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INVARIANT FAMILIES IN THE HELE-SHAW PROBLEM

KUZNETSOVA O.S.

ABSTRACT. This paper contains the recent results on invariant families were previously
announced in the author’s PhD thesis [PhD]. Some of the results were published in
[Ku98| [KuP] in Russian and the part concerning the polynomial solutions in [Ku01].
The results concerning the invariant families with bounded distortion of the logarithmic
derivative (see Section [l below) were never published before by the author. The dis-
cussion of isoperimetric defect estimates and related questions were firstly announced
jointly with V. Tkachev paper [KuT].

We give here only a brief outline of preliminaries concerning the Hele-Shaw model
and its basic properties. For more detailed discussion of this theme we refer e.g., to [EJ],
[G&4], [BF], [RsT2] and [VE].

We would like to thank Dmitrii Prokhorov and Bjorn Gustafsson for their attention
and helpful discussion on the topics of this work. The author wishes also to thank
Semeon Nasyrov for his valuable remarks.

We also appreciated to Alexander Vasil’ev for information about the recent results in
[VO1l [V02] and [VP1].

1. INTRODUCTION

1.1. Physical model. Our aim of this section is to give a brief description of the well-
known facts about the evolutionary model of Hele-Shaw flow with the discrete point-
sources. Here we restricted ourselves by heuristic derivation of the equations which cor-
respond to the Hele-Shaw flow.

Basically, the Hele-Shaw flow arises if newtonian unpressured viscous fluid moves in
a narrow gap between two parallel planes sufficiently slowly. The width of the gap is
relevantly small in comparison to sizes of initial viscous configuration. Choose a cartesian
system R*(z,y) in a parallel to the Hele-Shaw cell plane and denote by v = (u,v) =
(u(x,y),v(zx,y)) the velocity field of the fluid at the point (z,y) at time ¢t and by p(z, y, t)
the viscous pressure.

From the Darcy law follows that the velocity of the fluid is proportional to the pressure
gradient

v=—rVp(x,yt)=—r-(1,D,), (1.1)
where k > 0 is a coefficient depending on the medium. Incompressibility of the fluid leads
us to the continuity equation

. ou  Ov
dive = o + a9 0 (1.2)
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which holds at every point of the domain €(t) except the points of sink or source. Indeed,
the last points are singular for the velocity field v.

If we have free boundaries and don’t take in account the surface tension then the
pressure function p(z,y,t) is constant on the boundary 02(t). Without loss of generality
we have

plr,y,t) =0,  (z,y) € 0Q(1).
From (1) and (L2) follows that the velocity field v is potential. Moreover, the function
O(z,y,t) = kp(z,y,t) is harmonic in 2(¢) minus the set of singularities:
0?® 9P

A= — + — = b =—u.
8x2+8y =0, \Y v

Observe that the total derivative of the function p on time ¢ vanishes on the boundary

0€(t), which means
dp 0 od
ot

dt — ot

for (z,y) € 0Q(t).

Using complex coordinates z = x + iy we notice that the set of sinks and sources
is described by the finite set of points zq,...,z, with powers qi,...,q,, where ¢; > 0
corresponds to the source and ¢; < 0 — to the sink. So we equivalently rewrite the last
equation in terms of our terminology

+ (v, Vp) = 815

Dz 1) ==Y L Infe— 5] + (= 1), (13)
Jj=1 T
where ¢(z,t) is smooth everywhere in (¢) harmonic function. Actually, (IL3]) means that

the quantity of liquid flowing via the point z; in a unit of time (power) of the source g;
is equal to

/(y,N)ds:—/<V<I>,N)ds:— / (VD, N ds—

v ¥ 0B (z5)

. / A dx dy = / %(Vln\z — 2|, N)ds = g;.
G\B-(z) OB:(z;)
Here we denote by N the unit external normal to the boundary curve v = G and by
B.(z;) the disk of radius € with the center z; such that B.(z;) C G.

Definition 1.1. A family Q(¢), ¢ € [0,0) C R! such that a C*-differentiable in (Q(t) \
IT) x [0; b) function ®(z,t) does exist we call a classical solution to the Hele-Shaw equation
with sources set Il = {z1,...,2,} if

(i) AD =0, z € Qt), t €10,b),
(ii) O(z,t) =0, z € 00(t), t €[0,0),

(i) B(z1) Z 9i Lnfz -zl 2e (), (1.4)

(iv) {f VO(z, )2, z€0Q(t), telob),

for some continuous in €2(¢) harmonic function ¢(t).
3



Remark 1.1. We notice that (i) and (iii) can be collected as the following single condition

0= 0,(:) = H(),

where d,(2) is the d-Dirac function with respect to a € C and should be (4] considered in
distributional sense. In this case the right side of H(z) depends on the initial configuration
of sources only.

1.2. Polubarinova-Kochina equation. In what follows we shall consider the simplest
case of (L4 with a single source. We can suppose without less of generality that it is
situated at the origin: 2z; = 0 and its power is normalized by |g| = 27. Then we have
from (i)-(iii) that ®(z,t) = §Gar)(2,0) where Gp(z,() is the Green function of D and
q=q/2m.

As the initial data €2(0) we consider a simply-connected domain z € C, z; = 0 € Q(0)
and assume that ©(0) is the image of the unit disk U = {¢ € C : |(| < 1} by a conformal
mapping w(z) : U — Q(0) which is normalized by

w(0) =0, w'(0) > 0. (1.5)

In this case the Green function Gg(z,0) with z = 0 as a pole has the following
representation

0)(20) = —In|f(2)],
where f(z) is the reciprocal to z = w( ) function,
wo f(z) =z fow(()=(

It follows that
P(2;0) = ¢Ga()(2;0) = —¢In | f(2)].

Let {Q(t)} be the evolution family associated with a classical solution to (L4 within
the interval ¢ € [0,b). Then for ¢, t > 0, sufficiently small we conclude that all of (¢)
will be simply-connected domains. Thus, by introducing the corresponding conformal
mappings w((;t) : U — Q(t) which satisfy

w(0;t) = 0; wi(0;t) > 0,
we arrive at
B(2:1) = (Gogr(z:0) = —dIn |f(=: 1),
where f(w((;t),t) = ¢ and w(f(z;t);t) = z for all z € Q(t), ¢ € U. It follows from the
last relations that

we(f(z:t);t) - fi(z3t) = 1,
we((f(z:0);1)) - fi(zt) +wi(f(25t);t) =0 (1.6)

whence z € Q(t).

Now we can interpret equation (iv) with our notations. We additionally assume that
for every t € [0,b), w(¢;t) is holomorphic at a neighborhood of U (which depends on t)
and univalent in U. Then

0o a _ a R fi(zt)
= il 0] =~ e (g fGin) =~ re (A5
and using the fact that In|f(z;t)| = Re(In f(z;t)) we obtain

e 0P
VS = e



By virtue of our assumptions on w((;t) we conclude that f(z;t) is univalent holomor-

phic on Q(t) as well and it yields by (iv) that for every point z € 9€Q(t)
filz t)) . AP
Re = —q . z > 17
§= P o
because ¢* = 1. Taking into account (LG) and (7)) we obtain
1 wi(f(z1);t)
f; th = T o f/:_f—a
(=:0) wi(f(2;t),1) T wl(f(zt)it)

and it follows from (7)) that
Re wi(f(z1);t) p 1 1
f(z:t) - wi(f(z);0) [we(f (23 |f(z8)]*
We use ¢ = f(z;t) so we obtain for every ¢ € U
. wi(Gt) w(Ct) - ¢ P B
G2 lwi (G5 1) 12 [we (GO [
and after simplification we arrive at
Re (wf(G:1) - wf(¢,t)¢) =4

Definition 1.2. Denote by O(U) the class of all holomorphic in a neighborhood U and
univalent in U functions w(z) satisfying the normalization (L.

Let us give the equivalent formulation of the Hele-Shaw problem by using the previous
definition (L2]) (cf. with [G8&4]).

Problem A. Given a mapping wy(z) € O(U), find b > 0 and the family w(z;t),
w(-;t) € O(U) for every t € [0;b) and with initial condition w(z;0) = wy(2) such that
w(z;t) is continuous on ¢t and for all (z;t) € U x [0;b) the following relation holds

ow S, Ow, . 2
Re (E(z,t)a(z,t)z) =q, G =1 (1.8)

Polubarinova-Kochina [P-K] and Galin [Gl] were the first who derived this form of the
Hele-Shaw equation and applied it to constructing of explicit examples .

