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8�9;:=<?>�@�A5B�CEDGFIHJBKCMLNFJCEDGOP@�QJC#RICG<TSIRUQVCPB�@WHXCE<YO4<TDGH[Z5>�@�H\O]O4<T^_^
f `ba B�CE<YcIBKCE<T@5SdSJB�C ∂f

∂x
=

12x2 + 2axy + y2 + 8ax + a2y e ∂f
∂y

= ax2 + 2xy + a2x + 2ay ` :?<fDGB�ChgVOEO (0, 0)
QJC?BK@

HXCE<YO4<TDGH)Z�>5@�H\OiLNFJCjgJ^T^Tg
a `�k B�DGDE<TgJ@�B�@lSIB�Dig6c

(

24x + 2ay + 8a 2ax + 2y + a2

2ax + 2y + a2 2x + 2a

)

.

m QVOGO4BKCjc�<-<T@
(x, y) = (0, 0)

L	nJC c�<-gVOEOiA�BoO4BKCEp;<T@�gJ@\OEB�@lQJC
16a2 − a4 R�qsrlDGZ�nJCGBKO 10a `�t p

0 < a < 4
QJCvu�nJA�gwA�B�DGD4g

> 0
R�qsr k B�DGDE<TgJ@�B�@]Z$RIDE<YO4<Yc�OvA�BKx�@5<_O e c�<_^THVBKO SIBKCjgVOEO QJCvRICG<TSIRyBK@^TRJHVgV^zp;<T@�<_p�<_Z�>�@�H\O `

{|~}J��� t CE<TSJR/QJC B�@M^TRIH~gJ^�p�<_@�<Tp;<TZ5>�@�H\OvRIp a ∈ (0, 4) `
�I9 m QVOEO

F (x, y, z) = (F1(x, y, z), F2(x, y, z)) = (f(xy)+g(yz), g(xy)+f(yz)) `�a BKCE<_cJB�C��<T@5S�SIBKC ∂F1

∂y
= xf ′(xy)+zg′(yz) e ∂F1

∂z
= yg′(yz) e ∂F2

∂y
= xg′(xy)+zf ′(yz) e ∂F2

∂z
= yf ′(yz) `

a BoOiLNFJ^��GB�CvgVOEO

∂(F1, F2)

∂(y, z)
(1, 1, 1) =

∣

∣

∣

∣

f ′(1) + g′(1) g′(1)
g′(1) + f ′(1) f ′(1)

∣

∣

∣

∣

= f ′(1)2 − g′(1)2.

� @�^T<_SJO�<_p�Z�^_<TqK<_Osg�LN>�@�H\OE<TRI@�DGD4gVOEDEBK@�H~gJ@�c�<\^TFIDEgv>5O
y
R�qsr

z
DERJp�LN>�@�H\O4<_RI@�BKC-g�c

x
<\BKHXcVgVOE<TRI@5B�@

F (x, y, z) = 0
<�BK@�RIp;SI<Yc�@5<T@�Sjg6c

(1, 1, 1)
RIp�A�B�@5@�g�A�BoO4BKCEp;<T@�gJ@\O�QJC 6= 0 ` � OEO�O4<_^T^_C4QJqsHX^T<_SJOc�<T^_^THJRJC QJC A�QJC�LNFICjgVOGO

f ′(1) 6= ±g′(1) `
{|~}J��� � OEOjO4<_^T^TCEQJqsHX^T<_SJO�c�<_^T^_HJRIC QVCjgVOEO

f ′(1) 6= ±g′(1) `
�\9v�iZ�Z�CEBKZ�gJAl<T@\O4BKSIC4gVOE<TRI@)SIB�CigVOGOj<T@\O4BKSIC4gJ^_B�@#H~gJ@MDEHXCE<YcVgJD

∫ 1

−1

(
∫ 1

x2

√

y − x2dy

)

dx =
2

3

∫ 1

−1

(1 − x2)3/2dx.

:?<�SJFIC @X>McVgJCG<�gJu$B�^_uX�XOEBKO
x = cos θ

c�<_^THVBKOjSIBKCi<_@\O4B�SJC4gJ^_B�@

2

3

∫ π

0

sin4 θdθ =
1

3

∫ 2π

0

(

eiθ − eiθ

2i

)4

dθ =
1

3

1

24

(

4

2

)

· 2π =
π

4
.

