 — s)y — £)ds| <
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<lz—yl swp [VNy(z—€). (14.3)
ZeBr(w)

Next we notice that

sup [VN;;i(z = §)] < sup |VN;;(2)] -
2zEBr(x) Z€B|£—z\+T(O)\B|§—m\—r

But since

—il{l(|x|) for n =2

N(Z)N(x){ for n # 2,

1 1
T 2w, a7

It follows that

sup [VN;;(2)| < Cn

B (14.4)
Z€B|£—m\+r(0)\B\5—m\—r (|€ - .'I;| - fr-)'fb"rl

but if & € R™ \ By,.(z) it clearly follows that
€ —al 7> 1¢ —al
| —r> > T
from which we may conclude that

Cp2"
sup IVNi(2)| < — 7
2€Bj¢_a|+r(0\Bjg—u|—r ! (1€ — )+t

Using this last inequality together with (14.4) and (14.3) will result in

(1€ = af)n+t

which is the conclusion of the Lemma up to the naming of a constant. O

|Nij(x — &) — Nij(y — §)| <

Theorem 14.1. Let f(x) € C¥(B2r(0)) for some 0 < o < 1 and define
u(z) = A N(z =€) f(&)dg
then for any x,y € Br(0), © # y, the following inequality holds

82u(x) . 9%u(y)
azi 8{13]' 811 8l’j

|z —yl®

|z — y[' " supp,, () £ ()|
R

< Ca,n <[f]C“(BzR(O)) +

(14.5)
In particular, u € C**(Bg(0)) and

SUp g, (0 |f ()]
R« ’

[Dzu]CD‘(BR(O) < Capn ([f]C&(BgR(O)) +

where Cq , only depends on the dimension and c.
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Proof: We have already shown that u(z) € C? and that

ON(E =8), (€)aae).

O*u(z) O?’N(x —¢€)
Grte = | T GO f@ndes@ [

We will use this representation to prove (14.5). We set r = |z — y| and calculate

0?u(x) B 0?u(y)
8xi6xj 8.731'8$j

/ Nyj( — &) (f(6) — f(x)) dé — f(z) /
B2r(0) dBag(0)
Ny — f)ujdA@)‘ <

<

< Ni(z — §)v;dA(£)—

[ Nala -9 (O - fw) de+ 1) |
B2r(0) 8B2r(0)
/ Nij(y — &) (F(6) — F(y)) de
B27‘(1:)

+

< +

/ Nij(z =€) (F(€) — f(x)) de
Bar(x)

Nij(y=&) (f(€) — fy)) dé+

N;:i(x— — d
i /BzR(O)\BzT(@ J(x Qe =) g—i_/BzR(O)\Bzr(ﬂJ)

S [ N udA© - ) [ N- f)deA(f)’
9Bsr(0) OBsr(0)

/ Nij(y — &) (F(€) — f(y)) de
Bar(y)

+

+

<

/ Nij(x — €) (F(€) — f(x) de
B, (z)

+ (14.6)

+ / (Nyy (@ — &) — Niyly — ) (F(€) — f(a))de
B3r(0)\Bar(x)

+ / Nis(y — €) (F(y) — F(x)) dé+
B3r(0)\Bar(x)

J@) [ N OudA@+ ) [ N £)deA(£)‘~
OB2r(0) OB2r(0)

We will estimate the terms in turn. First we use that |f(£)—f(2)] < [f]oe|E—z]*

to conclude that

/ Nij(x — €) (f(6) — f(x)) de| < [flee / INij( — O] € — 2] *de <
B, (z) By (z)

<Clflos [ le—alras < e < clfloert

BQT(.'.E)
where C,, only depend on «, and n. Similarly we may estimate

< Culfloare.

/ Nij(y — ) (F(€) — f(y)) de
B, (z)
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Next we use Lemma 14.1 to estimate

/ (Nyy(@ — €) — Nyy(y — €) (F(€) — f(a)) de| <
B3r(0)\Bar(x)

Clr—vy
< [f]ca/ %K —x|*d§ <
Byr(0)\Bay(z) |z — ¢
< Clfleslo—y C <
< colr — — a4 <
Bar(0)\Bay(z) [T — &M

< lflewr ( Grgims — s ) < Cllewr + Clflen e

To estimate the final integral in (14.6) we do an integration by parts in the
first term and use the triangle inequality as follows

‘/ Nij(y — &) (f(y) — f(x)) dE—
B2r(0)\B2r(x)

i) [ o Nila = A + 1) [ w- £>ujdA<5>] _

OB2r(0)
‘ [ Nl 9w () ) d - Nily— €, (Fy) — f(a)) de
B2 (0) 8Bay(z)
f() /8 o Nl A + 1) /a o N —awA(s)] <
| [ o (f(y)—f(x))dﬁ‘Jr
o
Hf @) INi(a — &) — Ni(y — )] dA(E) <
OBag(z)
<<l on 9B
< Offlewre+ SO,

notice that we get out an extra minus when we integrte by parts in the first
equality since ¢ hs a minus in the argument of N;;(y — &).
Collecting the terms we arrive at

O0x;0x; B 0x;0x;

|z — y[supp,, (o) If(x)|>

< ¢ (Iflevlo -l + 2
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dividing both sides by |z — y|* and taking the supremum over all z,y € Bg(0)
gives the desired estimate. O

Observe that the above Theorem only estimates the second derivatives in
Bgr(0) - that is away from the boundary. For further applications we will however
need the estimate close to the boundary.

Proposition 14.1. Let Q be a domain and assume that u(z) is a solution to
Au(z) = f(z) in Q

assume furthermore that |u| < M in Q and that f € C§{ () and that for any

loc

compact set K C Q the function f(x) satisfies the following estimate

C
sup | f () 2]

< .
sup /(@) = G ) (14.7)

and

Corlz —y[*

|f(x) = f(y)] < W (14.8)

then there exists a constant Cy, o, depending only on o and the dimension n such

that
Co,r + Ca,r +supg [u]

D? < C, 14.9
sup [D7u(@)] < Coe ==k o002 (14.9)
and
\D2u(x) — D2u(y)| Co,f + Co, 5 +supgq |u|
’ ’ 14.10
T gl = O Gt anye (14.10)

Proof: We will begin by showing (14.9). The proof is not that difficult -
even though the result is very technical.

Part 1: The inequality (14.9) holds.

We fix a compact set K C Q_. Since K is compact and €2 open the distance
dist(K, 9Q) > 0, we define d = w > 0. Let 2° € K be an arbitrary point
then distz", 9Q > 4d and the following function

v(z) = u(dz + z°)
is well defined in B4(0). The chain rule implies that
Av(z) = d*Au(dz + 2°) = d* f(dx + 2°) = g(x) in B4(0),

where we define g(z) in the last step.
We see that v(x) and g(z) satisfies

sup |v(z)| = sup |u(z)| < sup |u(z)],
zEB4(0) x€Byq(x0) zeQ

sup |g(z)| =d®> sup |f(z)| < Coy,
z€B3(0) x€Bza(x0)
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where we have used (14.7) in the last inequality as well as dist(Bsq(z°),9Q) > d.
Furthermore, we may estimate for x,y € B3(0)

l9(x) = 9(W)| _ 2| f(dz +2%) = f(dy +2°)|

[z —yle |z =yl
substitute _ g2t |f(Z) = f(9)] <
T=dx+2° §=dy+a° T —gl®  ~

< d*teC, s dist(Bsa(2°),00Q)" ) < C, ¢,

<d—(+a)

where we again used that dist(Bsg(z%),09) > d in the last inequality.
We have thus shown that v(x) solves the following Dirichlet problem

Av(z) = g(x) in By(0)
v(z) = u(dr +2°)  on 9By(0),

where v(x) and g(x) are is bounded by supg |u| and Cy ; respectively and
9]ceBs(0)) = Cay-

Next we let p(x) € C2°(B3(0)) be such that ¢ =1 in By(0) and |Vp| < 2.1
We also define

w(r) = . N(z —y)g(v)e(y)dy,

where N(z — y) is the Newtonian kernel, notice that the integral is well defined
since ¢g(y)¢(y) = 0 outside of B3(0). Clearly,

sup [w(z)| < sup [g(z)] N(z —y)dy < Cn sup |g(z)| = CnCo,r,

B2(0) B3(0) B2(0) B3(0)

where the constant only depend on the dimension. Furthermore, by the esti-
mates in Theorem 1 in the first set of notes? we know that

9%w(0)
89@(’)%

- /B TV (g(y)ply) - 9(0)) dy — g(0) / ZBy, €aat)

3(0) 8%8% OBs(z) al'z

<[ TR )pt) — g0y +
B

- 5(0) Ga:laxj

1That this is possible is easy to see geometrically, or one could define p(z) =
I5 »(0) ¢1/4(z — y)dy where ¢, /4 is the standard mollifier.

%,

See step 3 of that proof.
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+1g(0)]

[ B @aaw
9Bs(x) OTi

< 1 by direct
calculation
1

|n—a

< (ca,f+co,f)/ dy+Co < Cn (Coy + Cop)

B3(0) ly
We can conclude that
Aw(z) = g(x) in By(0)
|D2w(0)| <C, (Oo(,f + Co7f) and
supg, (o) lw(z)| < CyCo .

This in turn implies that h(z) = v(z) — w(z) satisfies

sup |h(z)| < sup |v(z)| + sup |w(z)| < sup |u(z)| + CrCo ;.
B2 (0) B2(0) B2(0) Q

In particular, we can conclude from our interior regularity for harmonic func-
tions that

) n392n+4
ID?h(0)] < 22 s oy < O (sup luta)] + o).
Wn Q
We may conclude that

|D?v(0)| = |D? (v(0) — w(0) + w(0))| =

= |D? (h(0) + w(0))| < Ch.a (sup lu(z)| + Co,5 + Ca’f) .
Q
But
D?*v(0) = d*>D?*u(x°)
which implies
}Dzu(zo)| < Chn,a (Supq |U($C)l|2+ Co,r+Cay) _
_ 16Chp . (supq [u(x)| 4+ Co, 5 + Co.z)
B dist(K, 00)2

This proves part 1.

Part 2: The inequality (14.10) holds.

We use the same set-up as in part 1 and let K C Q be a compact set and
2%,9° € K be arbitrary points. First we notice that if |2 — y%| > d then the
estimate immediately follows, indeed:

| D2u(a?) — D*u(y®)] _ |D?u(a?)| +|D?u(y’)| _

|20 — 40| |20 — 40 =
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_ 21420C,,a (supg |u(@)| + Co.s + Ca.y)

- dist(K, 02)2|20 — 30|

< 2Cn.a (supg |u(z)| + Co,5 + Cay)
- dist (K, 00)2+e ’
which is the desired estimate. Therefore we may assume, without loss of gener-
ality, that |20 — ¢°| < d.

We define v(x) as in part 1 of this proof. Then, with 20 = y’—a

7 € B (0)

[D0(0) = D2o()| e IDPu(a®) — D2u(y”)]
10— 20] |20 — y0]a

Therefore it is enough to show that
| D?v(0) — D?v(2°)|

20 < Cha (Oo,f +Co,r+ Stép u|) )

If we define w(z) and h(z) as in Part 1 of this proof then it follows from
Theorem 14.1, in particular from (14.1), that

8%w(0) . 82w (z%)
Ox;0x; Ox;0x ;
J|ZO|O¢ : < Ca,n (Caﬁf + C(),f) )

where we have used that |2°] < 1, that [g]ce(B,(0)) < Ca.f and supg, () |9 <
Ooyf.
Next we estimate
92h(0)  2%h(z%)
6:67;an axiazj
|20]

< SUPze B, (0) |D3h(33)||20|

< < sup |D3h(:c)|
|20 2€ B, (0)

where we used the mean value theorem for the derivative to conclude that
8%h(0)  9%h(zY) _ 2
Ox;0x -

ot =20 V% for some ¢ on the line from the origin to z°. But
% J K J
since h(x) is harmonic in B2(0) it follows that

gu(%) |D*h(@)] < Cullhll L1 (B20)) < Cn sup |h(z)] < Cyy
1

<sup |u(z)| + Co’f) .
B2 (0) Q

We can thus conclude that

|D?0(0) — D?v(2%)] - |D?w(0) — D?w(z)|
EX -

BB *

N |D?h(0) — D?h(2")|

0 < Cna <Co,f + Ca,f +sup |U|> :
|20] Q
This finishes the proof.
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14.2.1 An application.

Before we consider the general case of an elliptic PDE we will consider a simpler

perturbation result with a PDE that is some sense is close to the Laplace equa-

tion. We will improve on the following result significantly later in the course.
In this section we will assume that

= 0?u(x)
Lu(z) = () e in B, (0), 14.11
w)= 3w B0) (14.11)
where a;; satisfies the ellipticity condition and the following conditions
laijllce (B, 0y < € fori,j=1,2,...,nand i #j (14.12)
and
||ai2- — ]-”C“(Bl(())) <e for i = ].72, ey N (1413)
The conditions (14.12) and (14.13) means that the partial differential operator
is close to Laplace in some sense. In particular, if e = 0 then L = A.

Lemma 14.2. Let f(z) € C*(B1(0)) and g(x) € C(0B1(0)). Assume further-
more that L is as in (14.11) and that a;;(x) satisfies (14.12)-(14.13). Assume
furthermore that there exists a § > 0 such that

aij(x) =0 if x € Bi(0)\ Bi-5(0) and i # j,
and
aii(x) =1 if © € B1(0) \ By_5(0),

that is L- = A- in B1(0) \ B1_s(0).
Then there exists an €5 > 0 (depending on 6 > 0 as well as f, g, a;; and )
such that if € < €5 then there exists a unique solution to

Lu(z) = f(z) inQ
u(z) = g(z) on 0.
Proof: Even though we have made many preparations the proof is quite

complicated. We will prove the Lemma by constructing a convergent sequence
of approximating solutions starting with the Dirichlet problem.

Observe that we can find a solution, u°(z), to

Auw(r) = f(x) 0
u®(z) = g(x) on ON).

We will inductively define u*(x), for k = 1,2, ..., as the solution to

Auk(z) = Aub~1 — Lu*~1(2) + f(x) in Q
uF(z) = g(z) on ON.

Since we are going to work with the differences u — u*~! for most of the
proof we define w*(x) = u*(z) — u*~1(z) for £ > 1 and w°(z) = u%(z).
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Then
AwF(z) = AuP " (2) — LuF =Y (z) — AuF 2 (2) + Lub 2 (2) = (14.14)

=(A-1L) (v ).