1.3. Kufarev-Vinogradov equation and HS-Problem. To simplify the previous equa-

tion we assume that w(z;t) belongs to O(U) for t € [0;b), b > 0. Then it follows from

(L) that

R0 ) 4 4 gy (1.9)
zwi(zt) ) lpwi(z0)P wi(z1)]
But ¢(z;t) = wi(z;t)/z w.(z;t) is a regular holomorphic function of z for fixed t € [0;b)
and by virtue of (L9) we have for the real part

~

4
|wl (z; )

which yields by Schwarz representation formula [Ev] that

Rep(z;t) =

2w .

q 1 e+ 2
zit) = — . - — do,
21 27r/ \w! (e )2 e — 2z
0
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or what is the same

2w .
q 1 e + 2
wy(z;t) = zw’z(z;t)%/ Wi (e )2 df. (1.10)
o

el — »

Remark 1.2. The last integro-differential relation (ILI0) was firstly obtained by P.P. Ku-
farev and Yu.P. Vinogradov in [VKI{]. They also were settled the problem of existing and
uniqueness of solutions to Problem HS on small time intervals and proved that given a

univalent in the unit disk initial data w(z,0) € O(U) normalized by w(z,0) > 0 there

exists a small £ > 0 and w(z,t) € O(U) for all ¢t € [0;¢) such that (LI0) holds (we refer

to this assertion as to Kufarev—Vinogradov theorem) .

Remark 1.3. Relations (L)) and (LI0) was studied by B. Gustafsson in [G84] to establish
the local and global solvability of Problem HS for rational and polynomial initial data

wo(2).

It was mentioned above that our main goal is the case of (ILI0) for a single source
normalized by ¢ = +1.

Definition 1.3 (Problem HS.). Given an initial holomorphic mapping wq(z) € O(U),
a family of holomorphic functions w(z;t) such that w(z;t) is of C* on ¢, t € [0;b) we call
an HS-solution to the Hele-Shaw equation with initial data Qo = w(U;0) = wo(U) if

(a) w(z;t) € O(U) for all t € [0;b) and w(z;0) = wp(2);

(b) (LX) one holds;
(c) for every z € U and t € [0;b) relation (LI0) holds.

Let now I' € O(U) be a subclass of holomorphic univalent functions.

Definition 1.4. The class I' C O(U) is said to be invariant (for the Problem HS) if for
every initial mapping wy(z) € I' a HS-solution w(z;t) with w(z,0) = w(z) does exist in
a small interval ¢ € [0,b) and belongs to I'.

The simplest case of the invariant class is just O(U). On the other hand, we are mostly
interested in those invariant classes which can be characterized by geometric properties
of w(z) € I'. We give a brief list of known invariant classes.

Let S* = {w € O(U) : Re(zw’/w) > 0} be the class of star-like functions which map
the unit disk on a star-shaped domain. In recent paper [HPV] the invariance property of
S* has been established. In section Bl we obtain some extensions of this property.

Other examples are

a) a class P,(U) of all univalent in the unit disk polynomials of fixed degree n, [GI],
[Rs72];
b) a subclass Pnpdd(_ﬁ ) C P,(U) consisting of all odd polynomials;

c) a subclass of P,(U) consisting of polynomials w(z) = a1z + a,z" [HR], [Rs94].
Another examples will be discussed in Section [ below.

2. PRELIMINARY ASSERTIONS

2.1. x-derivative. We have mentioned before that a function w(z) is a star-like in the
unit disk U if the image w(U) is a star-shaped domain U with respect to the origin. Then
the last requirement is equivalent to that for all z € OU the following inequality holds

A
e (Z11) - SHEL

w(z) ) darg z
6



Let us denote the inner term by

which can be formally written as

dlnw dw =z

dln z w  dz

We call it the x-derivative of w. This characteristic has a clear geometrical sense (see
Proposition below) and plays an important role in geometric function and univalent
function theories [Gad, [Dul.

The properties of w*(z) below follow immediately from the definition of x-operator.

Proposition 2.1. Let w(z) and u(z) are non-vanished holomorphic functions in a unit
disk. Then

1) (w(=) u(=))* = w(2) + w(2);

) (4) = v - v

3) for any a € R, (w*(2))" = aw*(z);

4) (az)* =1 for any a € C;

5) if the composition w(u(z)) is defined then (w(u(z)))" = w*(u(z)) - u*(2).
Moreover,

w’(2) = w™(2) +w(z) — 1 (2.1)
Proposition 2.2. Let w(z) be an analytic in the unit disk U and w(z) # 0 in U. Then
Olmfw(re®)] 1., . Oln fw(re”)| N
By —;Rew(re ), 50 = —Imw*(re”);
dargw(re?) 1 darg w(r e?)

= —Imw*(re?), = Rew*(re"),
,

or
for any choice of 0 <r < 1, 6 € [0;27].

00

Proof. 1t is sufficient to prove the first property only. We have from
Inw(re®) = In|w(re®)| + iarg w(re)

the following relation

Oln [w(re”)| _ 0 0\ _ wi(re”) 1 * (2 10
T—Rea(lnw(re )) = Re w(re) e —;Rew(re )

and

= —Rew*(re?).

i0 1 (o0 . o o0
Oln |w(re”)| — Im wl,(re ) rie
06 w(re?)
U

Corollary 2.1. Let w(z) be an analytic function in the unit disk U such that w(z) # 0
in U. Then for the Jacobian of the mapping

P: (r;0) — (In|w(re?)|; arg w(re®))

there holds
In|w|; argw)

a(r;0)

7

Jp(r;0) = o 9)|2.

1 * 7
= —jw (re
~Ju(



2.2. Schwarz integral formula. Here we adopt the method due to [HPV] of transfor-
mation of the Schwarz integral formula. Let u = u(e®) be some differentiable function
defined on the unit circle OU. We denote by

27

Su(z) = ZL /u(&;t) :

™
0

e 4+ 2

e — 2

do

the Schwarz integral which represents an analytic function by its real part values on the
unit circle. So, for any analytic function f(z) holomorphic in U (i.e., in a neighborhood
of U) one holds

Su(2) = f(z) inU, u = Re f(e").

Moreover, if u(e) is a real-valued function for § € [0;27] then S,(z) is analytic in U
and for any zy € OU the following limit does exist

lim  Re(S.(z)) = u(zo).

z—zoz€U
Given a function u(¢) € C'(0U) we denote by
d . ,

/ - 16 _ i

u'(() = deu(e ), ¢=e¢e" e 0U.
Then for z € U we have

d 1T 2
—Su(2) = — 0y qp.
dz () 27 /u(e )(629 —z)?

0
On the other hand,

d [P+ 2 _ 2iet? z
do \ei? —z) (el —2)?

and by virtue of integrating by parts we obtain

27 2m
d i o (€0+2\ e’+z2 d .
ESU(Z) —/u(e )d( . ) = —— -@u(e )

2mz e — 2 o2z | e — 2
0

which yields
d
(2) =iz — ) 2.2
Sw(z) = iz - (5u(2) (22)

Now take z = re?. It follows from the fact

af (re”) _ ﬁ(rew) d(re”) _ ewﬁ(mw)

or  dz or dz
Of (re? d g O(re® odf
(80 ) :E(ree) (89 ) :zreea(ree),
and (2.2)) that
0 0 d e i
) Su(z) =e E(SU(Z)) ireif w(2) MSU’(Z)a
0 o d iz B
%Su(z) =ire dz(Su(z)) = Sw(2) = Sw(2), (2.3)



2.3. Imaginary part of Schwarz operator. We recall that given a real-valued function
u(e™) we can associate the so-called conjugate function (see [Gi]) defined as the imaginary
part of the Schwarz operator S,(z). It turns out that this function plays an important
role in further considerations.

We need a special inequality (2.7) for the conjugate functions in the case when the
kernel of the Schwarz operator u(e') is equal to absolute value of a holomorphic in the
unit disk function. This fact is an easy consequence of the maximum principle and the
well known normal derivative lemma in PDE’s theory |GT].

Let us consider a subharmonic in the closed unit disk function v = v(z) such that

v(e?)y=0, 0<60<2rm. (2.4)
We assume that v(z) is of C? class in U. Then by the maximum principle we have

v(e?) — v(re?)

