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¢�b a � a �
A ∨ ∼B

v#�c�Jm�����
¢ � ¢ �

A → ∼C
vI����e���c�

£ � £ �
C

�g�&	~�gdV�g�I���
¤ � ¤ �

A
�g�&	~�gdV�g�I���

¥ � ¥ �
B

�g�&	~�gdV�g�I���
¢ ¡ ¤ �^¦V�

∼C
¢ ¡ ¤

→
�

¢ ¡ £ ¡ ¤ �¨§��
f

¦#¡ £
∼
�

¢ ¡ £ ¡ ¤ �^©V�
∼B

¥ ¡ª§
∼ «¬ � ¬ �

∼B
���&	~�gd&���I���

a ¡ ¢ ¡ £ � a� �
∼B

a ¡ ¤ ¡ ©I¡ ¬ ¡ ¬
∨
�

a ¡ ¢ � a�a �
C → ∼B

a ¡ ¢
→ «

£#b
T : ∃x (Rx → (Px ∨ Qx))

√
1:a

T : ∀x (Rx & ∼Qx) 3:a 4:b

F : ∀x Px
√

2:b

1 : T : Ra → (Pa ∨ Qa)
√

5

2 : F : Pb

3 : T : Ra & ∼Qa
√

6

4 : T : Rb & ∼Qb
√

7

5 : F : Ra

6 : T : Ra

6 : T : ∼Qa

×

5 : T : Pa ∨ Qa
√

8

6 : T : Ra

6 : T : ∼Qa
√

9

7 : T : Rb

7 : T : ∼Qb
√

10

8 : T : Pa

9 : F : Qa

10 : F : Qb

8 : T : Qa

9 : F : Qa

×

����	c�J�~�h$&®	c�g I"�w����%�V	�����"�r�	��J�W���%d��cw
d&p�"%"��J�����&	���"�$�d&�����n��i�" jh� b ���¯	c$�"��V�I�%�#d
��$� d&i��°v#�c�Jm�������J�c�I�±�����#�I�±e���
��"%r�	~���g	c���J�5�^�g"��h�?r�	�"�p�������r#���J�Ai&v#v\�J�
d��c�J�n�h$&

P Q R

α + − +
β − − +

���C	��!��"�":�cpgdV�
D = {α, β}��²!	

(P ) = {α}��²!	
(Q) = ∅��²!	

(R) = {α, β}.
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¤ b a � a �
∀x (Fx → ∼Gx)

v#�c�Jm�����
¢ � ¢ �

∀xFx
���&	~�gd&���I���

£ � £ �
∃xGx

���&	c��d&���I���
¤ � ¤ �

Ga
���&	~�gd&���I���

a � ¥ �
Fa → ∼Ga

a
∀
�

¢ �^¦V�
Fa

¢
∀
�

a ¡ ¢ �¨§��
∼Ga

¥ ¡ ¦
→
�

a ¡ ¢ ¡ ¤ �^©V�
f

§!¡ ¤
∼
�

a ¡ ¢ ¡ £ � ¬ �
f

£ ¡ ¤ ¡ ©
∃
�q�

a
�hjuvIwm�c�&� a ¡ ¢ ¡ £ ¡ ©&�

a ¡ ¢ � a� �
∼∃xGx

£ ¡ ¬
∼ «a � a�a �

∀xFx → ∼∃xGx
¢ ¡ a�

→ «
¥�b �&���}��"�"��em�&�h�����c�&���� ��g�I���%	�����r#v#v#���V"�"��J� bJbJb �{i
���J�~�cp
	h	~�

∀x ((Mx&Bx) → . . .).

�u	h	��
x
����r#�V	~�g��m�%�I�h	�	��gwm�ht#�������,�J�h��i
���J�~�cp
	h	~�

∃y ∃z (y 6= z &Sy &Sz &Fxy &Fxz).

�o"%"%	~��we I"%�������
�����J	

∀x ((Mx&Bx) → ∃y ∃z (y 6= z &Sy &Sz &Fxy &Fxz)) .

 ���� x �C	��I�#�I�5���&	c�W�Iwgd&$����ht#�������T��i_�����c�cp
	�	c�
∼ ∃xSx

b �}��"�"��/ ��g�I���%	����Apg�
$&��������J�~�������)i
���J�~�cp
	h	~�

∀x (Bx → ∼Mx)
b ���Ti����g	h	

A
p������J	Y�#i����
p��I����dg	

�g	h	
B
�npg�����C	~����mm�¯��$� �g	h	

B
p��e�J	h	��#i��#�
pg�����%d�	e�!��"%"���$��l��i&�

A
$#sct

i
���J�~�cp
	h	~�
A → B

b ��"�" 	~��wm #"%�������
�����J	

∼∃xSx → ∀x (Bx → ∼Mx).

¦ b	� wg	Y$&�c��d&i��~�{�J��d&�c�
���h�|	�$&"��V�I�%�#d|m����v#r#�#�V	����Y$�s~t�v#�%"��g� b&x ���m��i&�c�h	c�|�h�J�V	������
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∃x∀y ∼Ryx
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∀x∃y ∼Rxy
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∀x∃y ∃z (y 6= z &Rxy &Rxz)�cpgd������g	h	����cw��n�
�g�kj}��v#rI�#�V	od&w���m���I�h	�	��
wmvI�%"��g� b ����d��~�
� ��$��rIv#v����!"%"��J����"%"��
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$�s~tn�#pg�cm���5d��������Am$�����"%"f����	c$�"��!�#���#d����

D = {α, β, γ}
��²!	