But on each compact set K C 2 we have, by Proposition 14.1 in particular
(14.9), that

sup |D?w”(z)| < (14.15)
rzeK
c d? sup, e |(A — L)ywk=1| + @*te [(A — L)(w’“’l)] Ca(x) T SUP |w”|
<
— n,x d2

where d = dist(K, 9Q) and similarly

[D*w*(2)(2))] ) < (14.16)

@ sup,e g |(A = LD)w* | + d**[(A — L)w* Yca(x) + supp, (o) [0

S Cn,a d2+a

But clearly, with the notation 6;; = 0 if 4 # j and §;; = 1 if i = j,

sup |(A — L)wk*1| <
zeK

sup (sup la;;(z) — 5ij|> sup |D2wk71(x)\ <
rxeK zeK

i,j=1,....,n

<e

< esup [wh 1 (z)]
zeK

and similarly®

(A = D@D gugiy < € [P0 ) -

In conclusion we get form (14.15) and (14.16) that

sup | D*w" (x)| < (14.17)
zeK

Supp, (0) |wk‘

< Cn,ae (Sup |D2wk71(x)‘ + d* [D2wk1}CQ(K)) + d?

reK

and

IN

[|D*w" (z)] (14.18)

C*(K)

Supp, (0) |w|
d2+a

Cn,a€ 2 k—1 a [n2, k=1
< —a (fggmw (z)| + d* [D*w ]CQ(K) +

3Here we are cheating a little. To be exact, we are skipping some details. The assertion is
justified but it uses some results that we will cover later.
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We need to estimate supg |w*|. Notice that w*(z) = u* — u*~1 = 0 on

0B1(0) and from (14.14) we get that
|Awk’ =[(A-L)w* (z)] <
<e sup ’D2wk71(z)| .
z€B1_5(0)

Therefore, by the comparison principle we can deduce that
—B(z) < w"(x) < B(x) (14.19)

where

2,,k—1
eSUD,ep, ) |D70h ()]
B(x) = T (1 [f?).

In particular B(z) = w*(z) = 0 on dB1(0) and —AB(x) > Aw* > AB(x).
We may thus estimate

sup |wh(x)] <e sup ’Dka_l(x)f. (14.20)
B1(0) z€B;_5(0)

Using (14.20) in (14.17) and (14.18) we can conclude that

sup | D*w(z)| + d* [D*w"(z)] ca(x) <
zeK

1+d 2 k-1 a [p2, k-1
< Ce (d2 52[2 |D*w* ! (2)] + d* [D*w ]CQ(K) < (14.21)

1 2, k-1 o 112, k-1
§2<§glp(D w'H (x)| +d [D w ]CQ(K)
where the last inequality follows if € is small enough, say € < % for some small
¢, and d > 4.

Equation (14.21) is the heart of the proof since it shows that

sup |D*w" ()] +d* [D*w*(2)] o ) <
reK

1 2, k=1 a 12, k-1
§2<§1€1£D W (z)] + d* [D*w ]CQ(K) <

1 2, k—2 o (12, k—2
22(522|Dw (z)| + d* [D*w ]CQ(K) <

IN

IN

1 2,0 « 2,0
§2]€<§1€12|Dw(x)|+d [Dw]C“(K) .

That is D?u*(x) forms a Cauchy sequence in C*(K) for any K € B;_s(0).
So, by the Arzela-Ascoli Theorem, u* — wu uniformly on B;_5(0). And on
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B1(0)\ B1— 5( ) it directly follows that u* converges, at least for a subsequence,
since Au (x) xz) in B1(0) \ B1_5(0).

So ufF — w in C;>2%(B1(0)). By the definition of u* it als follows that

Auf = (A = D)u* 1 (z) + f(z) = Lu" = AP () — P (2)) +f(2).

H «
—0in C7

It follows that

we can conclude that

Jut(z)~ |<Z\u —u*

which implies that for every k =1,2,3, ...
u’(z) = O(1 —|af*) < uM(z) <u’(x) + O~ [2]?).

Since u® € C(Q) we can conclude that u(z) € C(Q).
Uniqueness of u(x) follows by the maximum principle, in particular Corollary
13.2. O
Remarks: There are several things to say about this Lemma.

1—|zf)

I\D‘,_\

H'Mw

k
)| < C(1-|zf?) Z

1. First of all, the result is very unsatisfactory in several respects. The most
obvious is that we assume that a;;(z) = J;; in B1(0) \ B1_s(0). But this
assumption is necessary for us to estimate (14.21).

That we need this assumption is because we our estimates of D?u(x)
breaks down when x is close to the boundary. In particular the presence of
the inverse of the distance to the boundary in the statement of Proposition
14.1.

Therefore we need to develop a theory that better estimates the solutions
close to the boundary, estimates without the dist(K,9Q)~! terms.

2. We need to develop some better terminology in order not to get lost in the
technicalities. In particular we need to develop the language of Banach
spaces as well as some functional analysis.

3. It is also rather unsatisfactory that the proof only works for small e. The
theory only works for small € because, and this is very important, we do
not have a regularity theory for the general equation Lu(z) = f(x). If
we had such a theory we could, using the terminology of the beginning of
this chapter, apply the same proof in Lemma 14.2 to find a solution to
Liycu(x) = f(x) if we could solve a solution to Liu(z) = f(x) - and then
for Lijocu(z) = f(x) ete.
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In the next chapter we will continue to develop the regularity theory for
elliptic PDE. Then we will see that the interior regularity theory actually implies
boundary regularity. Once we have the regularity theory in place we will be
able to show existence for the general equation Lu(xz) = f(z) - under some
assumptions on L and on the boundary of €.



Chapter 15

Apriori interior estimates

for constant coefficient
PDE.

In the last chapter we saw that we can estimate [D?u]ca for the solution to
Au(z) = f(z) in terms of f and sup |u|. And very importantly, we also saw
that such estimates leads to existence of solutions for PDE with coefficients
that are close, in C®—norm, to that are close to the coefficients of A (that
is a;j(x) = d;;). We will use this knowledge to construct solutions to general
variable coefficients PDE.

In particular, if we consider a general linear PDE with variable coeflicients:

Lu(z) = Y ay(a) Oulx) | Zb,-(x)a“(x) +e(z)u(z) = f(z) inQ, (15.1)

=1 a$13$j
where a;;(x),b;(x) and c(xz) € C* Then if we consider a small enough ball
B, (2°) € Q then
aij(w) &~ a;;(2°), bi(z) ~ b;(2") and c(z) =~ c(2?) in B,(z°).

This means that in the small ball B,.(z°) we will have that L- is close to a PDE
with constant coefficients:

L) = 3 a5 + Y b G+ la)ute) = f(a) in Bola”)

ij=1

(15.2)

One usually say that a PDE like (15.2) has frozen coefficients and the method
we will use is often called freezing of the coefficients.

Thus if we understand constant coefficient PDE better then we should be

able to better understand a variable coefficient equation. The method is quite
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subtle, and it is not at all clear at this point that freezing of the coefficients
will yield any useful results. However, in this chapter we will prove a simple
regularity result for constant coefficient equations. In the next chapter we will
show that we can actually freeze the coefficients to get a good regularity theory
for variable coefficient equations.

Before reading the rest of this chapter it is advisable to read the appendixes
on Banach spaces and interpolation inequalities.

Proposition 15.1. Assume that Q is a bounded domain and that u(x) € C%(Q)
solves the following constant coefficient PDE

= OPu(x) )
Z a;j Dwi0w; f(z) in
=1

where a;; are constants satisfying the following ellipticity condition

n

MNP < ) agiy < AJEP (15.3)

ij=1

for some constants A,\ > 0 and all £ € R™.
Then, for any 0 < a < 1 there exists a constant C = C(\, A, n, ) such that

lulloze oy < € (Nullew) + 1 flles, @) -

Proof: The proof is very simple. We will show that a change of variables
transforms u(z) into a harmonic function v(x) and the estimates for u(x) follows
from the corresponding estimates for harmonic functions. We will do the proof
in several steps - some of them we will only sketch.

Step 1: We may change variables to transform wu(z) into a harmonic func-
tion.

Since the matrix A = [a,;] is symmetric we may write it as
A=0"Do,

where O is an orthogonal matrix (with rows consisting of the eigenvectors of
A) and D is the diagonal matrix with the eigenvalues of A along the diagonal.
Using that A is elliptic, (15.3), we know that the eigenvalues of A are bounded
from above and below by A and A > 0 and we may thus take the square root of
D. Now define P = /DO, then it follows that A = PTP. Expressed in terms

of components:
n
Ajf = E PijPik-
i=1

So if we define
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then

1=1 =1 Jj=1
0?u(Pz) " " 0?u(Pz)
Z PiPik e = Y (Zpijpik> =
Nyl O0x;0xy, I\ Oz 0z,
- 0?u(Pr)
= Z a; 32,008 f(Px)

Thus it follows that Av(z) = f(Px).
It follows from Proposition 1 (Part 5 of these notes, also reformulated in
Proposition 17.1 in the appendix) that

lolloz ey < € (Iullow + 17 P, o) (15.4)

Step 2: Bound of |Vu(x)| on compact sets.

Since P is an orthogonal matrix times a diagonal matrix with diagonal ele-
ments in [v/\, V/A] it follows that P is invertible. We may therefore write

u(z) = v(P ).

In particular,
Vu(z) = P~! - Vu(P 'x),

But since all eigenvalues of P~ lay in the interval [A=1/2, \=1/2] it follows that

[Vu(z)] (P~12)], (15.5)

< Vo
f
Now for any compact set K C €2 we have that
P(K)={Pz; x € K} C P(Q) = {Pz; z € Q},

and if
dist(K,0Q) = d  then dist(P(K),dP(Q)) > VAd. (15.6)

In particular for any z € K C Q it follows (15.4), (15.5) and (15.6) that

(2)
_ ¢ (Il + PN, o)
c |

Vu(@)l < dist(K, Q)

(15.7)
Step 3: Estimates for D*u(x) and [D?*u]ce (k).

This works exactly the same as in step 1. That is we may write D?u and
[D%u]ce in terms of v and use (15.4). O



118CHAPTER 15. APRIORIINTERIOR ESTIMATES FOR CONSTANT COEFFICIENT PDE.



Chapter 16

Apriori interior estimates
for PDE with variable
coeflicients.

We are now ready to prove interior apriori estimates! for equations with variable
coefficients. We will prove the following estimate

Che.2)

lulleze o < € (Iflles, o + lulle)

where C'= C(n,a, Q, A\, A) and on the coefficients in the equation:

n

D

i,j=1

8x 81:] * Z 8;1:1 + c(z)u(z) = f(z) (16.1)

We have already seen all the ideas that we are going to use. Our method
of proof will be to freeze the coefficients. In particular, if the coefficients of the
equation are close to constant, say that |a;;(z) — a;;(z")] < € for some small
€ > 0 in a ball B,.(2°) then we may write equation (16.1) as

Z aij(z O)Sx?a(¢3 zzj aij(z) — a;j(z°)) g::@(jj_ (16.2)

ij=1

<e

- Zbi(x) au(;) —e(z)u(z) in By ()

LAn apriori estimate is an estimate for an equation that is made before we know that
solutions exist. Typically one assumes that there exist a solution in some Banach space, say
C?nf( ), and then proves that there is a bound on the norm of that space that does not
depend on the solution.
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We can view this as a constant coefficient equation (with right hand side de-
pending on u) and apply Proposition 15.1 and derive that

C;‘nty@)(Br(mo))) )

where F'(z) is the right hand side in (16.2). Now [[F||ce 2y (Br(a0)) Will depend
on u. But since we multiply the second derivatives of the u—term by something
of order € in (16.2) the dependence will not be significant if € is small enough.

Therefore we can estimate the C>:*(B,(2°)) (or even the norm in Q) if
a;j(z) ~ a;;(x°). But, and here is the second main idea?, if the coefficients are
continuous then |a;;(z) — a;;(2°)] < € in B,(2°) for any 2° if r > 0 is small
enough. And since we can cover any compact set K C € by finitely many balls
B, (z) it is enough to do prove the regularity in a small ball.

We are now ready to state and prove the Theorem.

Theorem 16.1. Let u € C2¥(Q), where Q is a bounded domain and o € (0,1),
be a solution to

Lu(z) = .z._:l alj(a?)gngg + Ebi(x) 8;3(5) + c(z)u(x) = f(z) in Q.

llleze (s, oy < € (Iullo, @y + 1P

Assume furthermore that a;j(x), f(z) € C*() and that a;j(x) satisfy the
ellipticity condition \|&|* < > @i (2)6:&5 < A[&)%. Then there exists a constant
C=C(n,o, Y\ A, a;5) such that

lulleze @y < € (Iflles, o @ + lulow ) -
Proof: Let K C 2 be a compact set. We need to show that

2 , _ k _ Dk
Z(dist (K, o) Sup|Dju(x)> +dist (K,00)°T* sup |D*u(z) — D u(y)|

<
j=0 zeK z,yce K |-T - y|a a

<c (Il

But by the interpolation inequality (Proposition 18.1 in the appendix.) it is
enough to show that

Cﬁut,(g)(g) + HUHC(Q)) .

Dk _ Dk
dlSt (K, 8Q>2+O¢ Sup ‘ u('r) 'U/(y)‘
z,yce K |:C - y‘a

<C(Ifllog, o +lullew) - (16:3)

We will prove the Theorem in three steps. First we will cover K by balls
Bs, (z%) in a very specific way, then we will prove (16.3) for an ball Bs(z*). In
the final step we will show that it is enough to prove the Theorem for the balls
Bs, (z%) in order to prove the Theorem.

Step 1: Let K C Q be a compact set and € > 0 be a fixed constant (to be
determined later) depending only on the coefficients of L. Then we may cover
K by a balls Bs, (z*). Where the balls Bs,. (z*) may be chosen to satisfy

2Freezing of the coefficients was the first
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1. B45K({Ek) C Q,
2. |aij(z) — a;j(x*)| < € in Bs, (a*),
3. 0 > w if dist(K, 0Q) is small enough.

Since ||aij|lce() < oo there is a p > 0 such that for any 2 € Q we have
|ai;(x) — ai;(y)| < € for every y € B, (x). Now let us denote

dist (K, 092)

K = 4

and § = min(dg, ). Then obviously K C Uge g Bs(x). Since K is compact we
can find a finite sub-cover Bs(z*) as described in step 1.

Step 2: The following estimate holds

35| D?ul

CtBas @) < Co (ullo) + Ifllog, @)

int

where Cp, depend on the coefficients a;;, b; and ¢ through their C*(£2)—norm
and the ellipticity constants A\, A and also on the dimension n.