> 0. .
2—1-0 1—17r = (2 5)

d
Ev(re )

r=1

Lemma 2.1. Let u(z) be a harmonic in U function and (z) be an analytic in U function.
Let the following equality hold

u(e”) = le(e?)], VO € [0;27).
Then
) Vo € [0; 2. (2.6)

0 "
< . 3
S et

r=1

Proof. Because |¢(z)| is subharmonic in U, the difference |¢(2)| — u(z) is too. Applying
(23) to the latter we arrive at (2.0)). O

Corollary 2.2. Let ¢(z) be an analytic in U function such that o(z) # 0 in U. Moreover,
let u(e®) = |p(e)|?. Then

Im S, (e”) < 2|p(e)]? - Re p* (™). (2.7)

Proof. By virtue of (23] we obtain

, 0 , 0 ;
10\ __ : 0 — 0y
Im S, (re”) =Im (zr—arSu(re )> r Re g Su(re”)

= r% Re S, (re'). (2.8)
Now, let v(2) = Re S,(z). Then v(z) is a harmonic in the unit disk U function which

is continuous up to the boundary U with its consequent derivatives. It follows by (2.8

0\ : 0\ : -~ 0\ : -~ 9y _ Y 10
Swie )_TEIEOImS“/(m )—rggllorar Re Sy(re )—rggrlorarv(re ) = arv(re )7:1
On the other hand,

0y _ 0y _ iy _ 02
v(e”) = Re Su(e”) = u(e”) = |p(e”)[".

Using Lemma 2.1] we conclude that

a 102
(e

a =

r=1



To find a we use analytic behavior of ¢(z) and applying Proposition we obtain

9 0|2 _ 10 |2 9 0\ __ 102 1 * 0
lolre™) = 20 (re ) - — I [p(re”)] = 2p(re®)? - - Reg*(re”),

whence ' '
a =2|p(e”)* - Rey™(e”)
which completes the proof. O

Remark 2.1. In what follows we will apply Corollary in the special case where u(e")
coincides with |w’,(z,¢)|2. In our notations it corresponds to ¢(z) = w',(z,t)~*. Clearly,
by univalence of w(z,t) the function ¢(z) takes no zeroes in the unit disk and it follows

that /
: 2 1 * 2 *
Im Sy () < — 2 Re[—L ) = _2Rewi(z0)
[w'.(z,6)]  \w(2,1) [w'-(z, 1)

2.4. Area-preserving homeomorphism. Here we recall some basic facts related to
geometric properties of Hele-Shaw cell properties.
Let w(z;t) be a solution of Problem HS for ¢ € [0;b). We introduce the characteristics

o(z;t) = Injw(z;t)|, o(z;t) = argw(z; t).
From the univalence property of w(z;t) and the initial condition w(0;¢) = 0 it follows that
functions o(z;t) is defined everywhere in the unit disk punctured at the origin, U \ {0}.
We can regard there the function ¢(z;t) to be a smooth on both variables multi-valued
branch of argw(z,t) (on z) such that the function o(e?, t) is single-valued on 6.
Denote by u(6;t) = |w’(e: t)| > and take

21
1 e + 2
5.(5) = 5= [ ulbst)- 5

do.

-z
From (ILI0) we have
0, w(z;t) 1 0 wl(z;t) - 2

ﬁln z w(z;t) aw(Z;t) -

whence

So, we arrive at the following differential relation

% (o(z3t) — In|2] +ip(2:1)) = w*(2;t) - Su(2).

By separating the real and imaginary parts we obtain from the last equality

do(z:t) _ o o dp(zit) o el
5 = Rew*(z;t) - Su(z), T Im(w*(z;t) - Su(2)).

Using formulae from the proposition gives us further

@ . 8_90 _ @ . (9_<p = Re(w*S,) - Re(w*) + Imw* - Im(w*S,) =

ot 00 00 Ot
= Re(w*S,) - w* = [w*|*Re S,,.
From the other hand, if z = € then from the characteristic property of Schwarz
integral it follows
- 1
Re S, (e") =

AR
10



and, henceforth,

AT Y O W G| R S
o(t; 0) Pr P [wi(e?; )P |w(e;t)]?
By changing the variables we obtain
8 (¢4, p(c; 1))
o(t,0)

and as a consequence of (ZZI0) we have

=2. (2.10)

Proposition 2.3. The mapping

ftgy = C i) (e g (e; 1)
| V2 V2

18 local homeomorphism which preserves the area.

t) be a HS-solution with the

2.5. Richardson-type theorem for sector. Let w(z;
,2 be two points on the initial

interval of existence [0,b) and ( = w(e’;0), k =
domain’s boundary 9€2(0). Then

() =w(e®™st),  te[0h),
defines trajectories ejected from (j, after the Hele-Shaw flow. Denote by ({1, () the

sector which is cut out from the ring 2(¢) \ ©(0) by these trajectories (from the point (;
to (» in the positive direction of the boundary 9€(0)).

Then the following result is a slight generalization of one theorem due to Richardson
[Rs72] on the linear dependence of the area of the Hele-Shaw cell on the time parameter
(the so called ” Area Theorem”).

Theorem 2.1. The area of the sector 4((1;(2) has linear growth on t
1(C15G)| = (02 — 01) -t = c(C15C2) - £

Proof. We notice that €,((;; ¢2) admits the following representation

QH\NQ0)={¢eC: (=w(7); 0€bi;6], 7€ (0;t)}.

Then the area element is

dx A dy = (deZ) A (dc _.dz) - %d{/\dz

2 21

and by the decomposition

¢ = w(e;7) = fu(e; )| - earBw(eiT) _ oo(e”i7) (e 7)

we arrive at
d¢ = e?(do + idyp),
d¢ = e~ (do — idyp),
which yields '
dx Ndy = %629(—2%[@ A dp) = e*2do A dp =

20000, 9) _ 10(e*, ¢)

~dr Ndf =dt A db.



Hence,

0 t
Qi = [[ dendy= [ao [ar =6~ o0
Q1 (C15¢2) 01 0
O
Substituting #; = 0, 83 = 27 we obtain the result due to Richardson
Corollary 2.3 (Area Theorem, [Rs72]). Let [2(t)| be the area of QU (t). Then
12(¢)] = |2(0)| + 27t. (2.11)

The last fact is a part of theorem due to Richardson [Rs72] concerning the conservative
law for complex moments. Actually it states that for every positive integer n

// (:E—I—iy)”dx/\dy:// (x 4 iy)" dx A dy, t>0,
Q(t) Q(0)

while for n = 0 one holds linear law (2Z.1T]).
From this view point the Proposition could be regarded as a local version of Corol-

lary 2.3
3. ENVELOPE FUNCTIONS

3.1. Envelopes. Let H(6;t) € C'(R x (a,b)), H(0 + 2m;t) = H(0;t) be an arbitrary
function of two real variables. It follows from continuity of H(0;t) that the following
function is well-defined

h(t) = max H(6;t),

0e[0;27]
and we call it the upper envelope to H(t). Moreover, by periodicity of H the following
set is a non-empty compact
E,=E/(H)={0€[0;2r] : H(#;t) = h(t)}.
Lemma 3.1. The upper envelope function h(t) is a locally Lipschitz function on (a;b).

Proof. Really, let the segment [ay; b1] C (a;b) be chosen arbitrary. Let
M, = sup{|H/(6;t)| : 0 <0 < 2m,t € [a1; 1]}
Then continuity of H/(6;t) implies M; < +oo. Let tq, ta, t; < t3, an arbitrary pair of
points from [ai;bi] and 6; € E;,, i = 1,2, the corresponding extremal points. By the
mean value theorem we have
= H{(0;&)(ty —t1) < Mi(ty — 1),
where &' € (t1;t2) C [a1;by].
Similarly, we obtain
h(t2) — h(t1) > H(0r;t2) — H (013 t1) = Hy(01;8") (82 — t1) = —Mi(t2 — t).

Combing the inequalities obtained we conclude that A satisfies the Lipschitz condition
on [ay; by] with constant M;. Hence, h € Lip,,.(a;b) and the required assertion is proved.

i

Corollary 3.1. The function h(t) is an absolutely continuous function on (a;b) and has
almost everywhere in (a;b) the first derivative.
12



Lemma 3.2. Let for any t € (a;b) and 6y € E.(H) the inequality H{(0o;t) > 0 (or
H(0p;t) < 0) hold. Then h(t) is strictly increasing (or strictly decreasing) Lipschitz
function on (a;b) (in particular, it is absolutely continuous).

Proof. Firstly, we notice that it is sufficient to treat the positive derivative situation only.
Really, if it is the case, we can introduce an auxiliary function H(0;t) = H(#; —t). Then
we have h(t) = h(—t) and it follows from H/(6;t) = —H}(6; —t) > 0 that A(t) is increasing
while h(t) is decreasing function.

Now, return to the positive derivative case: Hj(y;t) > 0 for every 0y € E;(H). Then
we claim that A(t) has no local maximum points. To prove it we show that given an
arbitrary 7 € (a;b) we can find €, > 0 such that

h(t) > h(T), Vte (1,7 +&,). (3.1)

Really, otherwise, a point 7 € (a;b) and a sequence of 7, > 79, Tx — Tp as k — oo do
exist such that h(7;) < h(7y). Choose 0y € E.,(H). Then by the definition of h we have

H(0o;10) = h(m0) > h(7%) > H(0p; 71)
and by the mean value theorem we obtain
0> H(0o; ) — H(00; 70) = H{(00; &) (75 — 7o),

for some & € (70; 7). The last implies that H/(0p; &) < 0 and it follows from continuity
of the derivative H, and the convergency of £, — 7 that

H{(0o; 10) = kgffoo Hj(0o; &) < 0.