{|~}J��� π
4
`

� 9 t p�c�<�H~gJ@Pc�<TDEgygVOEO�cIB�H\OERICGL	QJ^YO4BoO QJCvHVRI@�DGB�CGcVgVOE<_cXO <�r�B�^Tg�� 3 LNFI^��GB�C�gVOEOvH�>5CGc�<T@\O4BKSIC4gV^TB�@5DcVQJCEA5B�QJC�RIu$B�CGR�BK@�A�B*g6c=cVgJ^TBoO-g6c=cVQJS ` :?<VDEFIHVB�C-B�@hZ$RJO4BK@XOE<�gJ^ φ O4<_^T^ F e F = ∇φ ` � H\cJg~O4<TRJ@�B�@
∂φ
∂x

= y2z + z3/3
SIB�C

φ = xy2z + xz3/3 + g(y, z) `Pa B�CG<_cIBKC4gJChc�<*A5BKOEO4g�p;B�A�g6c�DEBKB�@�A5BZ�n
y
L	nVC=c�<

2xyz + ∂g
∂y

= 2xyz + yz e c�<_^THVBKO�SIBKC g(y, z) = y2z/2 + h(z) ` :=<fr�gJC�gJ^_^_OED4n
φ = xy2z + xz3/3 + y2z/2 + h(z) `la B�CG<_cJB�C4gVChc�<*DE^T>�O4^T<_SIB�@(p;B�A�g6c�DEBKB�@�A5BPZ�n z

L	nVC�c�<



xy2 + xz2 + y2/2 + h′(z) = xy2 + xz2 + y2/2 e A�BKOPc�<_^T^ D4QVS\g h′(z) = 0 e c�<_^THVBKOPSJB�C
h(z) = C

LNFJC�@�nJSJRI@PHJRJ@�DGO4gJ@\O
C ` :=<�H~gJ@]gV^T^_OED4n cVQJ^��Eg φ(x, y, z) = xy2z + xz3/3 + y2z/2DERJp Z$RJOEB�@\O4<TgJ^ `)a BKOGOsgMc�<_D4gJC�gVOEOhcIBKH\O4RIC�L	QJ^_OEBKO F

QJChHJRI@�DGB�C�cJg~O4<_cXO�<*r5B�^�g]� 3 ` � @XOEB�SICEgJ^TBK@SIBKDi@X>lg6c
φ(1, 1, 1) − φ(0, 0, 0) = 11/6 `

{|~}J��� � @\O4B�SJC4gJ^_B�@
= 11/6 `

�I9):?<�r�gVC ||r′(t)|| = et
√

(cos t − sin t)2 + (sin t + cos t)2 + 1 =
√

3et `�� nJSI^�QV@�SIA�BK@p;B�^T^TgJ@PZ�>5@�H\O4B�CG@�g
r(t0)

R�qsr
r(t1) e t0 < t1

SIBKD�g6c

L(t0, t1) =

∫ t1

t0

√
3etdt =

√
3(et1 − et0).

� c�D�OsnJ@5A�BKOMLNC4nJ@
r(t)

OE<T^_^=RICG<TSIR QJC √
e2t cos2 t + e2t sin2 t + e2t =

√
2et ` m HX<_^T^T@�gJA�B�@ <

g6c�DGOsnV@�A�O4<_^T^�RICE<_SIR p�BK^T^�gV@
r(t0)

R�qsr
r(t1)

QJC
f(t0, t1) =

√
2(et1 − et0) ` :=<�DEB�ClgVOGO

L(t0, t1) =
√

3/2f(t0, t1) `
{|~}J����� CERIZ$RICGOE<TRI@�gJ^T<YO4BKOEDEHVRI@�DGO4gJ@\O4BK@]QJC √

3/2 `
�\9 :?<�r�gJC�g~OEO ∂f

∂n
= ∇f ·n R�qsr ∂g

∂n
= ∇g ·n `fk FJSIB�CG^TB�A5BKO*<<TA�BK@XOE<_OEBKO4BK@�H~gJ@;A�QJC�LNFIC�DEHXCE<YcVgJD

∫∫

∂Ω

(f∇g − g∇f) · ndS.

� @�^T<_SJO
	�gJ>�DGD���D4g~O4DiQJC A�BoOEOsg/^T<_H~g�p�BKA
∫∫∫

Ω

∇ · (f∇g − g∇f)dV.