Here we use the freezing of the coefficients argument and write, in the ball
Basy (xk)

" 0%u(x " 0%u
Z aij(x O)ﬁxlgxi Z:: aij(z) — aij(«")) 6951(;:63

where F(z) is defined by the last inequality.
Viewing this a s a constant coefficient PDE we may use Proposition 15.1 to
deduce that

S D? g, (B ) < C (Iullew + 1Fllos,  (masy)) <
= 0%u(z)
<C | llule@ + I flla, @@ T Z (aij(x) — aij(z)) 9207, +
| 3=1 s, @

)2 +lle@u@)lcy, @ | <

Ci(;t,(Q)(Bz‘sK)

C (”UHC(Q) + Hf”Cf?,t,(z)(Q)) T
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O?u(x)
O0x;0x;

+ (16.4)
Cint,(2)(B2s g )

n
+ Z ||a1](x) - alj ||C(BzaK)
i,j=1

<€
Y 0*u(x)
+ 3 o) =00, | 5o g
ij=1 Do L0wids L eg, ) Basie)
<€
n
0%u(z)
0
+ > fay(@) = ai(@)] ga Bas) || B0 +
i,j=1 1905 1 Cing, (2) (Bas )
" Qu(x)
+C ZHb )| ca(q) o +llellew lu@)llca (g ) | <
817 int, (2) K
i=1 v '

CLy (2)(Bzsg)
<C (HuHc(Q) + HfHCff,t,@)(Q)) T

" Qu(x)

+C Z 10i (@)l o) .

+llellow Iu@)len, . (5

=1 Che (2)(3251()

+CL0% | D%, i,y + OOk [P

52
STK[ 2u]cint(B26K)
where the constant C, depend on the coefficients a;;, b; and ¢ through their
C*(©2)—norm and the ellipticity constants A, A and also on the dimension n. We
have also used that [']Cﬁit,@)(B%K < Coxlles, (Bas,,) and the final “underbrace”
holds if € is small enough.
Using Propoisition 18.1 in the appendix we can deduce that

CL&%( HDQuHCmt(BQ‘SK) o

< CL065%(||D2U”C;M(B25K) + GCL(S%( [D2u] (16.5)

Cie(Basg) —
2

)
< CLCE&%{HDQU| Cint (B2s g ) + TK [D2 ] Ce(Basy)’

where the last inequality holds if € is small enough.
We may also use the the interpolation inequality to estimate the lower order
terms:

c Z\Ib (@)l e ()

i=1

Z 3;1:z

Fllelow lu@lee  (Buse) | =
C;‘fu,(z)(B%K)

(16.6)

§
< CLCECS%(HDQM Cint(Ba2s ) + TK [‘D2 ]

mt(BQJK) '
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Using (16.5) and (16.6) in (16.4) we can deduce that, for a somewhat larger
OL7

5% |ID?ull e (Bys, (o)) <

< ¢ (lullow + 1fllog, @) + (16.7)

52
+STK||D2u|

Ce(Basg (%))
Rearranging terms in (16.7) implies the statement in step 2.
Step 3: Proof of the Theorem.
Since the balls Bs, (z*) cover K it follows directly from step 2 and that

x> dist(i{,aﬂ) that

(D)

D2 “c ||UHC(Q)+Hf||c;;M2)
sup [ D7u()| < Cayy —g5e 902

dist(K,99)
3

Moreover, for any two z,y € K such that |z — y| > it follows that

x,y € Bs, (z¥) for some ball and thus

I ) lulloe + 1fler @
| U(IE) U(y)| _ sup |D2u(x)| <C . 1nt‘(2)( )
K dist(K, 09)2+

|z —y|® |z -y

[P =D o dion)
B =% =

%M. But if |z —y| < %M then there exists a ball Bs,. (z*) such that
x,y € Bs, (%) so we may use step 2 again and conclude that

So we only need to estimate

|D?u(z) — Du(y)| _ lullow) +1flles, , @
|z — y|@ - dist(K, 0Q)2+«

Thus it follows that

ull e + Hf”Cﬁ,m(Q)
dist(K,0Q)*te 7

dist (K, 99)*(|D?ul|ce () < C

where C' = C(n,a,Q, A\, A, a;;). The Theorem follows by the interpolation in-
equality Proposition 18.1. O
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Chapter 17

Barnach Spaces.

We will need some notation from functional analysis in order to simplify the
exposition somewhat. The point of this appendix is not to cover functional
analysis, which is a very large area of mathematics. But just to remind ourselves
of some basic notions. We start with the following definition.

Definition 17.1. We say that a set A is a linear space over R if

1. A is a commutative group. That is there is an operation “+" defined on
A x A~ A such that

(a) For any u,v,w € A the following holds: uw+ v = v+ u (addition is
commutative), (u+v) +w =u+ (v+w) (addition is associative).

(b) There exists an element 0 € A such that for all u € A we have

u+0=u.
(c) For every u € A there exists an element v € A such that u+v = 0,
we usually denote v = —u.

2. There is an operation (multiplication) defined on R x A — A such that

(a) For all a,b € R and u,v € A we have a- (u+v) =a-u+a-v and
(a+b)-u=a-u+b-u.
(b) For all a,b € R and u € A we have (ab) -u=a- (b-u).

Examples: 1: The most obvious example is if A = R™ and “+” is normal
vector addition and “- is normal multiplication by a real number.

2: Another example that will be much more important to us is if A is a
set of functions, say the set of functions with two continuous derivatives on 2.
Clearly all the above assumptions are satisfied for twice continuously differen-
tiable functions if we interpret “+” and “.” as the normal operations.

Many linear spaces satisfies another important structure: that we can mea-
sure distances. Distances allow us to talk about convergence and to do analysis.
We will only be interested in spaces where we have a norm.
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Definition 17.2. A norm || - || on a linear space A is a function from A — R
such that the following axioms are satisfied:

1. For any u € A we have ||u|| > 0 with equality if and only if u =0 (The
Positivity Aziom).

2. For any u,v € A we have ||u+v| < ||u|]| + [|v]| (The Triangle Inequality).

3. For any v € A and a € A we have ||a - u| = |a||u|| (The Homogeneity
Aziom).

If a linear space A has a norm we say that A is a normed linear space, or just
a normed space.

Examples: 1: The linear space R™ is a normed space with norm ||(u1, ..., u,)|| =
(u? +ud + ... +u)/2

2: The set of continuous functions on [0,1] is a normed space under the
norm

1
Jull = / () d.
3: If we define

[ullc2(0) = sup |u(z)| + sup |Vu(z)| + sup | D*u(z)|, (17.1)
e e e
Then the set of two times continuously differentiable functions u(z) on Q for
which [|u]|c2(q) is finite forms a normed space: C?(Q2). Notice that 1 ¢ C%(0,1)
even though 1 is continuous with continuous derivatives on (0, 1).

The final property that we need in our function-spaces is completeness.

Definition 17.3. Let A be a normed linear space. Then we say that A is
complete if every Cauchy sequence u? € A converges in A.

Remember that we say that v/ € A is a Cauchy sequence if there for every
€ > 0 exists a N, such that ||/ — u¥|| < € for all j,k > N.. So if A is complete
and u/ is a Cauchy sequence in A then there should exist an element u® € A
such that lim;_,o [[u/ — u’| = 0.

Examples: 1: It is an easy consequence of the the Bolzano-Weierstrass
theorem that R™ is complete. In particular, every Cauchy sequence is bounded.
Therefore the Bolzano-Weierstrass theorem implies that it has a convergent sub-
sequence. That the Cauchy condition implies that the entire sequence converges
to the same limit is easy to see.

2: The space of continuous functions on [0, 1] with norm |jul| = fol |u(z)|dx
is not complete. For instance if

0 ifo<z<g—3
u! (z) = %(x—(%—%)) if%f%<x<%+%
1 if 545 <<l
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then v/ is continuous and forms a Cauchy sequence. However the limit is clearly

0 ifo<z<i
W)= & ifz=1

2 2

1 ifi<a<l

But u? is not continuous and therefore not in the space of continuous functions
on [0, 1]. Therefore that space is not complete.
However, if we consider the space C([0, 1]) of continuous functions with norm

lulleqo,ay = sup |u(x)]

z€|0,

then we get a complete space. This since the limit lim;_, - u’(z) is uniform and
continuity is preserved under uniform limits.

It is important to notice that the properties of the space is dependent on the
norm. Continuous functions with an integral are not complete, but continuous
spaces with a supremum norm are complete.

3: The space C?(Q2) with norm defined by the supremum as in (17.1) is also
a complete space.

Clearly, in order to do analysis on a linear space it is desirable that the linear
space is complete. We therefore make the following definition.

Definition 17.4. We call a complete linear space is a Banach space.

17.1 Banach spaces and PDE.

Banach spaces helps us to formulate questions in PDE in a new way.
The initial way to view a PDE is to view it point-wise. That is, for the
Laplace equation for instance, we think of a solution as twice differentiable

function w(z) that should satisfy > . , 6281;(;)
There is nothing wrong with this viewpoint, and as a matter of fact everything
we do in Banach spaces will depend on results we derived by using this point of
view. However, as the equations becomes more complicated it is reasonable to
look for a simplified conceptualization of what a PDE is. By formulating a PDE
as a problem in Banach spaces we are able to leave the point-wise viewpoint
behind and consider the PDe as a mapping between Banach spaces.
Let us consider a function u € C?(2) and we let

= f(z) at every point x € Q.

- Pu(r) & ou(x)
L — - .
ule) = 37 oy (o) g5t + D) o+ clouto)
be an elliptic partial differential operator with continuous coefficients.! Then
for any u € C?(Q2) we clearly have that Lu(x) € C(Q).

1We already know that it is more natural to consider PDE with Holder continuous coeffi-
cients. But it is enough to have continuous coefficients for us to introduce the next idea.
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We can thus view the partial differential operator L as a map between Banach
spaces: L : C%(Q) — C(Q). That is, for every u € C?(f2) there exists an
f € C(Q2) such that Lu(z) = f(x). Similarly, L maps the subset

C’S(Q) = {u € C*(Q); u(x) = g(x) on 9Q} C C*(Q)

into C(Q).

Solving the PDE
Lu(z) = f(z) inQ
u(z) = g(x) on 90N

)
for a given f € C(Q2) and g € C'(99Q) is therefore the same as finding an inverse
L' of the mapping L : CZ(Q) — C(€). If such a mapping exists then the
solution is given by u(z) = L~ f(z).

There are several reasons to change the re-conceptualize of a problem in
mathematics. One reason is that changing the point of view might clarify a dif-
ficult concept, simplify statements or show that several problems have a similar
underlying structure?. The most important reason to change the point of view
on a subject is however that one might be able to use different techniques and
prove new results in the new conceptualization.

In this section we will only reformulate some of our results in this new
language and fix some notation. In later chapters we will prove some fixed point
theorems?® in Banach spaces that will help us to prove existence of solutions to
PDE with variable coefficients.

Example: In Theorem 1 in Chapter 2 (in the first part of these lecture
notes) we proved that if f € C*(R™) then

uw)= [ N -ofae, (17.2)
where N(x) is the Newtonian kernel, solves Au(x) = f(x). Using the Liouville
Theorem it is easy to see that the function u(x) is the only solution to Au(z) =
f(z) that tends to zero as x — oco.

If we consider A as an operator
A: CIR") ={ue C*(R"); lim u(z) =0} = C(R").

Then Theorem 1 actually shows that the inverse of the Laplacian, A1, is well
defined on C%(R™) C C(R™) and given by (17.2).

Example: We know that A is does not have a well defined inverse from
C.(R™) to C?(R™) since there are functions u ¢ C?(R") with Au € C.(R"), see
exercise 3 in the first part of these notes.

2For instance, viewing a PDE as a mapping between linear spaces highlights a similarity
between PDE and linear algebra that might not be so easy to see otherwise.

3Specifically, the contraction mapping principle that we will use to develop a technique
called the method of continuity.
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Based on the above two examples it is a reasonable question to ask between
what spaces does A have an inverse? Or more generally, when does a variable
coefficient PDE L- have an inverse. In the next section we will introduce some
Banach spaces that we know are of importance in inverting PDE.

17.2 Some Banach spaces that are important for
PDE.

We already know that the Holder spaces C*(Q) are important in PDE theory.

Definition 17.5. Given a domain 2 and u a k-times continuously differentiable
function on Q we will use the notation, for k € N and « € [0,1],

k
. Dk . Dk
[ullcr.a (@) = Z sup |D?u(z)| + sup | D u(z) : u(y)|
j=1 7€ z,Y€N |z —y|

Furthermore, we let C*(Q) denote the set of all two times differentiable
functions for which |[ul|cr.e(q) < oo.

When o = 0 we will disregard o and the last term in the definition of
[|ul| .oy and write

k
llullcr.e @y = lluller @) = ngngﬂu(x)L
j=1"

and when k£ = 0 and « € (0,1) we will write ||u[|co. ) = [|ul|c«()-
It is easy to that the space C**(Q2) is a Banach space.

Lemma 17.1. The space C**(Q) is a Banach space with the norm |[ul|cr.c (o)

Proof: Tt is trivial to verify that C*® () is a linear space and that ||u||cr.a (€2)
is a norm. That C*%(Q) is complete follows by the Arzela-Ascoli Theorem. []

It is quite often that we only need information about the Holder continuity,
we will therefore define the semi-norm*

u(z) — u(y)|
U]oa(q) = sSup ————
[ ] @) z,yeN |.’L‘ - y|a

We have also seen that the C** () space is not always suitable for expressing
our theorems. We will therefore use introduce the alternative norms |[uf| x.o g

and [|ul| 5k .o () that we use in our interior estimates.
int, (1)

4A semi-norm is satisfies all the requirements for a norm except that ||u| = 0 < u = 0.
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Definition 17.6. For any k—times continuously differentiable function u(x)
defined on a domain Q@ we denote by ||UHCk,a(Q) the least constant T’ such that
ant

<Tr

k
. X Dk o Dk
> <di5t(Kv o)’ sup IDJu(sc)l)*dist(K’am““ sup [27(2) = Duly)]
=0 zeK oyeK |z — y|*

for all compact sets K C €.
More generally, we will define ||ul| .o () to be the least constant I' such
int, (1)

that

k+l+a sup \Dku(x) - D’“u(y)|
z,y€K |z —yl®

k
Z (dist (K, 00) ™ sup |Dju(x)|>+dist (K,00)

j:O reK

for all compact sets K C ).
Furthermore we will denote by C’fn?(ﬂ) and C’Z;?(l)(Q) the Banach spaces of

k—times continuously differentiable functions for which the norms HU”Ck,a(Q)
int
and Hu||Cfff<l)(Q) are bounded.
It is easy to see that Cf;ta (©) and Ciknf‘(l)(Q) are Banach spaces with their
respective norms.
The norms of the spaces CF(Q) and Ci];’ta(l)(ﬂ) controls the functions in

int
the interior of Q. In particular if u € Ci,;fj(l)(Q) then u € C**(K) for any
compact set K C 2. However, the norm |[u[|cx.« (k) Will depend on the distance
dist(K,01?) and in general functions in C’{Z’z(l)(Q) will have infinite C*(()
norm. Some examples might clarify the situation.

Examples: 1. Consider u(z) = sin (ln (%)) defined on (0,1/2). Clearly
u(z) is bounded and continuous so u(z) € C(0,1/2). However, u ¢ C*(0,1/2)
since Du(z) = —2 cos (In (1)) which isn’t bounded. But u(z) € C,(0,1/2)

since for any compact set K = [k,1/2 — ] C (0,1/2) we have
1 1
— cos (ln ()) ‘ <2
T x

Thus [ullcr 0,1/2) = 2-

2: Let u(z) = 1=z be defined on (—1,1). Then u(z) is unbounded so
u ¢ C*(—1,1) for any k or a.