But the last inequality contradicts to the fact that H, is being positive at (y; 7).
Thus, we have established the existence of ¢,. Clearly, it implies that h(t) has no local
maximum points.

Finally, to show that h(t) is strictly increasing we assume the opposite and find a pair
t1 < ty form (a,b) such that h(t;) > h(tz). Then by (8.1)) and by continuity of h(t) we
have that there exists a global maximum point of A(t) on [t1, 3] which contradicts to the
last claim and proves the lemma. U

Lemma 3.3. If we assume that semi-definite inequalities hold in Lemma [3.2 then h(t)
will be still monotone but non strictly monotone in general.

Proof. Really, let the following inequality holds
H,(0o;t) > 0, Vb € Ey(H).

We can involve an auxiliary function F'(0;t) = et+ H (0, t) where ¢ > 0 is chosen arbitrary.
Clearly, the derivative F}(6o;t) = ¢+ H{(6p;t) > 0 is positive for any 0y € F;(H). Hence,
applying Lemma we conclude that the function f(t) = maxgejo,2q F(0,1) is strictly
increasing on (a;b). But f(t) = h(t) + et, whence for any two values ty > t; from (a;b)
we obtain

0 < f(ta) — f(t1) = h(ta) — h(t1) +&(t2 — t1),

and taking € — 0 we arrive at h(ty) > h(t;). It follows that h increases. O
13



3.2. Barriers. Here we involve the auxiliary notion of the barriers for envelope functions.
This simple but useful technique allows us to establish more delicate properties of the
further objects.

Definition 3.1. A function is called A(¢) a lower (resp. wupper) barrier for h(t) for
t € (a;b) if the inequality

Hi(0o;t) = A(t)
(resp. H{(0p;t) < A(t)) holds for any 6y € Ei(H).

Lemma 3.4. Let \(t) be a lower (resp. upper) barrier for h(t) fort € (a;b). Then almost
everywhere in (a;b) the inequality holds h'(t) > A(t) (resp. h'(t) < A(t)).

Proof. Let F be a subset of (a;b) where the derivative h'(t) does exist (by Corollary B1]
h'(t) does exist almost everywhere in (a;b)). We claim that the assertion of the lemma
is valid everywhere on F'. Arguing similarly to that in Lemma it is sufficient to treat
the case of the lower barrier only.

We fix an arbitrary point ¢ty € F and assume that t; > t3. Then for 6§, € E; (H),
1=1,2:
By the mean value theorem we obtain for some &; € (to;t1)

h(t1) — h(to)

t1 — to
Taking the limit as t; — ¢y we arrive at h'(to) > H](0p;to) > A(to) and the lemma is
proved. U

> H;(0o;&1).

Corollary 3.2. Let A(t) be a locally integrable function which is a lower barrier for h(t).
Then for all ay < by from [a;b]
by
h(by) — h(a1) > /)\(t) dt.
al

Proof. 1t is just a consequence of absolute continuity of the envelope function h(t):

h(by) — h(ay) = /h’(t) dt > /)\(t) dt.

i

Remark 3.1. Certainly, all the assertions were formulated above are still valid for the
upper envelope ¢(t) = mingejo,2-] H (0;t) which one is an lower envelope for the function

H=—H(6b;t).

3.3. Inner and outer radii. Let w(z;t), t € [0;b) be a HS-solution. As before we denote
by Q(t) = w(U;t) the image of the unit disk by the conformal mapping representing the
solution. By the definition we have ¢ = 0 € €(¢) and it allows us to introduce the inner
and outer radii of Q(t) with respect to the origin by letting

Ri(t) = min [u(e; )],

Re(t) = max|w(z;1)] = max [w(e”; 1)].
zeU 0
Clearly, R;(t) = dist (0, 082(t)).
14



Definition 3.2. Given a real R > 0, we call the function
w(z;t) = 2V2t + R? (3.2)
to be a trivial HS-solution.

Obviously, (8:2) produces an evolution family (a solution to the Hele-Shaw equation)
with initial domain is being the disk of radius R with the origin as its center. Moreover,
it immediately follows from Kufarev—Vinogradov local existence theorem that the trivial
solutions (B.2)) are the only solutions to Problem HS which have an initial data w(z,ty) =
Cp2, Co = const.

In further considerations we need also the following characteristics of w(z;t) which are
well-known as the distortions characteristics in the geometric function theory

M(#) = max (% HIE,  m(t) = mmin jwl (2 )], (3.3)

As a consequence of the maximum principle for subharmonic functions we also have
M(t) = Lz 1))
() = max fuw: (1)
Theorem 3.1. Let w(z;t) be a non-trivial solution to Problem HS for all t € [0;b).
Then R;(t) and R.(t) are strictly increasing locally-Lipschitz functions in [0;b) and almost
everywhere in [0;b) there holds

1
R.(t) > R.(t) - —— 3.4
)2 R0 7 (3.4)
1
R.(t) < Ri(t) - ——. 3.5
)< RO s (35)
Proof. We consider tq € [0;b) and let 6, € [0; 2] be a value such that
R.(to) = |w(e™™;ty)]. (3.6)
Then
;T
v(z;t) =In w(zt)
z

is an analytic function which is well-defined everywhere in U for all ¢, € [0;b) by virtue
of w(z;t)/z # 0 (i.e. w(z,t) is univalent in U, w(0,t) = 0 and w’,(0;t) # 0). Because
of non-triviality of w the fraction w(z;ty)/z is not identically constant, we can apply
Schwarz lemma:

()] < Reldt) - |2]
for all z € U. Hence,

InR.(t) = ﬁg}fv(z; t) = gl‘ml(v(z;t), (3.7)
and what is more, for ¢ = ¢y the maximum of the right hand of (B8.7)) attains in the same
points z = € that [3.6) does.

On the other hand, we have

0 0
Ev(z,t) = aln

w(z;t)

I

and by virtue of (2.9)),
w(z;t)

V4
15

0 0
afu(z,t) = Re 5% In (

) = Re(w*(z;t) - Su(2)). (3.8)



Now, using the extremal properties of 6y and relation (3.7) we find that
9 i
—uv(e”;t
which yields from Proposition 2.2 that
w(zt)\" i
—Im =0, for z=1¢€", t=t,.

z

=0,
0=0o

Simplifying the left hand of the previous equality (see Proposition 21]) we arrive at
Im w*(e; o) = 0. (3.9)
and substituting of (3.9) in (B.8) implies

2U<€i00 1)

ot = Rew*(e"°;19) - Re S,(€"°) — Imw* (€™ £g) - Im S, (¢"°) =

t=to

. ) 1 )
= u(e: ty) - Rew*(e": ty) = ——————— Rew*(e'®: ty). 3.10
( 0) ( 0) |w;(e’90;t0)|2 ( 0) ( )
We notice now that v(z;t,) is actually a harmonic in U function which attains its
maximum at z = . Hence, it follows from the normal derivative lemma [GT] that the
derivative of v(z;to) along the outward normal to the unit circle at the point z = €™ is
positive:

0 .
a—v(rewo; to) > 0, for r=1. (3.11)
r
The direct computations show that
9] : o) o ¢ 1 : 1
Ev(mwo;to) = Eln —w(reT o) = Rew*(re'; ty) — p

which implies after the substitution of r = 1 and (311]) that
Rew*(e™;ty) > 1.
We notice also that it follows from ([B.3) that w*(e0;ty) takes a real value. Thus, we

have from (3.10))
1

1 i0g. o . *x( _10p.
o o) = [ Rew (€ ito) >

1 1
. > .
|wl (e t0)[* — M(to)
On the other hand, we notice that In R.(t) is actually an upper envelope to v(e';t)
with the lower barrier is being equal to 1/M(t). Hence, from (8.12)) and Lemmas 3.}, B.4]

we conclude that the function In R, (t) is strictly increasing and locally-Lipschitz in [0; b).
Moreover, almost everywhere in [0;b) one holds

(3.12)

d 1
- >
o In R.(t) > O

Thus, we have established the required property (3.4)).

To prove (3.3 we notice that by virtue of harmonicity of v(z;t) there exists a point
01(t) such that

In Ry(t) = minv(z, 1) = minv(z, 1) = o).