 >lQJC

∇ · (f∇g − g∇f) = ∇f · ∇g + f∇ · (∇g) −∇g · ∇f + g∇ · (∇f) = f∆g − g∆f

BKL,OEB�CGDERIp ∇ · (∇f) = ∆f `*a BKOGOsgwc�<TD4gVC <TA�BK@XOE<_OEBKO4BK@]<�>�Z�Z�SI<YL,O4BK@ `
� 9i:=< Z�gVC4gJp;BKOECE<TDGB�CEgJC=D�L	QJCEBK@(p;B�A C���p�A�Z$RI^TQJC4g;HJR�RICEA�<_@�gVOEB�C `�a n#QJC dS = R2 sin φdθdφR�qsrMc�<�L	nJC

∫∫

SR

f(x2 + y2 + (z − c)2)dS = R2

∫ 2π

0

dθ

∫ π

0

f(R2 − 2Rc cos φ + c2) sin φdφ.

� nVO
F
cVgJCEg/BK@lZ5CE<Tp;<_OE<_c/LN>�@�H\OE<TRI@#O4<_^T^

f `�a BK@lDG<TDGO4g;<_@\O4B�SJC4gJ^_B�@#u�^_<TCvA�n

= 2πR2

[

1

2cR
F (R2 − 2Rc cosφ + c2)

]π

0

=
πR

c
(F ((R + c)2) − F ((R − c)2)).

a BoO�DG<TD�Osgw>5OEOECG��qsHJBoO QJC Z5CEB�qK<TD
πR

c

∫ (R+c)2

(R−c)2
f(s)ds



R�qsrMc�<�r�gJCvc�<_D4gVOjA�BK@�u$BKOEC4gJH\OsgVA�B�<TA�BK@XOE<_OEBKO4BK@ `
�\9vg\9�� BKA~�GB�CGB�SIBK^T@MSIB�C

∂R

∂s
=

∂r

∂u

∂u

∂s
+

∂r

∂v

∂v

∂s
;

∂R

∂t
=

∂r

∂u

∂u

∂t
+

∂r

∂v

∂v

∂t
.

� ^_^_OED4nwQJC

∂R

∂s
× ∂R

∂t
=

(

∂r

∂u

∂u

∂s
+

∂r

∂v

∂v

∂s

)

×
(

∂r

∂u

∂u

∂t
+

∂r

∂v

∂v

∂t

)

=

(

∂r

∂u
× ∂r

∂v

) (

∂u

∂s

∂v

∂t
− ∂v

∂s

∂u

∂t

)

=

(

∂r

∂u
× ∂r

∂v

)

∂(u, v)

∂(s, t)
.

B�@5^T<TSVO C4QJHX@�BKCEBKSI^TBKCE@�gyLNFIC HXCG��DGDEZ�CGR�A�>5HXOEB�@ `
u9��?OE<T@\O4BKSIC4gV^TB�@#A5BKx�@�<_B�CEgJDjSIB�@�RJp

∫∫

S

fdS =

∫∫

D

f(r(u, v))

∣

∣

∣

∣

∣

∣

∣

∣

∂r

∂u
× ∂r

∂v

∣

∣

∣

∣

∣

∣

∣

∣

dudv.

q�9 � @�^T<_SJO A�Box�@�<YO4<TRJ@�B�@ e CEBKDE>�^YOsgVOEB/<�g\9?R�qsr(LNRICEp;B�^_@ LNFJC�cVgJCG<�gJu$B�^_u\��OEBw<�A�>�u�u$B�^_<T@\O4BKSIC4gV^TB�CS\QJ^_^TBKC
∫∫

S

fdS =

∫∫

D

f(r(u, v))

∣

∣

∣

∣

∣

∣

∣

∣

∂r

∂u
× ∂r

∂v

∣

∣

∣

∣

∣

∣

∣

∣

dudv

=

∫∫

A

f(r(g(s, t))

∣

∣

∣

∣

∣

∣

∣

∣

∂r

∂u
× ∂r

∂v

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∂(u, v)

∂(s, t)

∣

∣

∣

∣

dsdt

=

∫∫

A

f(R(s, t))

∣

∣

∣

∣

∣

∣

∣

∣

∂R

∂s
× ∂R

∂t

∣

∣

∣

∣

∣

∣

∣

∣

dsdt.

� nJA�g/Z�gJC4gJp;BKOECE<_DEB�CG<T@�SIgJCE@�g�SIB�CjA�QJC�LNFIC D4gVp�p�g�cVQJCEA�B `