However, u € C’iln’ta(l)(—l, 1) since for any compact set K = [—1 + k,1 — K]

sup |u(x)| + ksup |Du(z)| <1+k  sup
zeK zeK z€[k,1/2—K]

we have

< 0

D -D
ull gre = rsup |u(z)| + &% sup |Du(x)| + £*T* sup |Du(z) u(y)|
int, (1) z€K z€K z,yeK ‘JJ - y‘a

where the upper bound is independent of x € (0, 1).

<T
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Observe that the norm on Cllfﬂta W (—1,1) allows the function and its derivative
to tend to infinity at the boundary of 2. The parameter [ determines how fast
the function and its derivatives may go to infinity. For instance the above

function u € Cikn’to‘(l)(—l, 1) for any ! > 1 but not for any { < 1.

It is important to realize that these norms, even though they appear to be
artificial, they are natural. For instance we may formulate the interior regularity
result for harmonic functions as:

Proposition 17.1. Let Q be a domain and assume that u(x) is a solution to
Au(z) = f(x) in Q

assume furthermore that [u| < M in Q and that f € Cf, @) (Q) then there exists
a constant Cy, o, such that

oz ) < Cna (1]

nt

co @ T IIuHcm)) : (17.3)

The proof of Proposition 17.1 is a direct consequence of Proposition 1 in
the 5th part of these lecture notes together with an interpolation inequality
that we will prove in the next appendix. Notice that the norms [|u[| 2.0 g, and

int

/]
ment of the Proposition much more compact than the formulation of Proposition
1 in the fifth part of these notes. The norms are natural in the sense that (17.3)
is optimal and we can not prove a stronger statement without adding further
assumptions on the boundary data of u and on the geometry of €.

g, () ADDeArs in the statement - and that these norms makes the state-

Remark on scaling: One heuristic way to see that (17.3) is natural is to
consider the “scaling” of the estimate. Since Awu(x) involves two derivatives
it is natural that if Au = f then u should have two more derivatives than
f. This explains that we have a (2, «) norm on the right hand side in (17.3)
whereas the left hand side is only a Holder a—norm. Since we are not making
any assumptions on the boundary data of w in Proposition 17.1 we can not
expect the derivatives of u to be bounded - in particular if the boundary data
is discontinuous at 2 € 9Q then u can not have any continuous extension to
Q. So the best estimate we can hope for is an estimate that allows |Vu(z)| and
|D?u(x)| to tend to infinity as x — 9. This explains why we have the “int” in
the C2*(Q)—norm in (17.3).

The difference between the C2*(Q) and the C2:*(€2)—norm is that the latter
norm allows

|Vu(z)| ~ dist(z,00) 7!, (17.4)
| D?u(x)| ~ dist(z, 9Q) > (17.5)

and ) )
D —D
o [D2u(a) = Duly)

~ dist({z, y},00Q) 2 (17.6)
z,yeK |$ - y|a
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whereas the C%%(Q)-norm requires uniform bounds in the entire domain €. To
see that the exponents —1, —2 and —2—« in (17.4), (17.5) and (17.6) are natural
we rescale the equation. We use the estimate (17.4) as an illustration. Assume
that dist(2?, Q) = 2r then the function v(z) = u(rz + z°) will solve

Av(x) = r2f(re + z%) in By(0),

since
n
i=1

Since supp, (o) [v| < supg, |u| we can conclude that [Vv(0)| is bounded indepen-
dently of r. But |[Vo(0)] = r|Vu(z")| and if 7|Vu(z")| is bounded independently
of r ~ dist(z°,09Q) then |Vu(z)| ~ dist(z,0Q)"! which is what what (17.4)
states. If you consider the proof of Proposition 1 (in part 5 of the lecture notes)
again you will see that that is exactly how we prove the estimates.

Finally, we need to say something about the [ = 2 in the Hf||ci<;t,(2)(g)fnorm
of (17.3). But we see directly from the scaling in (17.7) that [ = 2 is the optimal
[ since if | f(2°)] ~ dist(2°, 02)~2 (that is the growth of f allowed by the norm
”f”C{Et,(z)(Q) with [ = 2) then the right hand side in (17.7) is bounded since

r ~ dist(z°, 992).

328“(95) - (r282“(7"”’+”30)) =r?Au(rz + 2°) = r* f(rez + 2%). (17.7)
=1

2 = 2
x; ‘ O0x;

Further properties of the Holder spaces: In addition to being a Banach
space the Holder spaces C**(Q), CF*(Q) and C’ikn’to"(l) (Q) also have a multiplica-
tion defined®: if ¢(x), p(x) € C**(Q) then ¢(z) - p(x) € CH*(Q) (and similarly
for Cip"(Q) and Cii’ ().

We will only prove this for k£ = 0, the general case is an easy consequence of

this and the product rule for the derivative.

Proposition 17.2. Assume that ¢(z), p(z) € C¥(Q) then ¢(x)-p(z) € CF(Q)
and

(9 Plea) < (19llc@@lee@) + lellow@loe@)) - (17.8)

Proof: The proof uses the same trick as the proof of the multiplication rule
for differentiation. In particular, we may estimate

<o) lp(x) = e + el o(y) — o()] < (17.9)
< llo(@)llowq) lo(@) = @) + lleWlo@) [o(y) = ()],

where the last inequality follows since [[¢(2)||¢(q) = suP,eq |¢(2)| by definition.

5The technical term is that C*%(Q), C*®(Q) and Cﬁf(l)(Q) are algebras over R.

int
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If we divide both sides in (17.9) by |z — y| it follows that

[¢(z)e(x) — d(y)e(y)]

|z —y|*

6(v) — 6(x)| _

lz —yl*  —

lp(z) — p(y)]
|z —y|*

< lo@)llen) HleWllew)

< (I9lle@lelce@) + llellcw Blee@)

by the definition of [p]ce (o) and [¢]ca (). Taking the supremum over z,y € Q
yields the result. O
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Chapter 18

Interpolation inequalities

An interpolation inequality is exactly what it sounds like. Given two inequalities
we might derive a third inequality that somehow lies between the other two. In
this chapter we will show that if the second derivatives and the function value
(zeroth order derivatives) of u is bounded, then the first derivatives are bounded
as well. We will only prove the two simple interpolation inequalities that we
need

Proposition 18.1. [INTERPOLATION INEQUALITY| Suppose that u € C()
then:

1. If D*u € Cipy(2)(Q) then, for any € > 0, there exists a Ce such that the
following inequality holds

|Vl (18.1)

< Cellullc(o) + €| D?ul

Cint, (1) Cint,(2)*

2. If [DzU]C;” () 15 bounded then, for any e > 0, there exists a Cc such

2)

that the following inequality holds

ID*ull ¢,y ) < Cellttllca) + elD?ulca (). (18.2)

int,(2)

3. The same is true without the “int” and (1) in the norms.

Remark on the proposition. The proposition might seem to be very
abstract (in particular if one is unused to the rather intricate definitions of
the norms). But what it states is that it is enough to control [lul|c(q) and
| D?u| in order to control the norm

Cing,(2)

lullcz () = llulle@) + IVulley,. o, + lulle@ + 1Dl

C?

int

Cint,(2) *

Similarly, ||ullc(o) and [D?u]ce

(@) controls the norm Hu”Cﬁ,’f(Q)‘

Proof: We will only prove the first two points since the third point is anal-
ogous.

135
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To show (18.1) we let z° € Q. We need to show that

dist(«*, 00)|Vu(a)| < Cllull ey + el D%

Cint,(2) (18'3)

If we can show (18.3) then (18.1) follows by taking the supremum over all z° € .
If we let 4d = dist(z?, 992) then

c
sup |D2u(‘r)| < @HDZ’M Cint,(2)

Ba(z0)

and from Taylors Theorem we can conclude that, for any 0 <t < d,

: Ct
inf |€-Vu(z)| > |[Vu(a®)] — ﬁHDzuHC

18.4
By (z) ( )

int,(2)?

0
where £ = |§ZE§0§|'

Now for any y',y? € Bg(x°) such that y? = y* + s¢ there exists, by the mean
value theorem a z € By(2°) on the line between y* and y? such that

2381(13)) u(z)| 2 Ju(y') —u(y®) = |(y* —y') - Vu(z)| > (18.5)

=|s¢-Vu(2)|

Cs?
> 5[Vu(z®)] ~ o D%

Cing,(2)

where we used (18.4) with s = ¢ in the last inequality.

dist(z?,89)
S

Rearranging (18.5) and then multiply both sides by we see that

2dist (20, 092) Csdist(z°, 09)
s

But 4d = dist(2°,09) and s > 0 is arbitrary so we can choose s = ced for an
appropriate ¢ > 0 and conclude that

C
?Hullc(g) + €| D?ul|c > dist(z?, 09)|Vu(z°)).

int,(2) =

This is exactly what we want to prove with C. = C/e, (18.1) follows.

Next we prove (18.2).The proof is very similar to the proof of (18.1). How-
ever, we will need to use a second order Taylor expansion instead of a first order
expansion. As before we fix an 29 € Q and set 4d = dist(z?, Q).

We aim to show that for z° € Q

dist(z?, 00)?| D*u(z°)| < Cel|ullc(a) + e[D2u}cat () (18.6)

in

Notice that it is enough to show that for all unit vectors n

dist(z°,09)*| Dju(a’)| < Cellullc) + elD*ules, , @)

IIUHC(QWT||D2U|\cm,<2> > dist(a”, 0Q)| Vu(2°)||Vu(a?)].
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where D, = 7 -V is the directional derivative in the 7 direction. There is no
loss of generality to assume that 17 = ey, otherwise we may change basis for our
coordinate system so that n = e;.

Using a Taylor expansion we see that, for y° = 29 + se; and |s| < d,

Ou(z” 1 0%u(x”
) - (w0 + 25t - ) + 5 T a2 =
1

ou(z?) 1 0%u(x®)
0y 0 - 2
u(y”) (u(x )+ D, s+ 2 02 s )
|3|2+a 2
S C d2 [D U}Cic;n((z)(g).

< (18.7)

2 (0]
Let us, for the sake of definiteness assume that agT(ff) < 0 then we may
1

choose s such that s%zo) < 0 and conclude from (18.7) that

1

1oPu(at) 5 _ s
T3 =0 @ Do @

u(y”) — u(z)

which implies that

4 |s|* 12
< glullew + O 5 [D™eg, @)

0u(z?)
ox?

which gives (18.6) if we choose |s| small enough and that 4d = dist(z°,09). O
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Chapter 19

An interlude
- the Need for Boundary
Estimates.

So far we have proved interior estimates, that is estimates for ||u|| 2.« if u solves
int

an elliptic PDE. Unfortunately the interior estimates are not strong enough to
prove existence of solutions since they allow the second derivatives to grow line
dist(z, 0Q) 2.

In order to explain this let us review our strategy for finding solutions to the
equation

n 0%u(x n Ou(x .
i (@) Gl + Nim i) 5 +e(ue) = fl@) m @ g,
u(z) = g(x) on 9,
let us for notational simplicity assume that b; = ¢ = 0. We write the equation
n n
0%u(x) 0%u(x)
i (2 = (20 = agi(x 19.2
Z ab] (l‘ )8x28xj Z (a"Lj ('r ) aLj ('T)) 8.%1(95% + f(l'), ( 9 )
i,j=1 1,j=1
=F(z)

where we assume that |a;;(2°) — ai;(z)| < e. Notice that if u € C*(2) then
the right hand side in (19.2) may grow like |F(z)| =~ Teia o)z as we approach
the bundary 0f).

In order to show that the boundary values are obtained in (19.1) we would
need to construct a barrier w(x) at each boundary point z° € Q. A barrier
was a super-solution to the equation that satisfied w(z") = 0 and w(z°) > 0 in

Q\ {z°}. But a super-solution would have to satisfy

ij=1
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And if F(z) =~ — Tt ooy then it is easy to see that we can not find a barrier in
general. The easiest way to see this is to consider the one dimensional problem
Q=(0,1) and F(z) = — gzmamyz and a11(2°) = 1. Then the equation for the
barrier reduces to

Pue) < _ ¢ in (0,1)
w(0) =0 and
w(z) >0 in (0,1).

But integrating this differential equation leads to w(z) = eln(z) 4+ ax + b for
some constants a,b € R which clearly can not take the value w(0) = 0.

The problem is that the interior estimates allow the solution to grow to fast
at the boundary (that is why they are called interior). Therefore we need to
prove some estimates at the boundary of the domain. It is easy to see that we
can not prove that the solution to (19.1) has bounded C** norm without any
assumptions on the boundary and on the domain.

Example: Let Q = B (0) = {x € B1(0) 2o > 0} be a domain in R? and
u(z) be a solution to
Au(z) =0 in
u(z) = |z1|*  on 09,

for some o € (0,1). Such a solution exists by the Perron method. However,
if [|ul|c2.0(q) < C then we would have that ||u(x1,0)|c2.0(,e—1,1)) < C. But
u(z1,0) = |z1|* ¢ C?* which would lead to a contradiction. We may conclude
that u ¢ C%%(Q). As a matter of fact, this shows that the best we can hope for
is that u € C*(€). This shows that we must assume that the boundary data is
in C** to have any hope to show that [ul|c2.a(q) is bounded.

Example: Remember that the function u(r,¢) = r®sin(a¢) solves the
Dirichlet problem

Au(r,¢) =0 in {r € (0,00), ¢ € (0,7/)
u(r,¢) =0 forpg =0and ¢ = 7,

for « > . Notice that if o € [1/2,1) then u € C*\ C'. So we have harmonic
functions with zero boundary data that are still not C%®. The problem here
is that the domain has a sharp corner at the origin. Apparently we need to
assume something about the regularity of the domain in order to prove that the
solutions are C%%().

In the following chapters we will pursue estimates for the C%®—norm for
solutions to (19.1). The proofs will be quite similar to the proofs of the inte-
rior estimates. In particular, we will start to show boundary estimates for the
Newtonian potential close to a part of the boundary where the boundary is as-
sumed to be contained in a hyperplane. Then we will continue to investigate the
Dirichlet problem for the laplace equation close to a boundary, again given by a
hyperplane. Having those estimates at hand it is easy to show apriori estimates
for solutions to the Dirichlet problem for variable coefficient PDE.



Chapter 20

Boundary regularity
- The Laplace equation.

In this chapter we will investigate the boundary regularity properties for the
Laplace equations close to a part of the boundary that is a hyperplane. The
proof will be analogous to the interior regularity proof.