Arguing similar to that above we can obtain that

Im w* (') t0) = 0
16



and by the definition of the inner radius and by the normal derivative lemma we have

0 .
EU(’T‘Bwl; t()) . < 0, 01 = 01(750),

whence
Rew*(e™';ty) < 1.
Thus,
< 1
|wl, (e t0)[> — m(to)
Since the function In R;(t) is a lower envelope of v(e?;t) with an upper barrier 1/m(t)
and we similarly arrive at (3.3]).

We must only to show that R;(¢) does strictly increase. By analogy with the pre-
vious case, to prove the required property it is sufficient to establish the inequality
Rew*(e1;ty) > 0. With this aim we recall that Imw*(e®1; ) = 0. Moreover, it follows
from the property of w(z;t) being univalent in U that w’(z;t) # 0 in U and we have as
a consequence that w*(e?;ty) # 0. Thus, 3 = Rew*(e?1;t) # 0.

On the other hand, applying Proposition we see that

vl 1) <

B =Rew* (e ty) = 9 arg (w(e”;ty)) :
00 6=,
We notice that by the argument principle, w(e?;t) gives a parametrization of the corre-
sponding plane Jordan curve in the right direction with respect to the origin (in other
words, it agrees with the orientation of the boundary of Q(t) = w(U;ty)).

To finish the proof we notice that the segment between ¢ = 0 and ¢ = w(e®;ty) is
entirely containing in Q(ty) (by the definition of R;(t)). It follows that near the point
0, the function argw(e®;ty) is actually strictly increasing (e.g., see [AX, n. 67]). Thus,
£ > 0 and because § # 0 the latter is a strictly positive quantity which completes the
proof. O

Remark 3.2. Some related results to that ones in Theorem 3.1 have been obtained in [Kh]
and [HKh]. We notice that our estimates (A.I7) and (£.I8) following from (B.4)) for the
upper radius are more sharp than those given in [HKL].

4. A priori ESTIMATES

4.1. Maximal distortion function. Further we need the modification of (2.9). We

have from ([Z.9) and (2.2))

*

AN
a(a)‘(“’ Voo Sut 5o Su

and by further multiplication on z/w* we arrive at

10

w* Ot

We have shown above (see proof of Theorem B.1]) that w(z,t)/z as well as w’(z,t) are
non-vanishing in U functions provided that w € O(U). It follows that w* # 0 for a HS-
solution and due to simply-connectedness of U, one can well define there the logarithm
branches of Inw*(z;t) and Inw’(z;t). Moreover, an easy computation shows that for all

we oU):

(w*) =w*™ - S, —iSy.

wH(0,1) = 1.
17



Thus,

Olnw* - ,
From (1)) and (Z9) we obtain
9 In(w) = (zw))*S, — 1Sy = [1 + (w)*]S, — Sy (4.2)

ot
The following property characterizes the asymptotic behavior of the maximal distortion

function M (t) (3.3).

Theorem 4.1. Let w(z;t) be a non-trivial HS-solution in [0;b). Then the function M (t)—
2t is strictly decreasing and locally-Lipschitz in [0;0).

Proof. To prove this fact we fix ty € [0;b) and choose 6, € [0; 27] such that |w’ (e?%;t)|? =
M (to). Similarly to that above we have from extremal property of 6, and Proposition

that
d (10 1% i0
0= —Inw.(e”;ty)| = —Imw. (e";tp). (4.3)
06 6=,
On the other hand, we notice that v(z;t) = In|w,(z;t)| is a harmonic function of z
which is continuous in U. Moreover, again by extremality of 8y and non-triviality of the

solution we can apply the normal derivative lemma which implies
v (re’®; t0)|T:1 > 0,

whence taking into account the fact

. 0 . 1
v (re®;ty) = = In |w (re; ty)| = . Rew

" or

! *

. (7“6“90; to),

we obtain for r =1
Rew,*(e™;t,) > 0. (4.4)
From (£2)) we see that

9 In |w’ (€ ty)| = Re(1 + w."(€™; 1)) - Re S, (€; t)—

ot (4.5)

— Im(1 + w. (e t9)) - Im S, (€% o) + Im Sy (e ).

The middle term in the right hand of (4.3]) is equal to zero since (£3)).
To estimate the last term we can apply Corollary 2.2l In our notations ¢(z) = 1/w.(z;t)
which yields

. 2 R 1 )
I ” Ze-t <—' (o )
m S, (e”;t) < W (e ¢)2 e<w;(2’;t))

Consequently, we have from (4.5])
0

o7 In (e 1) =

2Rew.*(e?;t)
- 2rews e i) 4
[w(e?; 1)[? 0

z=etf

1 — Rew!*(e0; 1)

ot w(eo;t)]>
that is just the same as the following
1 0 , o
3 §|w;(€w°;t)|2 < 1—Rew."(e™;1).
Simplifying the last inequality yields
0

5 (Wi(e™; 1) = 2t) < —2Rewl"(e™; 1),
18



But the function M (¢) — 2t is an upper envelope to |w’ (e?;t)|> — 2t. Thus, using (Z4)
and barriers lemmas we obtain that (M (t) — 2t) is a locally Lipschitz strictly decreasing
function which completes the proof. O

4.2. Estimates for M (t). Now we study the function H(t) = M (t) — 2t in more detail.
Firstly we notice that the following is an immediate consequence of decreasing property
of H:

H(t) = M(t)—2t < H(0) = M(0).
Now we show that H(t) is bounded from below. To do it we observe that by the Area
Theorem (Corollary 2.3]) the following relation holds
1Q(t)| = // W’ (z;t)|? dedy = |Q(0)] + 27t. (4.7)
U

Taking into account the definition of M (t) we can derive from (7)) that
1
M(t) > =1Q(0)] + 2¢,
T
ie. H(t) > 1|Q(0)|. We arrive at the following result

Corollary 4.1. Let w(z;t) be a HS-solution. Then the function
H(t) = max |w)(z;t)|* — 2t
<1

|2[<

strictly decreasing and locally-Lipschitz in [0;b) and it is bounded from below by the quan-
tity which depends only on the initial data Q(0):

H(1) > 10(0)] (4.8)

In particular, the following limit does exist lim;_;,_o H(t).

Remark 4.1. We emphasize that the last limit is of most interest when b = +o00. Moreover,
it follows from direct computations (valid e.g. for the trivial or polynomial solutions)
estimate (4.8)) is asymptotically sharp.

Let a1(t) = w’(0;t) be the leading coefficient of the Taylor expansion of w(z;t)
w(z;t) = ai(t)z + ag(t)2® +as(t)2®. ... (4.9)

By the definition of a HS-solution, a;(t) is a positive real. Moreover, it easily follows
from the definition of M (t) that

ai(t) = [w,(0;1)]* < max[wl(0;¢)]* = M(t).

|z[<1
On the other hand, we have
2 .
wy(z;t) , 1 / 1 e 4 2
= i) — . - — do
> ’UJZ(Z, ) o |w;(6’9;t)|2 el — 5 7
0

and substituting z = 0 we see that

2
dal(t) 1 / 1
—a(t) — [ ————df
a5 | Teremop
0
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whence

d | 1 1 1d
o) > — [ ——do= > — = L n(m(0) + 20).
a2 o / G =S 2 oy vz~ 2a MO +20

Integration of the last inequality yields that

a (t)
M(0) + 2t

is an increasing function.

Theorem 4.2. The function a3(t) — 2t is strictly increasing and of Lipj. provided that
w(z;t) is a non-trivial HS-solution. Moreover,

Q2(t) — 2t < %mm)y. (4.10)

Proof. The function v(z;t) = In |w’,(z;t)| is harmonic and continuous in U. By the mean
value theorem for harmonic functions we have
27

! v(e?;t)df = v(0;t) = Inay(t). (4.11)

o
0
On the other hand, for any continuous in [0; 27] function A(6) the Jensen inequality [HLP]

2

! / A0 ap > exp—/ (4.12)
2m

Using (411]) and ([@I2) we get from @10)

2m 2m
CLll (t) 1 / ) ( ie.t) ]_ / i0 1
= — vest do > — [ —2v(e”;t)dh| =
a(t) 2w ¢ =P or v(e”st) a3(t)’
0 0

whence 2a}a; = (a?)’ > 2 and as a consequence, the function a?(t) — 2t is decreasing. To
establish (4I0)), it remains to notice that

mad(t / W’ (z;1)|? dzdy = |Q(t)| = |(0)] + 2t

g

4.3. Estimates for o(t). Another helpful consequence of the results formulated above
is the following uniform estimate for the Taylor coefficients of a HS-solution.