(R) = {〈α, β〉, 〈α, γ〉, 〈β, β〉, 〈β, γ〉, 〈γ, β〉, 〈γ, γ〉}.
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∀x∀z (Rxz → ∃y Ryx) � �c�Jm�����£ � £ �
∀y (Ray ∨ Rya)
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∀x∃y ∃z (y 6= z &Rxy &Rxz)
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	 �g�g�c�C	�p�����"%"%	~��we�#�}j�$�s~t5�J	h	�m$�	��C²���ev\��"Nd&��������	�$�"��!�#���#d����

D = {α, β, γ}
��²!	

(R) = {〈α, α〉, 〈α, β〉, 〈α, γ〉, 〈β, β〉, 〈β, γ〉, 〈γ, β〉, 〈γ, γ〉}.

¬#b�
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p
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R
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q
$�sct��g�V	c�gd¯�g	h	

Rpq
b�x w �I�#�I�

���J	����5	c$�"��!�#���#dm�:�!��"%�&�J�n���J�V	����I�h���
∼ (p& q)
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∼(q & p)
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pg�{�����&	 b\x �C	h	~�? \�C	������J���
	�	

Rqp
b �o"%"%	c�cw�t��g���!�<�!�����g	{�
	h	

$�
Rpq

�cw
Rqp

¡�$�s~tn�J��	c�J�~�h$&
p
$�s~t

q
�g�g��d&$��!	���sc�!"��%dV�m��w�d&pg"�"��J�o���C	�	c����i��

�g"�"��e���J�V	��J���h���
p
$�s~t

q
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R
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p
$�sct

r
 Iw&�#�l�g�g�~�l���J�V	��J���h�J�

∼f
$�s~tA"�wg	

q
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���c�e���J�&	c�J�I���J�
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x �C	 �I�#�I�or#v#v\���V I�g�c"��%d&�J�n�J�n	c$�"��!�#�%�Id��#p��o�h���&	c�J�I���J�
∼ (∼ f &A)
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A
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Rpq
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Rqr
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b � w
	f$&�c�,�!������m�����%����r#�V	���$��|�
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∀y S(a)+y = S(a+y)
b

� wg	
φy
 \�C	c��s~�V���l��$��ce��"%�

S(a) + y = S(a + y)
b

3e-#]�DG-#`k`�� �o�:t��g���
	h	

S(a) + 0
P3
= S(a)

P3
= S(a + 0).

��"�"%	c�cwedVpg"�"%���
S(a) + 0 = S(a + 0)

¡I���C	��!��"%"f�cpgd&�
φ0
b
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b
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φb
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�cpgd&�e�
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S(a) + b = S(a + b). (∗)
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S(a) + S(b)
P4
= S(S(a) + b)

(∗)
= S(S(a + b))

P4
= S(a + S(b)),

���J	o�!�%"�"<��p�d&�e�g	h	
S(a) + S(b) = S(a + S(b))

¡I�!�%"����C	�pg��v#�c��sC���
φS(b)

b �o"%"%	c�cw
tI�����!���!���c�
	)�
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φb → φS(b),
$#sct��C��	c�J�~�h$&

b
�
�g�Yd�$��!	���sc�!"���d��cw{��i&" j}���)���J	u�
	h	

∀y (φy → φS(y)).
�o�YtI�g�|��"%"%	c�cw5�!�����g	

φ0&∀y (φy → φS(y))
$�s~t¯$���!���!r �g�V�gpg�I���������I��r#� �

	���$&�I�hv#�c���IsC��v\�J� � � §g���cwl�^wg���!�f�
	h	 ∀y φy
¡I���C	��!��"%"f�cpgd&�e�
	�	

∀y S(a) + y = S(a + y).

����	c�J�~�h$&
a
�g�g��d�$��!	���sc�!"��%dm�cw���i&" j}�������J	o�
	�	

∀x∀y S(x) + y = S(x + y)
b

a�a&b a � a �
2∼A

v#�c�Jm���c�
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2∼B
v#�c�Jm���c�

£ � £ �
3(A ∨ 3B)

�g�&	~�gdV�g�I���
¤ � ¤ �

A ∨ 3B
�g�&	~�gdV�g�I���

¥ � ¥ �
A

�g�V	c��d&�g�I�#�
a �^¦V�

∼A
a

2
�

a ¡ ¥ �¨§��
f

¦#¡ ¥
∼
�

© �^©V�
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∼B

¢
2
�
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f
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∼
�
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f
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¤ ¡ ¥ ¡ §!¡ ©#¡ a�a
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f

£ ¡ ¤ ¡ a�£
3
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w∗ u

{α} {α}
F : {α} F : ∅

����	c�J�~�h$&
u(F ) = ∅

��w�p����h���&	����I���J�
∃xFx
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u
b\x �C	{ \�C	������J�

�
	�	
∃xFx → ∀x2Fx
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u
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