We begin by estimating the Newtonian potential in an upper half ball By (0).
The proof consists of one major observation - that the boundary terms on the
flat part of the boundary disappears in the estimate for the second derivatives

2 2
for all second derivatives except O ulx) Byt it is easy to estimate O u(@) i
ox? Oz

terms of 242 for j = 1,2,...,n—1 and f(z). This since Au(z) = f(z) and

P
ox;

2'lLI n— 2’LL(L’
thus aaz(g) = f(x)=>_ ! 88:”(? ),

=1

Lemma 20.1. Let f(z) € C*(BJ(0)) for some 0 < a < 1 and define
uw = [ N@-ore
BJ(0)

then there exists a constant C,  depending only on n and o such that the
following inequality holds

SuPp(0) | f(2)]
[D2U]CG(B;(O)) S Cn,a <[f]CQ(B;R(O)) + RR%O‘ . (201)
Proof: We have already shown, see Theorem 2.1, that gij‘a(fi has the follow-
ing representation formula for z € B;,(0)
Ou(x) O°N(x — &)
= — — dé— 20.2
O0x;0x; /B;R(o) O0x;0x; (F(&) = Flw))dg ( )

e (‘3N(Jc—£)u
Y G C)
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Strictly we only proved this representation for the domain Bsg(0) but the de-
duction for the upper half ball B;r 2(0) is exactly the same.

We will split the proof into two cases. The first case is very similar to the
proof of Theorem 14.1 and we will only indicate the minor differences.

Case 1: Estimates for [ 332;%
i0%;

when i #n or j # n.
}C“(BE(O)) #

2
We may assume that j # n, if not then ¢ # n and we may use that grfa(ii =
200
gx?éi) to reduce to the case for j # n.

Observe that the normal v = —e,, on B3 3(0) N {z,, = 0} and the boundary
integral in (20.2) therefore reduces to

ON(z—¢) ‘ B
1 [ @i =

ON(x —¢
2y T
8Bapr (0)N{x, >0} L

Therefore, for j # n, the representation in (20.2) becomes

v;(§)dA(§).

u(x) _ 92N (z — )

Or;0w; /B;R(O) “Owow;, J© = f(z)) dé— (20.3)
_ ON(z —§)

/(@) ~/8B2R(0)ﬂ{xn>0} ox;

Notice that we do not integrate over the set {z, = 0} in (20.3). We may
therefore form the difference

v (§)dA(E).-

0?u(z) B 0?u(z)
Ox;0r; Ox;0x;

= ‘/+ Nij(z =) (f(f)—f(w))dﬁ—f(:v)/ Ni(z—&)v;dA(€)—
B3 r(0)

OB2r(0)N{x, >0}

[ Nal- 9 - fw) de+ ) [ Nily — vsdA(©)|
B, (0) Bar (0)N{z, >0}
These are the integrals we estimated in the proof of Theorem 14.1 with the only
difference that we now integrate over a smaller set Bar(0) N {z, > 0} in place
of Bag(0). But the estimates of Theorem 14.1 still works line for line in this
case.
We may therefore conclude that, for j # n,

SUP B, (0) |f($)|> .

0%u
[ <Cpa ([f]C’O‘(BgR(O)) + Ho (20.4)

Ozi0w; ] (B (0)
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Case 2: Estimates for {g%

}C%B;(o»'
Since Au(z) = f(z) it follows that

PU) _ iy - 5 L0
3x% B j=1 8%?
In particular
n—1
R VU D™
073 | co (B (0) = 0w ca(B*(O))i
R
n—1 82u($)
S[f(x)]ca(B;(o))+Z 0x? :
j=1 7 Joe(Bf(0)

Supg, (o) If ()]
R~ ’

< [f(x)]ca(B;(o)) +(n=1)Ch.a ([f]Ca(BQR(O)) +

where we used the triangle inequality in the first inequality and (20.4) in the
last inequality.
If we redefine C,, o to 1+ (n — 1)C,, o we may conclude that

SUPBL(0) f(x)|) .

0%u
Ra

a 5 S Cn,a ([f]C"‘ B 0 +
ax%}ca(B;(o)) (Ban(©)

Corollary 20.1. Let u be as in Lemma 20.1 then

1
HUHC?JX(ng(O)) <Cna <[f]0a(B;R(o)) + (Ra + RQ) |f($)||c(B;R(o))) .

Proof: By the interpolation inequality it is enough to show that

||UHC(BQ+R(0)) < CnR2Hf(m)”C(B;'R(O))'

By the definition of u we have

fu()| = <

/ N — &) f(€)de
B3 (0)

< Hf“C(B;'R(O)) < C"Rznf(x)”C(BJR(O))’

[, . Ve

2r(0)

where we used the explicit formula for N in the last inequality. O
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Next we estimate the solution to the Dirichlet problem up to the boundary
in BIR with zero boundary data on x,, = 0. The proof uses that we may reflect
the potential solution from Lemma 20.1 in the hyperplane {x, = 0}, just as
we reflected the Newtonian kernel in order to find a Greens function in R’f.
This allows us to reduce the regularity problem to the case when f(z) =0. An
odd reflection in x, = 0 to the solutions with f(0) = 0 reduces the boundary
regularity case to an interior problem.

Proposition 20.1. Assume that u € C*(B}R) and that u solves

Au(z) = f(@)  in Bip(0)
u(z) =0 on Byr(0) N {z, =0},

where f € CY(B{(0)) for some a € (0,1).
Then there exists a constant Cy, o depending only on n and o such that

[u](]?,a(B;(o)) < (20.5)

1 1
<Cha ([f]cw(BgR(o)) <Ra + R2> Iflless, o) + WHUHC(B;'R(O))> :

Proof: We will write u(x) = v(z) + h(z) in the ball B,(0) where

Av(z) = f(x)  in Byr(0)
v(xz) =0 on Byg(0) N {z, =0}
and
Ah(z) = h(x) in By5(0)
h(z) =0 on Byg(0) N {z, =0} (20.6)

h(z) =u(x) —v(z) on dBagr(0) N {x, > 0}.
We need to estimate the C*%(B},(0))—norms of v(z) and h(z) in turn.
Step 1: Construction of and estimates for v(x).

We may define the reflection of f(x) in C*(Bsr(0)) according to

; { f(x) if 2, > 0

flz) = flxy, o, sy, —x,) if 2, <O.

Then f € C*(Bar(0)) and || fllca (B.1n(0)) = [fllce (st 0))-
Now define

i@)= [ N@-f(de fore e Bur(0)
B4r(0)

and

o(x) = / Nz — &) f(€)de for = € Bly(0).
TR (0)
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From Theorem 14.1 we derive that

SUPB,(0) | f ()] )

[D2'0]CO¢(B2R(0) < Ca,n ([f}CO‘(BaxR(O)) + R

and similarly from Lemma 20.1 we derive that

9. SUP B, (0) | f ()]
D8ty on < Cnn (Mlomogyion + o220 ).
In particular we may conclude that v(x) = 20(x) — o(x) satisfies the same

estimate (possibly with a larger constant)

SUP B,k (0) |f(2)]
[D%)]CQ(B;_R(O)) < Cn,a ([f]Ca(BIR(O)) + MT .

We claim that v(xy, o, ...,2,—1,0) = 0. This follows easily from the sym-
metry of the Newtonian kernel:

N(ml_gla "'7xn71_§n71>x’n_§n) = N($1—§1,$2_§2, "‘7$n71_§n71u —$n+§n),

since N(xz — &) only depends on |z — &].
Therefore, if z,, =0,

_ / Nz — &)f(¢)de + / Nz — €)f(¢)de =
B, p+(0)

-2 o M- = 2,

So if &, = 0 then v(x) = 20(x) — ¥(x) = 0 as claimed.
Step 2: Construction of and estimates for h(z).

The function h(x) = u(z) — v(x) so we only need to estimate its C%* norm.

We will do that by considering the odd reflection of h(x) - which we will show
is harmonic in Bag(0) - together with interior estimates for harmonic functions.
In particular that we may estimate the C3(Bg(0))—norm of a harmonic func-
tions by its C'(Bag)—norm.

We need to estimate ||h||C(B;R(0)) which, by the maximum principle, is the
same as estimating

sup [h(z)| = sup |u(z) —v(z)| < sup [u(z)|+ sup |v(z)].
OB (0) 9B3(0) OB (0) 0B (0)
The supremum of u appears in the right hand side of (20.5) so we only need to
estimate SUPyp+ (0) |v(z)|. This is easily done as in the proof of Corollary 20.1.
2

In particular,

v(z)] <2

+

/ Nz — &) f(€)de / Nz — &) f(€)de| <
Bl (0) Bar(0)
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<lflleusgon f, IVEOIE < Cull gy on B
Therefore

||th(B;R(0) = HUHCB;R@ + Can”c(BjR(o))R2'

Consider the odd reflection of h on dB3r(0):

() = h(z)  if z, >0 and x € 9By (0)
= —h(z) if z, <0 and z € 0B3r(0).

Furthermore we let g solve the Dirichlet problem

Ag(z)
g(x) =

Then, since g(z) is uniquely determined by (20.7) and since h(z) is odd in ,,
it follows that g(x) is an odd function in z,. That is g(z1,22,...,0) = 0 and
therefore g(x) solves (20.6). Uniqueness for the Dirichlet problem implies that
h(z) = g(z) in Biz(0).

Now, since g(x) is harmonic in B (0) it follows that there exists a constant
C,, such that

||D3h||c(3;(o)) = ||D39($)Hc(3§(0)) < ||D39(95)||C(BR(0)) <

in BQR(O)

Z( ) on 9Byp(0). (20.7)

Cy Cy
< ﬁHgHC(BzR) = ﬁHhHC(BQR)-
An application of the mean-value Theorem from calculus implies that

—a Cn
[D2h]ca(3;(o)) < R! HDgh”C(B;(o)) < W”h”C(BzR) =<

1 1
<G (5 + ) Wlowtyon + gara Mot )

In particular, we have shown that

[Dgu]ca(B;(O)) <Cna ([h]C“(B%(O)) + [h]CQ(BUR(O))) <

1 1
< Cha ([f]oa(Bg(o)) + <Ra + RZ) Ifllest, o) + WHMC(B;R(O))) :
O

Corollary 20.2. Under the assumptions of Proposition 20.1 we have the esti-
mate

[ullcz.a st 0)) < (20.8)

1 1
< Cha <[f]0a(3g(o)) + <Ra +R ) Iflless, o) + WHMC(B;R(O))) :
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Proof: We only need to estimate HVUHC(B;(O)) and HD2u||C(B;(0)). How-
ever, that can be done by an interpolation inequality. O

We end this chapter with a proposition for constant coefficient PDE. The
proof is, as it was for the interior case, based on a change of variables that
reduces the PDE to the Laplacian.

Proposition 20.2. Let u(z) be a solution to the constant coefficient elliptic
PDE

n 82 u(z .
Zi,j:l Qi 433310(953 = f(z) in B;_R(O) (20.9)
u(zr) =0 on IQ N {x, = 0},
where a;; = aj; satisfies the ellipticity condition for all £&inR™ and some A, A > 0

AEP <Y ai&igy < Mg

ij=1
Then there exists a constant Cx p n,o > 0 such that

”u”cz.a(B;(o)) < (20.10)

1 1
< Crama ([f]C@(B%(O)) + (Ra + RQ) Ifllecst, o) + WHUC(B;R(O))) :

Proof: As in the proof of the interior estimates for constant coefficient PDEs
we make the change of variables v(x) = u(Pz) where P is chosen such that
PTAP = I. Notice that the linear transformation P will map {x, = 0} unto
a hyperplane that we may assume (possibly after a rotation of the coordinates)
to be {z, = 0}. We may thus apply Corollary 20.2 on v(z) and then use
u(x) = v(P~1z) to derive the desired estimates for u. For further details see
the proof of Proposition 15.1 (Part 6 of these notes).
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Chapter 21

Boundary Regularity
Variable Coeflicient
Equations.

In this chapter we prove apriori estimates up to the boundary for general linear
variable coefficient PDE for C%® domains. We start by showing estimates for
variable coefficient equations in upper half balls Bor(0) and then we show that
general domains with C%® boundaries can be reduced to this case.

21.1 Boundary Regularity when the Boundary
is a Hyperplane.

In this section we use a freezing of the coefficients argument, as in Theorem
16.1, to show that variable coefficient equations have C? estimates up to the
flat part of the boundary in an upper half ball.

Theorem 21.1. Let u € C**(BJ;(0)) be a solution, in BYx(0), to

n

Lu(zx) = Z aij

ij=1

axlaxj Z 3% telou(n) = fx)  (2L1)

u(z) =0 on {z, =0} N Br(0)  (21.2)
Assume furthermore that a;j(z),b;(z), c(x) € C(B3z)(0), that a;;(z) = aj;(x),
and that a;;(x) satisfy the following ellipticity condition

n

AEP <) ai(@)&é5 < AJEP,

ij=1

149
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for some constants 0 < A < A and every x € Bi5(0) and all £ € R™.
Then there exists a constant C' = C(X\, A, n, a;j,b;,¢) such that

el 2.5 0)) =

<C ([f]Ca(B%(O)) + (le’ + R2> Ifllest,0)) + R21M|U||C(BJR(0))) :
Proof: This proof mimics the proof of Theorem 16.1 (Theorem 1 in part 6).
Therefore we will only indicate the minor differences. We may choose B, /2(0)
as the compact set K and cover K by a finite number of balls Bs(z*) such
that either Bys(z*) C B;FR/Q(O) or Bys(xF) N B;FR/Q(O) = BJ5(2"). To estimate
”D2uHCﬁ§t,<2 (%) in the first case we may proceed exactly as in Theorem 16.1.

In case Bys(z¥) N B;R/Q(O) = BJ;(z*) we may apply the boundary estimates
from the previous section in place of Proposition 15.1 (Prop 1 in part 6). O

Corollary 21.1. Letu € C’Q""(B;R(O)) be a solution, in B3 (0), to

n

Z 8%18% ;b (9301 +e(ule) = flz)  (21.3)

u(z) = g(z') on {x, = 0} N Bar(0) (21.4)
Assume furthermore that f(x), a;j(x), b;i(z), c(z) € C*(BJp)(0), that g € C%*(B,(0)),
that a;j(x) = a;i(z), and that a;;(x) satisfy the following ellipticity condition

n

Ag? < Z aij()6:€; < AlEJ,

3,J=1

for some constants 0 < A < A and every x € B;R(O) and all £ € R™.
Then there exists a constant C = C(X\, A, n,a;;,b;,¢) such that

lull 2.5 0)) =

1 1
<cC (”9”02 «(Byp0) + [floasio) T <R°‘ +R ) Iflless, o) + W”””C(B;R(O))) .
Proof: We may define v(z) = u(z) — g(z’). Then Lv(z) = Lu(x) — Lg(z') =
f(x) — Lg(z'). We may thus define f = f(x) — Lg(z’) € C*(BJ(0)). Clearly

1 llenisgon < € (lallcme o + 1 lcesson)

and
||Uch,u(B+(o)) < [vllca. aB0) T 9]l o2, (BL(0) (21.5)

We may apply the previous proposition on v with f in place of f and then
estimate ”uHcha(B;(o)) by (21.5). O
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21.2 Boundary regularity for C*>“ boundaries.