Theorem 4.3. Let w(z;t) be a HS-solution in [0;b) with expansion {{.9). Then for any
t €[0;b)

Zk!ak <= !Q( )| = a3(0).

and g(t) is a decreasing functzon oft.
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Proof. Indeed, because the mapping w(z,t) is univalent we have

w3 Mot = [ [t o) dedy = j02(0)] =

It follows that

Q(0)| + 2mt.

- 1

> Kla®) = —1Q(0)] + 2t — ai(t) = g(1).

k=2
From the Theorem we conclude that the function g(t) is strictly decreasing for ¢ €
[0;b). Moreover, g(0) = £|Q(0)| — a}(0) gives us the desired inequality. O
Theorem 4.4. Let w(z;t) be a nontrivial HS-solution and

o(t) = max |w(z;t) - wl(z;t)].
zeU

Then o(t) — 2t is strictly decreasing and locally-Lipschitz and
a1(0)* < ay(t)* — 2t < o(t) — 2t < 0(0). (4.13)

Proof. Multiplying (29) by 2 and adding with ([1]) we have
o 2 !
1 (U)_ ) sz) _ (w** + 2w*)Su _ ?:Su/’

ot 22w
* .2

which implies by virtue of w** + 2w* = (w*w*)* = (w.zw)* that

0 w / ) * * .
5 In (; : wz> = (w, +w*+1)S, —iSy. (4.14)

We consider as a test harmonic function v(z;t) = In }% -’ ’ Then v(z;t) is well-defined
in U by univalency of w(z;t) and w(z;t) € O(U). Thus,

Ino(t) = maxIn|w(z;t) - w.| = maxv(z;t) = maxv(z;t).
|2]=1 |z|<1 |z|=1

Let z = ¢ be a maximum point of v(z;t) for t = t; < 0. Arguing similar to that above

we arrive at 9 9
. w w *
—v(e?ty) = = In|—-w.| = —Im (— . w’z) :
z z

00 00

whence after 8 = 0, we obtain for ¢ = ¢y that

Im(w.* +w* — 1) = 0.

The last can be rewritten as
Im(w’* (e to) + w*(e';15)) = 0. (4.15)

Now we suppose that In }% . w;‘ is identically constant for some t = t; > 0. It follows
then that ww! = cz, or w? = cz? 4 ¢;. Taking into account that w(0,#y) = 0 we obtain
¢; = 0 which implies that w(z;t) is trivial and leads to a contradiction. Thus, given
an arbitrary t the function In {% . w’z‘ is different from a constant. Consequently, due to
extremality of z = e we have for a normal derivative

i0
—u(e";ty) > 0.
do =1
By simplification we obtain
Re(w)” +w* — 1) > 0, z = el t=to (4.16)
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and going to the real part of ({LI4]) we arrive at
0 « x
% Inv(z;t) = Re(w.,” + w* +1)Re S, — Im(w.” + w* + 1) Im S, + Im S,.

We notice that at z = ¢ and t = t, relations ([EI5) and ([EI6) does hold. Therefore,
by virtue of (4.6) we find from the last inequality that

0 , 2Rew’*
—l Zeo;t < R ! * * 1 _ z —
oy no(e )t:to SPE e(w,” +w* +1) —’U)IZP
1 2 Rew*
= — Re(w)" +w* — 1) + ———
g el F T = U T
2 Re w* 2 2
wl | — ’w’ -E‘ - u(e®t)
2z
It follows that
0 )
a—(v(gele;to) — 2t) >0
t t=to

and by Lemma we obtain that

o(t)—2t= Tn|ax v(z;t) — 2t
z|=1
is strictly decreasing.
To complete the proof we need to settle (LI3]). The right side of the inequality follows
from monotonicity of o(t) — 2t. To prove the left hand we observe that

w(z;t)

maxv(z;t) — 2t > v(0;t) — 2t = lim
2

z=1 z—0

wl(z; t)‘ — 2t =

= [wl,(0;t)]* — 2t = ay(t)* — 2t.
By Theorem the function ay(t)? — 2t is strictly increasing and
a(t)* — 2t > a,(0)?,

which completes the proof. U

4.4. Collective estimates. The next assertion establishes the connection of the inner
radius R.(t) with characteristics o(t) and M (t).

Theorem 4.5. Let w(z;t) be a HS-solution. Then

%Rg(t) < o(t) < Re(t)y/M(t) < M(t) (4.17)

for any t € [0;0). In particular,

Re(t) > ai(t) > /2t + @ (0). (4.18)

Proof. 1t is a direct consequence of the definitions that

(t) = max (i ul (2:1)| < maxuw(z: )| ma (2 )] = Re(t) /M0,
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On the other hand, let ¢ be a point where the value R.(t) = max,_; |w(z;t)| = |w({;1)]
is attained. Then by harmonicity of |w(z;t)|, ¢ belongs to the unit circle U, i.e. |(| = 1.
We have

Ru(t) = [w(C; 1) — w(0;0)] = / W (o¢: 1) do| < / VM) do = VM),

whence
Re(t) </ M(2),
and the right hand of ({I7) is proved.
Similarly, by the definition of outer radius we have

R) = oG = | [ 0o )y do| =2 [ witett) - wlec. 1) do| < 2010)

which proves ([A.I7). Finally, applying Schwarz lemma for w(z,t)/R.(t) and using (£.13)
we arrive at (A.I8)). O

5. MAIN RESULTS

5.1. Functions with bounded angle variation. Let us consider the following function
2w’ (z,t)

A t = * t = —_EN 7 ’
(z;t) = argw™(z;t) = arg )

where w(z;t) be a HS-solution. Without loss of generality, we can assume that A(z;t) is
defined as

A(0;t) = argw*(0;t) = argl =0
because w*(z;t) # 0 in the unit disk and w*(0,¢) is a positive real. Denote by

AT(t) = max A(e”?;t) = max A(z;t),

0€[0;2m] |z|<1
A™(t) = min A(e”;t) = min A(2;
(1) eg[%)lélﬂ] (€7;t) |rzr|1£ (z;1),

where we use harmonicity of A(z;t) for the equality of boundary and inner extremal
values.
We notice that provided that w(z;t) is non-trivial the function A(z, t) is always different
from a constant. Moreover, because A(0,t) = 0 the following inequality holds

A™(t) <0< AT(¢).
Theorem 5.1. Let w(z;t) be a HS-solution in [0;b) such that
AT(0) € [0;7), (or A™(0) € (—m;0]).
Then A% is strictly decreasing (or A~ strictly increasing) and locally-Lipschitz in [0;D).

Proof. Firstly, we treat the decreasing of A*. Really, consider ¢, € [0;b) and 6y = 0(t)
the values such that

A*(to) = A(e'™;tg) = argw* (e o).
By extremal property of 6, we have (see Proposition [2.2))

d i *k (%
0= %A(ew; tg); Rew** (e; t),



i.e. w™*(e%;ty) is a purely imaginary value. On the other hand, 6, is a global maximum
point of harmonic function A(z;tg) in the closed unit disk and by the normal derivative
lemma we have

0 .
—A(re™;t 0
or (7“6 ’ 0> r=1 -0
whence
Imw** (e t5) = X > 0, (5.1)

where w**(e0; y) = i\. It follows from (@) after taking the imaginary part at the point
2z =€ t =ty that

OA Im w** (e t,) ,
_:R Su'I * I S’u,‘R **_R Su/: . d - y Zgo't
T e mw* + Im ew e (012 up (€5 o),
where u(0;t) = |w.(e?; ty)|~2. By Proposition 2.2 we obtain
(Inu)y = —2(Infw}(e”;t)])p = 2 Imw.” ("™ o).
Now, taking into account (5.1) and (2I]) we have
A 1 1 ok (1 * i
E(eeoﬁo)zm(lmw (e";t0) — 2Imw.™(e"; 1)) =

1
= fuz(emop |
We see from (5.I) and the fact argw*(e;ty) € [0;7) that the last term in (5.2)
is negative. Using Lemma we conclude that the upper envelope AT (t) is strictly
decreasing in [0;b).
Treatment of A~(¢) is similar and theorem is proved. U

—Imw*(e";ty) — 2Imw*(e"; 1)) . (5.2)

5.2. Invariant classes and asymptotic behavior. We notice that the previous char-
acteristics A are vastly known in the univalent functions theory. In particularly, (see [Bz],
[Zm]) that if a function w(z) defined in the unit disk and has there Re aw* to be positive
for a number a € C then w(z) is actually univalent in U.

Definition 5.1. We say that f(z), f(0) =0, f.(0) > 0, is of class T'(a; ) with —7 <
a< pg<mrif

arg f*(e") € (o 4]
for all 6 € [0; 27].