Now we change our perspective to domains with boundaries that are locally
given by the graph of a C?-function - which we will call C*“-domains. The
proofs are not that difficult since we may make a change of variables and trans-
form the C%*—domains to domains with the boundary given by a hyperplane
and then use the estimates from the previous chapter.

We will use the notation 2’ = (z1,29,....,2p—1) and V' = (01,02, ..., On_1)
etc. We will also always assume that the PDE we study satisfy the standard
ellipticity condition:

n
MNP < ag()&g; < AlEP,

4,J=1

for some constants A, A > 0.

The next Lemma makes the important reduction of the C?*—domain to a
domain that locally has the boundary contained in a hyperplane {z, = 0} which
allows us to use the theory from the previous chapter. The method is commonly
refereed to as a “straightening of the boundary argument”.

Lemma 21.1. Let g(z') € C**(B,,(0)), g(0) = |V'g(0)] = 0 and
Q = Bor(0) N {x, > g(z)}.

Assume furthermore that u(zx) is a solution in Q to

- 2'U, x - u\xr
Lua) = Y a@) g + 3 b0 G+ claua) = fo) (216)

i,j=1 i=1

w(z) =0 on {x, = g(z')} N Bar(0) (21.7)

where L satisfies the assumptions of Theorem 21.1.
Then there exists a constant ¢c(\, A) > 0 such that if |Vg(z')| < ¢(\, A) then
v(x) = u(x1, 22, .oy Tn1, n — g(&')) satisfies an elliptic equation in {(z', x, —

g(a)) € 2}

X

o) = 32 @) g + 3 R g Heele) = £ ga)

(21.8)

v(xz) =0 on {z, = 0},
(21.9)

where a;;, I;i,é e C% with C*—norms only depending on the corresponding
norms for a;;,b; and ¢ and the C**—norm of g. Furthermore, a;; satisfies the
following ellipticity condition

A2 ~ 2

SlEl” =< D ()& < 2M[¢7 (21.10)

ij=1
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for all £ € R™.

Proof: The proof is straight forward. We may write u(z) = v(z’, z, + g(z'))
and calculate

ou(x)  Ov(a',x, + g(a')) n dg(x’) dv(a’, xp, + g(z'))

0x; Oz; 0x; Oz, for i 7 n,

and

8£Cn 8xn

Similarly we can express the second derivatives of v in terms of v(z’, z,, + g(z'))
as follows, for i,j # n,

dulw) _ Ol + 9(a')

Pu(z) (2, z, + g(2')) n D?g(a") dv(a, x, + g(a'))

&Eiam]— - 835‘18%] 89318% &nn +
, 99(a") 99(a") v(a', xn + g(2')) L 99" Pv(z’,z, + g(a'))
dz;  Ox; ox? z; Oz 0z, ’
Pu(x) _ 0%v(a',zn +g(a')) | dg(a) v(z' zn +g(2') .
0107, 0102, o, 912 for i 7 n,
and
Pu(x) _ 0%v(a', zn + g(a’))
ox2 ox2 '
In particular we have that
ST AL S L A ()
=1 &,_/ 83016307 - ig=1 4 8I18$]

=ai; (2 ,xn—g(z'))

n—1 n—-1
dg(a') vz’ zn + g(2'))
+Z (am(x) + Z 0x; @ij 0x,; 0y,
=ain (2" 2n—g(z))

n—1 n—1
dg(x’ gz \ 0%v(a', z, + g(a’
+ (ann(x) +2 E 72(1‘ )am(x) + E aij(l') 81‘(8x)) ( 972 ( ))+
i=1 l B "

i,5=1

=ann (2, xn—g(x’))

n—1 g9 ! / /
*g(x )aij(x) du(a',xn + g(x ))’
6@6;0]» Oy,

_|_
ij=1

where the underbraces indicate how we define a;;.



21.2. BOUNDARY REGULARITY FOR C%*® BOUNDARIES.

We can also calculate

n n—1 ! '
Zbi(l') au(%) = Zbi(fﬂ) oule, gzj_ 9@))

Setting Bm/’xn-}-g(x’) = b;i(),

B a 32 /
bn(m/,xn _|_g( _ bn + Zb g ) 9(33 )aij(m/axn —|—g(x’)),

8(El a.%'lal']

and ¢(z’, z,, — g(2))) we see that

153

Z 2,2 + 9@ ) I I | ot ot gl ole! 2 + 9(a).

3:13i

=1

Evaluating this at the point (2, z, — g(z)) gives

= Y @ G+ Y b G lw)ele) = e’ —g(e') = i),

1=

where the last equality defines f (z).
Next we show that L is elliptic. Observe that if write

ai; a2 - Qlp
@21 Qa22 - A2p
A= .
an1 Ann
and 5
1 0 0 3791
010 20
0g2
G=10 01 Dg
0 0 1+ 29
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then we may write the matrix A = [@if]7 j—, as follows
A=GTAG.

It follows in particular that for any vector & = (&1, ...,&,)T € R™ that:

n

D a&ig = (GO A (GE > M |GeP (21.11)

ij=1

Clearly |G¢|* > 1[¢| if [V'g(a’)| < ¢ for some constant c. Notice that (21.11)
states that

> @il > MG >
ij=1
if |V'g(2')] < ¢, which is the left inequality in (21.10). The right inequality
(21.10) in is proved in an analogous way.

€17,

o | >~

To verify that a;;, bi, ¢, f e C* it is enough to verify that

. / / _ . / /
sup |alJ (*T y Tn, + g(xl )) T;J (y y Yn + g(y ))' only depends on HchZ,a and HainC"‘
T,y r—y

(21.12)
and similarly for b;, ¢; and f. This since a;; is defined by terms a;;(z’, z, +g(z'))
multiplied by derivatives of g - which are clearly in C*. So if a;; (2, z, +g(z’)) €
C® then a;; € C* by Proposition 17.2 (Prop 3 Part 6). To prove (21.12) we
notice that

. / / _ . / /
sup %@ 20 +9(2) = iy, y + 9@ _
zy |z —y[*
— sup |aij () — ai;(y)]
vy |(@ 20 —g(@") = (' yn — g(y'))|* —

|z —yl o o
= (|($”xn —9(@") = (¥, yn g(@/))) lasglce.

But wn_q(w,l;ﬁ)__y&/, %_q(y,))| < C where C only depend on V’g and thus it
follows that a;; € C* with norm only depending on || f|lc~ and | g||c2.a. O

Next we apply the straightening of the boundary argument to show regularity
in C%“—domains. We also allow non-zero boundary data.

Proposition 21.1. Let g(z') € C?(B},(0)), g(0) = |V'g(0)| = 0 and |Vg(z')| <
¢, where ¢ > 0 is as in Lemma 21.1. Also let Q = Bar(0) N {xz, > g(z’)}.
Then any solution u(x) in Q to the following PDE

Z 8:@&%3 + Z bi(x) ag;f) +e()u(z) = f(z)  (21.13)

uw(x) = h(z) on {z, = g(z')} N Bagr(0),  (21.14)
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where L satisfies the assumptions of Theorem 21.1, will satisfy the estimate

||U||C2=a(BR(0)mQ) < (21.15)
1, 1
S C Hh“an(aQ) + [f]co‘(B;(O)) + ﬁ +R ||fHC(BZrR(0)) + WHUHC(B;R(O)) y
where C = C()‘7 A7 n, aija bia c, g)

Proof: We define v(z) = u(z’, x, — g(2')). Lemma 21.1 implies that v solves
an elliptic equation

Lo(z) = f(z', 2, — g(z')) in {(2', 2, — g(z')) € Q} (21.16)
v(z) = h(2', 2, — g2')) on {z,, = 0}, (21.17)

where the coefficients of L only depend on the coefficients of L and on g.
Corollary 21.1 implies that v satisfies the right estimates. But u(z) =

v(a’, z, + g(2") so a simple application of the chain rule for differentiation will

imply that u satisfies (21.15). O

21.3 Global regularity

We are now ready to glue the boundary and the interior regularity together to
prove global regularity. To that end we define C%*—domains as domains whose
boundaries can be covered by balls of some fixed radius such that the boundary
can be represented by a C%® graph in each ball. See the figure below.

Figure 21.1: A C?%-domain with the coordinate system for one ball B, (x°)
indicated.

Definition 21.1. We say that a domain € is C** if there exists an v > 0 such
that for every x° € O there exists a coordinate system such that B,.(z°) N 0
is the graph of a C*—function in this coordinate system.

We say that a constant C' depend on a C>®-domain Q if C depend only on
r and on the C**—norm of the boundary in the balls B,(z°).
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Remark: The notion of a constant depending on a C*“—domain is not
very rigorously defined here. In particular, if Q is a C*® domain with oner > 0
then it is a C*% domain with respect to any smaller r. Also the C*%-norm
of the functions whose graph coincidences with 9 N B,.(z°) will depend on r
and also on the coordinate system we choose to represent O N B,.(x°). This
ambiguity will not affect our discussion here since we will not keep track on
how constants depend on the domain. So in the rest of these notes one may
think of each C*“-domain having a specific r > 0 attached to it and that we
represent the boundary 9Q N B,.(z°) = {(2/, g(z")); g € C**} where we choose
the coordinate system in which we represent g so that g(0) = |V'g(0)] = 0.

With this definition at hand it is easy to prove C*® estimates for solutions
to linear PDE. We may cover a neighborhood of the boundary by balls such that
we can apply the boundary regularity in each ball. The rest of the domain can
be covered by a compact set K with a mixed distance to the boundary. Using
the interior regularity results we can estimate the C?®—norm of the solution in
the compact set.

Figure 21.2: A C?%-domain with a compact set (with the zig-zag pattern),
where the solution is C*® by interior estimates, and a number of balls where
the solution is C?® by the boundary estimates.

Theorem 21.2. Assume that u € C*(Q), where Q is a bounded domain, is a
solution to

n 2'LL X n u\x
> @IS b 2 o) = sy im0 (118)

axiaxj im1 8:@
u(z) = g(z) on IN. (21.19)

Assume furthermore that f(x), a;;(x), bi(z), c(z) € C*(Q) and that g(x) € C**(99)
and that Q is a C**—domain and that a;j(x) satisfy the standard ellipticity as-

sumption
n

AEP <> ai(@)&g; < AEP.

ij=1
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Then there exists a constant C' such that

lullc2a(a) < C (IIfllca) + lgllcze @) + lulcw) (21.20)

here C = C(n,a, A\, A, a;5,b;, ¢, Q) where A, X > 0 are the ellipticity constants of
the PDE.

Proof: We will prove the Theorem in three simple steps.

Step 1: Cover the domain.

Since € is a C?*—domain we may cover the boundary 9 by balls Bi./4(2),
z € 082, where QN B,.(x) is given by the graph of some function g € C*%. We
may also decrease r, if necessary, to assure that |Vg| < ¢ in B/ where c is as in
Lemma 21.1.

Let K = {z € Q; dist(z,08) > r/4}. Then K is compact and K together
with the balls B, /5(2), z € 952, will cover Q.

Step 2: Local bounds for the norm.

For any ball y €  we will either have B, /4(y) C K or B,,4(y) C B, /2(2)
for some z € ON.

If B,,,(y) C K then Theorem 16.1 will imply that

c
llloze s, sy < Nullozew) < gz (Ifllow@ + lulew),  (21.21)

where we have used that dist(K,99) = 7/4 and thus dist(K,00Q)~2+e) =
2~ (2+a)p=(2+) and that the factor 2-(**®) may be included in the constant
C.

And if B, /4(y) C B, /2(z) then Proposition 21.1 will imply that

ullcz.a s, s@nne < C (Iflca@) + 1Pllcza + llulle@)) - (21.22)

Step 3: Global estimates and the conclusion of the Theorem.
Clearly (21.21) and (21.22) together implies that for any x € Q

Vu(@)| + [D?u(@)| < C (I flcao) + Ihllone + lullo@),  (21.23)

where C = C(n,a, A\, A, a;5, b;, ¢, Q) where we included the r dependence in
the dependence on Q.
Therefore we only need to show that

|D*u(x) — D*u(y)]
|z — yl|*

< C(Ifllee@y + Ihllcze + llulle)) - (21.24)

We will consider two (or three - depending on how you count) cases. Either
e —y| <r/dor|z—y|>r/4 If |z —y| < r/4 and both =,y € K then (21.24)
follows from (21.21) and if one of x or y, lets say y for definiteness, satisfies
y ¢ K then there must exists a ball B, 4(2), 2 € 0Q such that y € B, /4(2).
But then, since |z —y| < r/4, both z,y € B, /4(y) C B,/2(2) and (21.24) follows
from (21.22). In any case, (21.24) follows if |z — y| < r/4.



158CHAPTER 21. BOUNDARY REGULARITY- VARIABLE COEFFICIENT EQUATIONS.

If | — y| > r/4 then

|D*u(z) — D*u(y)|
|z —y[*

4« 4«

< —|D*u(x) — D*u(y)| < 2— sup |D*u(z)| < (21.25)
re % zeQ

24~C

<2
= o

(Ifllcay + lIhllcze + [lullow)) »

where we used (21.23) in the last inequality. Notice that the constant in the
right hand side of (21.25) only depend on 7 and n,a, A\, A, a;5,b;,¢,Q. But r
only depend on € so we may conclude that the constant in (21.25) will only
depend on n, o, A\, A, a;5,b;, c and Q.

We have thus proved (21.24) which together with (21.23) implies the estimate
(21.20). O

21.4 Barriers and an improved estimate.
We met barriers before when we proved that the solution we get from Perron’s

method attains the boundary data. In this section we will use barriers again to
control the ||ul|¢(q)—norm of solutions to

" 0%u(x " ou(x
Lu(z) = ”zz:l a;;(x) axl(g)xi + ; bi(x) 89(61) + c(z)u(z) inQ (21.26)
when c(z) < 0. This will allow us to get rid of the dependence of the ||ul|¢(q)—norm
on the right hand side in the estimates of Theorem 21.2. This is not only more
esthetically pleasing, but it also shows that the solution can be controlled by
only using the given data.
We begin by slightly refine our definition of barriers with respect to equation

Definition 21.2. Let Q be a domain and £ € 02. We say that w is an upper
(lower) barrier at & for the partial differential equation (21.26) if

1. we (),
2. w>0in Q\{}, w(€) =0 and
3. wis a solution to Lw(x) < f(z) in Q (Lw(x) < —f(x) for lower barriers).

If Q is a domain and there exist an upper and a lower barrier at £ for the
PDFE (21.26) that € is a regular point.

Notice that if we can find a function satisfying the conditions for being an
upper barrier and Lw(z) < —||f|lc(q) then w(z) is both an upper and a lower
barrier and we say that w(z) is a barrier for (21.26).

Just as with the Laplace equation, the exterior ball condition implies the
existence of a barrier.



21.4. BARRIERS AND AN IMPROVED ESTIMATE. 159

Lemma 21.2. Let Q be a bounded domain and L be given by (21.26) with
c(z) <0 and a;j,b;,¢, f € C(Q). Assume furthermore that a;j(x) satisfies the
standard ellipticity condition
MNP < Y ai(@)6
ij=1

for some A > 0 and every x,£ € R™.

Then if & € O satisfies the exterior ball condition, that means that there
exists a ball B,(z¢) NQ = 0 and B,(x¢) N Q = {&} see Definition 11.3, then
there exists a barrier at &.

Proof: There is no loss of generality to assume that B, (0) touches 99 at the
point £ - if not we may translate the coordinate system so that x¢ becomes the
origin. Mimicking the proof of Corollary 13.1 we define

w(z) = Cy (e_er - e_N‘Z‘2> ,

then w(z) > 0 for |z| > r and w(z) = 0 for |x| = r we also need to show that
Lw(z) < —||flle)- To that end we do a calculation similar' to (13.4)-(13.6)
and conclude that for some small ¢y > 0 depending only on the diameter of 2

Lw(z) < —00N27"2/\67NT2 < —¢pCy

if N is large enough (depending only on [|b;()||c(q), A and r). Choosing Cy =
WHC% implies that Lw(x) < —||f|lc(a) which finishes the proof. O

Corollary 21.2. Let Q be a bounded C*“—domain and L be given by (21.26)
with ¢(x) <0 and a;;,b;, ¢, f € C(Q). Assume furthermore that a;;(x) satisfies
the standard ellipticity condition
MNEP < ai(@)6g;
i,j=1
for some A > 0 and every x,£ € R™.
Then there exists a barrier at every point of 0S).

Proof: It is enough to notice that we may touch the boundary at any point
¢ € 09 from the outside by some ball B,(x¢). This since 02 is a closed and
bounded set and thus compact and therefore the second derivatives of 9 is
bounded from above by some constant 1/r > 0. From standard analysis we
know that the radius of curvature of 02 is greater than r. O

Using the barrier we may estimate [|u||c(q) in terms of [|b;(z)|c (), Ifllc@)
and r and formulate a sightly stronger version of the apriori estimates in The-
orem 21.2 if we also assume that ¢(x) < 0 - which we need in order to use the
comparison principle: Corollary 13.1.

IThe only difference in this and the previous calculations is that we have an extra minus
in the definition of the exponentials and that we multiply by a constant Cy. However, the
calculation is still valid with minor changes.
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Theorem 21.3. Assume that u € C?(S2), where Q is a bounded domain, is a
solution to

n n

Z ax axj Z 61:1 i c(cu(z) = f(z) in Q (21.27)

u(x) = g(x) on 9. (21.28)

Assume furthermore that f(x), a;;(x), bi(z), c(z) € C*(Q) and that g(x) € C**(99)
and that  is a C**—domain and that a;j(x) satisfy the standard ellipticity as-

sumption
n

NEP <Y ai(@)&g; < Al

ij=1
Finally we assume that ¢(z) < 0.
Then there exists a constant C such that

[ullcza) < C (I fllca@) + lgllcze o)) , (21.29)

here C = C(n, o, \, A, a;j,b;, ¢, Q) where A, X > 0 are the ellipticity constants of
the PDE.

Proof: From Theorem 21.2, in particular equation (21.20), we know that
[ullcz.a @y < C (I1f]

Therefore we only need to show that

lullc) < C ([ fllea@) + lgllczeoa)) (21.30)

as a matter of fact we will prove something slightly stronger:

lulle@) < C (I fllca@) + llgllcea)) - (21.31)

where C' may depend on n, a, A, A, ai;, b;, ¢, and €.
According to Corollary 21.2 if B,.(2°) touches Q at some point then there
exists a barrier

ca(@) + l9lleze o) + [ullow) -

w(x) _ ||f||C(Q) (efNr2 o 67N|a:7:1:0|2)

Co

)

where N >> 1 only depends on ||b;(z)[/c(q), A and €. In particular, by the
comparison principle Corollary 13.1 it follows that

—llgllcon) —w(z) <u(@) <lgllc@) +wz)  inQ
since the inequalities holds on 92. But that implies that
lullc@) < lgllcoa) + llwllew)

but the supremum norm ||w||c () will only depend on N and on the diameter
of @ and linearly on || f|¢(q). This implies (21.31) which finishes the proof of
the Theorem. O



Chapter 22

The Method of continuity.

With the strong regularity theory at hand it is not very difficult to prove ex-
istence of solutions. Before we show how thin is done let us prove a simple
proposition: the contraction mapping principle. Before we do that we need to
define what a contracting map is.

Definition 22.1. We say that a mapping L : B — B from a Banach space B to
itself is a contraction, or that L is a contracting map, if there exists a constant
0 <7 <1 such that

|Lu— Lol < Tllu—ols

for all u,v € B.

Proposition 22.1. [THE CONTRACTION MAPPING PRINCIPLE.] Let L be a
contracting map on the Banach space B then there exists a unique u € B such
that

Lu = u.
Proof: The proof is simple. Pick a random uy € B, say ug = 0, and
inductively define
Ugy1 = Luy.

Then, by the definition of u; and using that L is a contracting map,
lugr1 — urllp = || Lux — Lug—1]|p <

< Tlug — ur—1llB < 7| Lug—1 — Lug—2||p <
< T2Huk—1 —up—2|lp < ... < Tk”Ul —uo|| -

In particular, using the triangle inequality we see that, for k > [,

k—1 k—1
uk —willp <Y lujer —uills <Y 7 flur —uollp =
=l =l
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1k
T-T 1w — ol
= Uy — u <7
177'”1 ollz < 1—7
In particular, uy is a Cauchy sequence and thus converges to some uy, € B.
Next we notice that any contracting map is (uniformly) continuous. To see
this we notice that given an ¢ > 0 we may choose § = £ then [[u —v[|p <
implies that ||[Lu — Lv||p < €. Therefore

Uoo = lim up = lim Lup_1 = L lim up_1 = Lus, (22.1)
k—o0 k—o0 k—o0
where we used the definition on us, in the first equality, the definition of uy in
the second and continuity in the third equality. Equation (22.1) concludes the
proof. O
The importance of the contraction mapping principle is that if we have two
PDE Liu(x) = f(x) and Lou(x) = f(z) and:

1. We can show that Liu(z) = f(z) in Q and u(z) = g(r) on 9Q has a
solution.

2. We have estimates for the operator Ly, that is if Lyu(z) = F(x) then there
exists a constant C such that ||u|lp < Cr,||F| B-

3. The operator Lu(x) = Liu(z)— Lau(x) has small norm, that is if | Lu||p =
|Liu(z) — Lou(z)||p < c|lullp for a small enough constant ¢, that will
depend on Cf,.

Then Lou(z) = f(z) in Q and u(z) = g(z) on 02 has a solution.

Example: How the Contraction mapping halps to find solutions to PDE:
Consider the PDE

Lu(x) = Y7y aij(0) 542 + 500 bi(w) 22 + c(w)u(z) = f(z) in Q
u(z) = g(x) on 01,
(22.2)
where Q is a C%*—domain, a;;, b;, ¢, f € C*(Q) and g € C**(99). Furthermore
we assume that for some small € > 0 we have that [a;;(z) —d4j{|ce(q) < € where
d;j is the Kronecker delta, ||b;(z)||ceq) < € and [|c(x)ca(q) < €.
We claim that the contracting mapping principle can be used to show that
there exists a solution to (22.2).
We may then define the operator

F:{uec 0% (Q)u(z) = g(x) on 90} — {u € C**(Q) u(xr) = g(z) on 9N},
so that given an F'(u(x)) solves the following PDE

AF(u(@)) = f(x) + (Au() — Lu(x)) i ©

Fu(z)) = g(z) on 9. (22.3)

That F(v(z)) is well defined follows from the existence of a unique solution to
the Dirichlet problem for Laplace equation. Also, v(z) € C%%(Q) it is clear that
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the right hand side in (22.3) is in C*(€2) and thus by our apriori estimates for
the Laplacian that F(v(x)) € C%%(Q).

Next we claim, and this is the important step, that F' is a contracting map
if € > 0 is small enough. To see this we notice that for u,v € C>%(Q), u(z) =
v(x) = g(x) on I then

1A (F(u(z)) = F(u(@)lga ) = [|Au(@) = v(@)) = L(u(z) - v(@))[ce @) <

< Cellu(z) —v(x)| o200,

where we used that the difference between the coefficients of the Laplacian and
L are less than € in C“—norm.
By the estimates add REF for the Laplace equation we can conclude that

|F(u) = F)llczaa) < Cellue) — v(@)l|cza o).

where we also used that F(u) — F(z) = 0 on 09. So if € < 55, where C only
depends on n,« then F is a contracting map. Thus, it exists a function u(x)
such that u(z) = F(u(z)). Substituting this u into (22.3) it follows that

Au(z) = f(z) + (Au(z) — Lu(z)) inQ
u(z) = g(x) on 0%

It follows that u is a solution to (22.2).

In the above example we only used the following three conditions: (1) we
knew that we had solutions for the Laplacian, (2) that we have C*%-estimates
for the Laplacian and (3) that the coefficients of L where close enough to the
coefficients of the Laplacian. This was enough to show that there exists a
solution to Lu(z) = f(z), therefore, the first condition is satisfied for L. We
also have C?®—estimates for L and therefore the second condition is satisfied.
This implies that we can show existence of a solution to any elliptic PDE with
C* coefficients e-close to the coefficients of L. We may thus continue iteratively
and show that any elliptic PDE with C“—coefficients admits a solution.

To formalize the above argument we let

Lu(x) = 7 iy asj (1) 5252 + S0 bi(2) 22 + e(ayu(z) = f(z) in Q

(22.4)
and we define the linear elliptic PDE Liu(z) = (1 — t)Au(z) + tLu(x). By
the argument in the example above we may show that Liu(z) = f(z) has a
solution for ¢ € [0,¢] for € > 0 small enough, depending only on the operator
L, « € (0,1), the domain  and the dimension. Applying the same argument
(as in the example) with L., for which we now know there exists a solution, we
can show that Lyu(z) = f(x) has a solution for ¢ € [0, 2¢]. Iterating will lead to
the existence of solutions for any t € [0, ke|, for any k € N as long as Lyu(z) is
elliptic. In particular, Lyu(z) = f(z) has a solution which is the same as saying
that Lu(xz) = f(z) has a solution. This method of proof is usually called the
method of continuity.
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Proposition 22.2. [THE METHOD OF CONTINUITY.] Let Ly : B — V and
L1 : B — V be two linear operators between the Banach spaces B and V.
Furthermore we denote Ly = (1 —t)Lg + tLy, for t € [0,1]. Also assume that
there exists a constant Cy such that the following estimate holds

lu —v|lp < CollLe(u —v)||v for every t € [0,1]. (22.5)
and that the operators are bounded, that is there exists a constant C1 such that
[Leullv < Chllulls. (22.6)

Then Lyu = f has a solution for every f € V for every t € [0,1] if and only
if there exists one to € [0, 1] such that Li,u = f for every f € V.

Proof: Clearly it is enough to show that if there exists one to € [0, 1] such
that Lyyu = f then a solutions exists for every ¢ € [0, 1].
We assume that L;,u = f has a solution for every f € V' and define the map
F:uws L' (f + Ligu — Lygqeu) € B.

(2%

This map is well defined since L;,u = f admits a solution for every f € V
and, from (22.5) it follows that, the solution to Ly;,u = f is unique. To see
uniqueness we simply notice that if u,v € B are two solutions then |ju —v||p <
C|| Lty (uw —v)|lv = || — fllv = 0 since the operator is linear.

We claim that F is a contraction if |e| is small enough (depending only on
(). To see this we consider u,v € B and calculate

HF(U)_F(U)”B = H (Ltigl (f + Ltou - Lt0+6u)) - (L;Jl (f + Ltov - Lt0+6v)) HB =

= HL_1 (eLo(u —v) —eLqi(u— v))HB < 2|e|lCoChllu — v|| B, (22.7)

where we used the triangle inequality and (22.5)-(22.6) in the last inequality
and the definition of L; in the second equality.

We see that if € < % then F' is a contraction. We may conclude that for
every e[ < & there exists a solution to F(u) = u, that is

Ltou = f — Ltou — Lt0+€u = Lt0+€u = f

In particular Liyu = f admits a solution for every t € [to — 1/(2C),to + 1/(2C)].

Repeating the argument for any ¢ = to+£1/(2C) we see that Lyu = f admits
a solution for every ¢ € [to — 2/(2C),to + 2/(2C)]. Inductively it follows that
the Lyu = f admits a solution for every t € [to — k/(2C),to + k/(2C)] N [0, 1].
The Proposition follows by choosing k large enough, say k& > 2C. O



Chapter 23

Existence theory for
variable coeflicients.

In the last chapter we saw that the method of continuity is what we need in
order to show existence of our PDE. In this chapter we carry out this argument
and prove existence for a general elliptic PDE with variable coefficients by the
method of continuity.

Theorem 23.1. Let Q be a bounded C*®—domain and g € C**(99Q). Also let

- Pu(r) du(x) )
Lu(x) = ”2:1 a;j(x) 9i0z, + FZI bi(x) o, + c(z)u(xz) in Q
where a;;(x), bi(z), c(x), f(x) € C¥(Q), c(z) < 0 and a;j(x) = a;;(z) satisfies
the following ellipticity condition

n

MNP < ) ag()&g; < Al

ij=1

for some A, A > 0 and every x,£ € R™.
Then there exists a unique solution u € C**(2) to the boundary value prob-
lem
Lu(xz) = f(x) inQ
u(z) = g(x) on 082

for every f(z) € C*(2) and g(z) € C**(090).

Proof: We will use the method of continuity, Proposition 22.2. We define
Lo = A and L; = L. Then there exists a solution ug € C*%(2) to

LQUO(l‘) = f(l‘) in Q
uo(z) = g(x) on 9N.
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So it is enough to show that L, = (1 —1t)Lo+tL; satisfies the estimate (22.5)
with B = C?%(Q) and V = C*(Q):
[u = vllc2e(0) < CllLie(u = v)l[ce (@), (23.1)

for any functions u,v € C%%(2) such that u(z) = v(z) = g(z) on 9Q. Notice
that Theorem 21.3 implies that

[u=vlc2e@) < C | [ Li(u —v)|ca) + lu = vz | = CllLi(u—v)|ca @),
~————
=0

where C = C(n, a, A\, A, a;5,b;, ¢, 2). But this is exactly (23.1).
Therefore the Theorem follows from the method of continuity. O



Chapter 24

The Perron Method.