The class T'(«, ) contains also non-univalent functions but in what follows we deal-
ing with the HS-solutions (and it follows with univalent subclass in T'(a, 3)) only. In
particular, we list below some well-known subclasses .

e Star-like functions from S* which are after a suitable normalization by the leading
Taylor coefficient (a; = 1) can be identified with T'(—7, 7);

e ¢-spiral-like functions Ss which have the following characterizations in our nota-
tions: S; = T(—=5 — 6,5 — 6). Actually, the functions f(z) of this class can be

defined as f(0) =0, f/(0) > 0 and for some § € (—7/2;7/2) one holds

Re (%-ew) >0, Vz |zl =1
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e a-Star-like functions (S%) which naturally can be included in the star-like class:
a function f(z) is of S¥ iff f(0) =0, f(0) > 0 and
2f'(2)
f(2)
One easily sees that S = T'(—a; ).
It follows from Theorem [5.1]

§a<g, Vzi|z| =1

arg

Corollary 5.1. For any admissible o and [ the class T(«; 3) is HS-invariant (i.e. if
w(z;t) is a HS-solution with w(0;t) € T(a; B) then w(z;t) € T(a; B) for all t € [0;D)).

Corollary 5.2. The classes S*, S5 and S} are HS-invariant.

First results in this direction were obtained by D. Prokhorov, A. Vasiliev and Yu. Khokh-
lov in [HPV]. They proved that star-like functions are forming an invariant class while
the convex functions (i.e. those one which map the unit disk onto a convex domain) are
not. We use here some modification of their method and develop it to establish more
detail properties like monotonicity theorems for invariant classes.

Here we establish more delicate property concerning the behavior of characteristic
A=(t). Tt is clear that the following assertion is of particular interest in the case where
the time-interval is infinite.

Theorem 5.2. Let w(z;t) be a non-trivial HS-solution in [0;b) such that A*(0) € [0; 7).
Then

y*(t) = tan (A;“)) exp / %

is strictly decreasing in [0;b). Here

o(t) = max lw(z, t)w(z,t)].

Proof. Let ((t) = " ©(t) € R, such that

AT(t) = max arg w*(z;t) = argw* (C(¢); ).
z|=1
Obviously, AT (¢) > 0 because the solution w is non-trivial and w*(0,¢) = 1 and AT (¢) < 7
as a consequence of Theorem [5.11

Then we find from (5.2) and (5.1]) that for any ¢, € [0;b)

Jarg w* oy mw™(((to); to) + 2Im w*(¢(to); to)
or (C(ho)ito) = W (C{to); )
 2Imw*(¢(to); to)
W (Clta)itoP 9
To simplify the previous inequality we notice that
Im w*(¢(%0); o) _ [w*(¢(to); to)| - sin A(to) _ sin A(to) (5.4)
[wZ(C(to); to) | [wZ(C(to); to) [ [w(¢(to); to) - wL(C(to); to)| '

Then, using the following relation

[w(C(to); to) - wi(C(to); to)| < o(to),
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we obtain from (53] and (5.4,
0 arg w*

2sin A(ty)
ot '

o (to)

(C(to)ito) < — (5.5)

Now denote by
1 .
H(0;t) = Intan (5 arg w* (e t)) :

Here and in what follows we consider a neighborhood of the contact point e#®) to apply
inequality (5.0]). It follows that the function H (6, ) will be well defined because arg w* €
(0,7) there. Then

0H(6;1) 1 0 arg w*

= , 0;t
ot sin(argw*(e?;t)) Ot (6:1),
which yields (by positivity of sin-function since A*(¢) € (0, 7)) that
OH(0,t 2
OH(6,1) +—=<0 (5.6)
o ewn o)

for all admissible ¢ € [0;b). By Theorem 4] the function o(t) is positive and absolutely

continuous. This yields
t

d fdr _ 1
dt | o(t)  o(t)
0
Thus,
t
0 dr

0 ((t)st)
Taking into account that § = ¢(¢o) is the maximum point of arg w*(e?;ty) for a fixed
to in the closed disk U, it follows that the maximum of H(0;t,) also is also attained at

¢ (to)-
By Lemma 3.2 we have that the function

t

dr
HO;t)+2 | —
92[102;%] (6:1) + /0(7‘)

is strictly decreasing. From

AT (t
max H(6;t) = Intan ( ),
0€[0;27] 2
we arrive at the required property and the theorem is proved. Il

Corollary 5.3. Under the hypotheses of Theorem [5.2 the function
AT(t)
2

(2t 4+ 0(0)) - tan

is strictly decreasing and locally-Lipschitz in [0;b).
Proof. By Theorem 4] we have for o(t) that

o(t) < o(0) + 2t.
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Substituting of this inequality in (5.6) and arguing similar to what in the proof of Theo-
rem [0.2] we obtain that the function

A(t 2t 0
In tan ﬁ +In +—U(),
2 a(0)
is strictly decreasing and locally-Lipschitz which completes the proof. U

Remark 5.1. The both previous assertion (Theorem and Corollary [(.3]) are obviously
still valid when we consider A~ (¢) with hypothesis that A=(0) € (—m; 0] and change A™(t)

by [A™(2)]-

Corollary 5.4. Let —m1 < —a <0< B < 7w and f+ a < w. Then for any initial data
w(z;0) from T(«; B) we have for a nontrivial HS-solution w(z,t), t € [0;b), that

w(z;t) € T(—a(t); B(t)),
where

a(t) = 2arctan (ﬂ - tan —) < a,

2t 4+ 0(0) 2

_ a(0) s
B(t) = 2arctan (m - tan 5) < B.

In particular, if b = 400,
lim a(t) = lim B(t) =0.

t——+o0 t—+00

5.3. Isoperimetric defect. Let Q be a Jordan domain with C'-regular boundary 95.
The value

() = P*(Q) — 4n|Q|,
is usually called the isoperimetric defect of €, where P(£2) is the perimeter of the domain
Q) (which can be defined as one-dimensional Hausdorff measure because of regularity of
Q) and || is the area of €.

It follows form the well-known isoperimetric inequality for plane domains that §(€2) is
always non-negative and it vanishes if and only if € is a round disk (see [BZ] and [Hw]).
On the other hand, 6(Q2) is an effective upper bound which is vastly used in geometrical
problems dealing with distortion of a domain from a disk. Further we basically used
the following Annulus Theorem due to Bonnesen [Bs| and in a recent version treated by
Fuglede in [Fg].

Definition 5.2. An annulus K¢(r, R) = {2z € C: r <|z—(| < R} is called the minimal
for Q if 02 C K¢ (r, R) and the quantity (R — r) can not be decreased. The quantity
w(Q2) = R —r we will call the width of 2.

Theorem 5.3 ([BZ], [Fg]). For any Jordan domain 2 with rectifiable boundary 02 the
minimal annulus Kq(r, R) does exist and

4r(R—71)> < 8(Q) < 47°R(R — 7).

Unlike those considered above characteristics the isoperimetric defect 0(§2(t)) (where
Q(t) is an evolution family of Hele-Shaw flow, ¢ € [0;b)) is not monotonic on ¢ in general
case. Really, we can consider an initial data £2(0) = U, to be the unit disk with the center
at a € (0,1) on the real axis. Then the corresponding evolution family €2(¢) does not

contain round disks for ¢ > 0. The explicit solution in this case was firstly established
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by P.P. Kufarev in [Kf] and further developed by Richardson in [Rs72]. This family is
formed by the domains which are non-convex for small ¢ > 0 (see Figure [I]).

FIGURE 1. Phase portrait of the evolution family for initial domain 2(0) =
Uy, a =10.95,t € [0,1]

The explicit form of w(z,t) can be written as the following (see [Rs72])

w(z,t) = . ? pos

+ Az,

where 3, v and \ satisfy
(6+A) = 2t
(a=yN(1=7) = By
(1—pN01 - ) =
In particular, in this case 6(£2(0)) = 0 while §(€2(¢)) > 0 for all ¢ > 0. The graph of
d(€2(t))-dependence for a = 0.95 is shown on the Figure 2 below.

We have the following estimate for the isoperimetric defect and the width of evolution
family elements. We also refer to recent paper due to Gustafsson and Sakai |[GS| for
another approach to the related problem.

Theorem 5.4. For any admissible t > 0 the following estimates hold

5(Qt)) < 4n (M(t) — 9t — %\Q(O)]) < 4r(rM(0) — |2(0))), (5.7)

p(Q(t) < /mM(0) - [Q(0)], (5.8)

where M (t) = maxge(o2q |w'- (e”; t)|2-
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FIGURE 2. Isoperimetric defect for Q(t) form Figure [, ¢ € [0, 1]

Proof. By the definition of the perimeter of Q(¢) and maximal distortion function M ()

we have ) ,
P(Q(t)) = / lw', (e 1) df < / VM (t)dO = 2w/ M(t).
0 0
Using Theorem [£.T] we conclude that

P(Q(t)) < 2m/M(t) < 2my/M(0) + 2t,
whence by (2.I1]) we obtain
3(Q(t)) < P(Q(t)* — 4r|Q(t)] = P(Q(1)* — 4n(|2(0)] + 2t) <

< 4r(M (1) — 2 ~ ~0(0)]) < 4m(rM(0) ~ [2A0))).