So far we have, in Theorem 23.1, shown that there exists solutions to the fol-
lowing elliptic PDE

2
Lu(w) = 375y aij (@) g + S0y bi(@) %2 + c(w)u(z) = f(z) in Q
u(z) = g(x) on 09,
(24.1)

if the domain © and g(x) both are C*“ and the coefficients of the PDE are
C?, at least if ¢(x) < 0. Even though this is an amazing result (at least one
must admit that it involves very complicated constructions...) it is somewhat
unsatisfying in several ways. First of all it seems to be too strong to assume that
g € C%%(9Q) since we never have to differentiate g(x). Second, the assumption
that © is C%® also seems strong, in particular for many applications. Thirdly,
we did not need so strong assumptions on the domain or the boundary data to
show existence of solutions for the Laplacian case.

In this final chapter we will use Perron’s method to prove that (24.1) has a
solution even for continuous g(x) and domains 2 that are regular (that is has a
barrier at every point of the boundary).

Perron’s method was to show that the solution u(z) is given by

u(z) = sup wv(x) (24.2)
vESG(Q)

where
Sg(Q) = {v € C(Q); v(x) is a sub-solution to (24.1), v(z) < g(z) on 0N}

There are some small technical problems that we need to handle in order to
define u(x) according to (24.2).

First, we need to be able to extend the concept of sub-solution to functions
that are continuous - before we used the definition that v(z) was a sub-solution
if v € C?(Q) Lv(x) > 0. This definition requires that v € C?(£2) which would
result in that the supremum of two sub-solutions might not be a sub-solution.
We will use the comparison principle to define sub-solutions in this chapter.

167
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Second, an important step in the proof of Perron’s method was to make a
harmonic replacement in B,.(z°) C Q. That is to define

_ B U(x) for x € Q \ Br(xo)
o(z) = { w(z) for z € B.(2°),

where w(z) solves Lw(x) = f(x) in B,(2°) and w(x) = v(x) on dB,(z"). For
this we need to be able to solve the Dirichlet problem for L in any ball B, (z°)
with continuous boundary data. We also need to show that the replacement,
hereafter called the L—harmonic replacement, is a sub-solution.

Fortunately, we have developed so much PDE theory so these last things
will be comparatively simple. We begin to show existence of solutions to (24.1)
when Q = B,.(0) and g € C(09).

Proposition 24.1. Let

Lu(x) = Z j(@ )gxﬁ(xj + Zb agz(j) + c(z)u(z) in B(0)

i,j=1 i=1

where a;;(x),bi(z), c(x), f(z) € C¥(Q), c(x) < 0 and a;j(x) = a;;(z) satisfies
the following ellipticity condition

n

MEP < Y7 ay(@)&g < Mg

1,j=1

for some A, A > 0 and every x,£ € R™.
Then there exists a unique solution u € C2%(B,.(0))NC(B,(0)) to the bound-
ary value problem

Lu(x) = f(z) i B,(0)
u(@) = g(x)  on 9B, (0)
d g(a)

for every f(x) € C*(B,(0)) a € C(0B,(0)).

Proof: We may find a sequence g. € C*%*(9B,.(0)) such that g.(z) — g(z)
uniformly as ¢ — 0. To see this we could for instance define the spherical
mollifier

Q?)e(x) = CcPe (.’E),

where ¢ is the standard mollifier, see section 2.3, and c. is chosen so that
faBr(o) Pe(x — y)dAgp, (0)(x) = 1 for any y € dB,.(0). Then

gelz) = / belz — )9(y)dAog, o)(¥)
9B,.(0)

would satisfy g. € C?*(9B,(0)) such that g.(r) — g(z) uniformly as e — 0.

IThe proof is exactly the same as the proof of Lemma 2.2.
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From Theorem 23.1 it follows that there exists a solution ue(x) to

Luc(z) = f(z) in B,(0)
ue(z) = ge(x)  on 9B,(0).

Also, from Theorem 16.1,
el oz s, 0y < € (111
Replicating the argument (21.31) we see that

luelles. ) < C (I fllce s, + lgellc@os, o) (24.4)

where C' may depend on n, a, A, A, aij, b;, c,.
The two estimates (24.3) and (24.4) together implies

Oty oy (Br(0) T ||U6HC(BT(0))) . (24.3)

[uellcze (s, o)) < C (Ifllce(s. ) + lgelc@p. o)) -

In particular, u. forms and equicontinuous family of functions in B,.(0). So,
by the Arzela-Ascoli Theorem, we may find a sub-sequence u,(z) — u(z) in
C?(B,(0)) where u(x) solves

Luc(z) = f(z) in B,(0).

We only need to verify that u(z) = g(z) = lime_, ge(x) on 9B,(0). We will
show that by showing that u. — w uniformly on B,(0) and thus, since u. is
continuous for each ¢, it follows that u is continuous on B,.(0).

Since g — g uniformly, it follows that ws¢(z) = u(z) — u

s(x) satisfies

Lw, s(x) =0 in B,(0)
We,5(x) = ge(x) — gs(x) on IB,(0).
)

In particular, by the maximum principle (Lemma 13.1) that

sup |wes(z)] = sup |ge(z) — gs(x)|.
(0) 9B,.(0)

r

Letting 6 — 0 we see that

sup |weo(@)| = sup |ue(z) —u(z)| = sup |ge(z) — g(z)]
B,.(0) B, (0) 8B,.(0)

and it follows that u. — u uniformly since g. — g uniformly. That u € C(B,(0))
follows directly from the fact that w is the uniform limit of a sequence of con-
tinuous functions. O

Next we need to extend the definition of sub-solution to include merely
continuous functions. When we defined sub-solutions for the Laplace equa-
tion, Definition 7.2, we defined a sub-solution to be any function v € C?%(2)
such that Av(z) > 0. However, for the Perron method we need that the
L—harmonic replacement of a sub-solution is still a sub-solution. And in general
the L—harmonic replacement is not C?(2). We therefore define sub-solution in
the following way.
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Definition 24.1. We say that v(z) € C(Q) is a sub-solution to (24.1) if for
every ball B,(z%) C Q we have that v(z) < w(z) in By, (2°) where w(z) is the

solution? to
Lw(z) = f(z) in By, (z")

w(x) =:v(x) on &B,,r(z°). (24.5)

Remark:Just as we defined sub-harmonic by using the sub-meanvalue prop-
erty we define sub-solution by using the comparison principle (Corollary 13.1).
In particular if v(z) € C%(Q) then it follows from the comparison, principle that
Lv(z) > f(z). Thus the new definition that v(x) should satisfy the comparison
principle is equivalent to the definition that Lv(x) < f(z) for v € C?(). How-
ever, the new definition only need v € C(2) which renders the new definition
more flexible.

With this definition it is easy to prove that taking the L—harmonic replace-
ment preserves sub-solutions. The proof is almost line for line the same as the
proof of Lemma 11.1.

Lemma 24.1. Suppose that v € C(§2) is a sub-solution to (24.1) in Q. More-
over, we assume that By, (x9) C Q. If we define ¥ to by the L-harmonic replace-
ment of v(z) in By, (x°):

i(z) = { v(z)  ifxeQ) Broéxo)

w(x) forxz € By (a?),

where w(x) is the solution to (24.5).
Then v is sub-harmonic in €.

Proof: We need to show that
v@) <h(z)  in Bi(y) (24.6)
for any ball B,(y) C Q, where h(z) solves

Lh(z)
h(z) =

If B.(y) C By, (2°) or B,(y) C Q\ B,,(z°) then (24.6) is clear since ¥ is a
solution, and thus equal to ﬁ(m) in the first case, and a sub-solution, and thus
0(x) < h(z) by definition, in the second case. It is therefore enough to show
(24.6) in the case when B,.(y) N By, (2°) # 0 and B,(y) \ By, (z") # 0. We fix
such a ball and continue to prove the Lemma in the same way we proved Lemma
11.1.

Step 1: In B,(y) \ By, (z°) we have that h > ©.

Let h solve
Lh = f(z)  in B, (y)
h(z) = v(z) on IB,(y),

2The existence of such solution is guaranteed by Proposition 24.1.
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then, since v(z) is a sub-solution it follows that v < h in B,.(y).

Since v < ¥, which again follows from the assumption that v(x) is a sub-
solution, we have that h < h on dB,.(y) and since both h and h solves L- = f(x)
in B, (y) it follows from the Comparison principle that A > h in B, (y). That is
v<h<hin B, (y).

Using that @ = v in B,.(y) \ By, (2°) the claim in step 1 follows.

Step 2: We claim that h > © in B,.(y) N By, (z°).

By step 1 we know that h > @ in B,(y)\By, (2°). Since ¢ and h are continuous
functions it follows that h > © on (8B,,(2z°)) N B,(y). On (0B, (y)) N By, (z")
we have that h = o by the definition of h. )

In particular, Lt = Lh = f(z) in B,,(2°) N B, (y) and & < h on 8(By,(z°)N
B, (y)). It follows that 7(z) = 0 — h solves

L7(x) =0 in B, (2°) N B, (y)
T(x) <0 on 9(By,(z°) N By (y)).

By the maximum principle, Lemma 13.1, 7(x) < 0 in By, (z°) N By.(y), that is
o < hin B,,(2°) N B.(y).

This proves that v(z) satisfies (24.6) for any ball B, (y) and thus concludes
the proof. O

After these preliminary considerations we are now ready to prove existence
by Perron’s method. We will prove it in a slightly different way than we did for
the Laplacian. Partly, because I am bored and partly since we have not proved
a strong maximum principle for general elliptic equations.

Theorem 24.1. [THE PERRON METHOD.] Let Q be a bounded domain and
g € C(09). Define

we) = s v(a),
vESH ()

where
Sg(Q) = {v e C(Q); v(x) is a sub-solution to (24.1), v(z) < g(x) on 0N},

and the coefficients of L satisfy the following assumptions a;;(x), bi(x), c(x), f(x) €
C*(Q), c¢(z) <0 and a;;(x) = aji(x) satisfies the following ellipticity condition

MNP < Y ag(@)&g; < Al
ij=1
for some A, )\ > 0 and every x,£ € R™.,
Then

- 2u(x - u(x
Z a;;(x) gxl(‘gxi + Zbi(ac)a (z) +c(z)u(z) = f(z) in Q.

i,j=1 i=1

Furthermore, if £ € 0Q is a regular point then lim,_,¢ u(z) = g(§).
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Proof: We will prove the Theorem in several steps.

Step 1: S, is non-empty and bounded from above and therefore u(x) is well
defined.

In the proof of Theorem 21.3 we constructed a barrier w(x) such that
L(—w(z)) > f(z) in Q and —w(z) < g(z) on 9. Thus —w(z) € S¢(Q) which
proves that S,(2) #. Also, w(x) is a super-solution that satisfies w(z) > g(x)
which implies that w(z) > v(z) for any v(x) € S,(2). It follows that Sy(Q) is
bounded from above.

Step 2: u(x) is continuous.

We will argue by contradiction and assume that

lim u(2?) = limsupu(z) > liminfu(z) = lim wu(y’)
x —x0 2—320 r—z0 yI —x0

for some 2° € 2. We may thus find two points 27 and 3’ such that
u(z”) —u(y’) >k >0 (24.7)

and |7 — y”| is smaller than a quantity that we will choose later.

Since  is open there exists a ball By.(z°) € Q. We may therefore, by
increasing J if necessary assume that By, (X7) C Q and y” € B,(X”). Now let
v (z) € S4(82) be a sequence such that v/ (z7) — u(z”). We may assume that
vJ is bounded, if not sup (v’ (z), —w(z)) € Sy(2) will be a bounded function
with the same properties as v/. We also define the L—harmonic replacement of
v/ (z) in Ba,(z”) to be #/. Then L#/ = f(x) in Bo,(27) and @/ is bounded. It
follows from Theorem 16.1 that [|37||c2.0 (g, (7)) is uniformly bounded. We may
conclude that

sup |Vl (z)| < Cy (24.8)
z€B,(z7)
for some constant Cy independent of j.
Since 27, y’ € B,.(X7) we can use the the mean value theorem to estimate

W (y?) = (27) < Colz” —y”|, (24.9)

where Cj is the constant in (24.8). But we may choose |2/ —y”/| as small as we
want by choosing .J large enough. Choosing J so large that |z7 — y”| < ﬁ in
(24.9) together with (24.7) will give the following contradiction:

K

5 > Cola” =y’ = Jim (o7 (a7) = o' (y”)) > u(a’) = u(y”) > x,
j—o0

where we also used that u(y”) > lim;_,. 9/ (y”).

Step 3: u(x) is a sub-solution.

We need to show that if B,.(y) C Q and

Lh = f(z) in B,(y)
h(z) =u(z) on dB,(y),
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then u(z) < h(x) in B,(y). Again we will argue by contradiction. Therefore we
assume that there exists a point z € B,.(y) and a k > 0 such that u(z) = h(z)+k.

Let v/(z) € S,4(2) be such that v/(z) — u(z) and denote by @’ the L-
harmonic replacement of v/ in B,(y). Then #/ € S,(2) by Lemma 24.1 and
v/ (z) < 99(z) since v’ a sub-solution. We can conclude that 97 (z) — u(z).

Observe that 97(z) < u(z) = h(x) on dB,(y) and since L’ (z) = f(x) =
Lh(z) in B,(y) it follows from the comparison principle. In particular, 3/ (z) —
u(z) and 97 (2) < h(z) = u(z) — k which clearly is a contradiction.

Step 4: u(x) is a solution.

Since u(z) is a sub-solution it follows that v € S4(2). Also any L-harmonic
replacement @ of u will be a sub-solution by Lemma 24.1. Since @ € Sy(f2) it
follows that u(z) = sup,eg, (o) v(z) = @(z) and since u(z) is a sub-solution it
follows that u(z) < @(z). We can conclude that u(x) = @(z) for any L-harmonic
replacement @ of u. Thus Lu(z) = f(x) for any ball B,(y) C Q. It follows that
u(z) is a solution.

Step 5: If £ € 0N is a regular point then lim,_,¢ u(x) = g(§).

If £ € 09 is a regular point then there exists a barrier at £ by definition.
The proof that the existence of a barrier implies that lim, ¢ u(xz) = g(&§) was
done in Theorem 11.2. O

We may end these notes by stating a general existence result.

Corollary 24.1. Let ) be a bounded domain that satisfies the exterior ball
property at every point & € OS). Then there exists a unique solution u € C?,’L(Z‘ ()
to the Dirichlet problem:

S 5 (1) S S bi(2) ) e(@)u(x) = fz) i Q2

u(z) = g(x) on Q
where a;j(x),b;(x), c(x), f(x) € C¥(Q), glx) € C(ON), c(x) < 0 and a;;(z) =
a;;(x) satisfies the following ellipticity condition

n

AP <) aij()&g; < AlEP°

i,j=1
for some A, A > 0 and every x,£ € R™.

Proof: The existence of a solution follows from Theorem 11.2 and that the
exterior ball condition implies that the boundary point is regular follows from
Lemma 21.2. O