In particular, Theorem 5.3 implies the desired estimates for the width of £2(¢) and the
assertion is proved. U

The following assertion shows that asymptotically the Hele-Shaw evolution family tends
to round domain (see also [GS]). We emphasize that the estimate proved above on the
isoperimetric defect depends on the initial data only. In particular, the distortion of
Q(t) from a round domain in the Hausdorff metric is controlled by the initial data via
characteristic 7M (0) — |2 which is zero in the round case.

We recall that given two domains C' and D in complex plane the Hausdorff distance is
defined as follows

d(C,D)=inf{r: C" > D,D" > C,7 > 0},
where D7 is a 7-neighborhood of D, i.e.
D" ={zeC:dist (z,D) < 7}.

Theorem 5.5. Let Q(t) is well-defined for all t > 0. Then the homothetic family
— 1

Q(t) = NoESTIO) - Q(t)
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converges to the unit disk U in the Hausdorff metric.

Proof. Consider a scaled domain €2(¢). By virtue of homogeneity property of the isoperi-
metric defect of order 1 (with respect to homothety) it follows from (5.7)) that

5@D) < Ar(rM(0) — [©2(0)])
- 2t + M(0)

In particular, the isoperimetric defect of the scaled domain tends to zero as t — +oo.
Now we consider the minimal annulus

Ke(ry Ry) ={z€C:r <z — | < R}

for €2(¢). Then by monotonicity and homogeneous of the area we easily arrive at

o Q)]
whence 90)
27t + |Q2(0
2o < nR2. 5.9
=T M) ST (5.9)
After rescaling we have from (5.8)
— M (0) — |2(0

o= - @) > OO0 510

On the other hand, since the boundary of () is completely contained in K, (ry; R;)
then by the outer radius definition and by (£.9)), (BI0) we get

Ro(Qt) = |Gl + 70 =
ot + [Q(0)]  [7M(0) — [Q(0)]
Z|Q|+\/27rt+M(0) _\/ 2+ M(0)

Taking into account that R.(€2(t)) < /M (t) (see (£17)), we have form the homogene-
ity of the outer radius that

R.(Q(t) <1,

|Q|Sl_\/27rt+|9(0)| +\/7TM(0)—19(0)|‘

which yields that

21t + 7M(0) 2t + M(0)
Because €(t) is well-defined for all ¢ > 0 then it follows from (5.9) and (5.10) that the

following limits do exist and

lim ry = lim Rt = 1,
t——+o0 t—+00

where

lim |G| = 0.

t—+o00
It finally follows from the definition of the Hausdorff metric and its property for round
disks (see e.g., [Hwi, Sec. 4]) that

lim d(Q(t);U) = 0.

t—+00

30



REFERENCES

Alexander, J. W. Functions which map the interior of the unit circle upon simple regions. Ann.
of Math., 17(1915-1916), 12-22.

Aleksandrov, I. A. Parametricheskie prodolzheniya v teorii odnolistnykh funktsii. (Russian) [Para-
metric continuations in the theory of univalent functions| Izdat. “Nauka”, Moscow, 1976. 343 pp.
Bazilevi¢, I. E. Generalization of an integral formula for a subclass of univalent functions. (Rus-
sian) Mat. Sb. (N.S.) 64(1964), 628-630.

Di Benedetto, E.; Friedman, A. The ill-posed Hele-Shaw model and the Stefan problem for
supercooled water. Trans. Amer. Math. Soc., 282(1984), No 1, 183-204.

Bonnesen, T. Les problémés des isopérimetres et des isepiphanes. Paris, 1929.

Burago, Yu. D.; Zalgaller, V. A. Vvedenie v rimanovu geometriyu. (Russian) [An introduction
to Riemannian geometry] Izd. Nauka, Moscow, 1994. 319 pp.

Duren, P. Univalent functions. Griindlehren der mathematischen Wissenschaften; 259. Springer
Verlag. New York-Berlin. 1983.

Evgrafov, M. A. Analytic functions. Dover Publications, Inc., New York, 1978.

Elliott, C. M.; Janovsky, V. A variational inequality approach to the Hele-Shaw flow with a
moving boundary. Proc. Royal. Soc. Edinburgh. A 88(1981), 93-107.

Fuglede, B. Bonnesen’s inequality for the isoperimetric deficiency of closed curves in the plane.
Geometriae Dedicata. 38(1991), 283-300.

Galin, L. A. Unsteady filtration with a free surface. C. R. (Doklady) Acad. Sci. URSS (N.S.)
47(1945), 246-249.

Garnett, J. B. Bounded analytic functions. Pure and Applied Mathematics, 96. Academic Press,
New York-London, 1981.

Gilbarg, D.; Trudinger, N. S. Elliptic partial differential equations of second order. Classics in
Mathematics. Springer-Verlag, Berlin, 2001.

Goluzin, G. M. Geometric theory of functions of a complex variable. Translations of Mathematical
Monographs, Vol. 26 American Mathematical Society, Providence, R.I. 1969

Gustafsson, B. On a differential equation arising in a Hele-Shaw flow moving boundary problem.
Ark. for Mat. - 22(1984), No 2, 251-268.

Gustafsson, B. Direct and inverse balayage — some new developments in classical potencial
theory. Nonlinear analysis, Theory, Methods € Applications. 30(1997), No 5, 2557-2565.
Gustafsson, B.; Sakai, M., Properties of some balayage operators, with applications to quadrature
domains and moving boundary problems. Nonlinear Anal. 22(1994), no. 10, 1221-1245.
Hadwiger, H. Vorlesungen Uber Inhalt, Oberfliche und Isoperimetrie. (German) Springer-Verlag,
Berlin-Go6ttingen-Heidelberg, 1957

Hardy, G. H.; Littlewood, J. E.; Pdlya, G. Inequalities. 2d ed. Cambridge, at the University
Press, 1952.

Hohlov, Yu.; Prokhorov, D.; Vasil’ev, A. On geometrical properties of free boundaries in the
Hele-Shaw flows moving boundary problem Lobachevskii Journal of Mathematics. 1(1998), 3-13.
Howison, S.D.; Richardson, S. Cusp development in free boundaries, and two-dimensional slow
viscous flows. Euro. Jnl. of Appl. Math., 6(1995), 441-454.

Khovison, S. D.; Khokhlov, Yu. E. Classification of solutions in a problem of Hele-Shaw flows with
an unknown boundary. (Russian) Dokl. Akad. Nauk, 325(1992), no. 6, 1161-1166; translation in
Soviet Phys. Dokl. 37 (1992), no. 8, 416-418.

Khokhlov, Yu. E. Exact solutions in a problem on Hele-Shaw flows. (Russian) Dokl. Akad. Nauk
SSSR, 315(1990), no. 1, 80-83; translation in Soviet Phys. Dokl. 35(1990), no. 11, 928-929.
Kuznetsova, O.S., On the isoperimetric defect of the Hele-Shaw evolution families. Vestnik VolSU,
Ser. Math., 3(1998), 15-17.

Kuznetsova, O.S.; Prokhorov, D. V. On the geometric properties of the solutions to the Hele-Shaw
equation. Vestnik VolSU, Ser. Math., 4(1999), 21-27.

Kuznetsova, O.S., Polynomial solutions to the Hele-Shaw problem. Siberian Math. J., 42(2001),
No. 5, 907-915.

Kuznetsova, O.S., Geometrical and functional properties of the Hele-Shaw problem. PhD Thesis,
(Russian), Saratov State University. 2000, P.P. 103.

Kuznetsova, O.S.; Tkachev, V.G., Asymptotic properties of solutions of the Hele-Shaw equation.
Dokl. Math. 60(1999), No. 1, 35-36.

31



Kufarev, P. P. A solution of the boundary problemm for an oil well in a circle. Doklady Akad.
Nauk SSSR (N.S.), 60(1948).

Polubarinova-Kotschina, P.J. On the displacement of the oilbearing contour. C. R. (Dokl.) Acad.
Sci. URSS, n. Ser. 47(1945), 250-254.

Prokhorov, D.; Vasil’ev, A. Convex dynamics in Hele-Shaw cells. Intern. J. Math. and Math. Sci.
31(2002), no. 11, 639-650

Richardson, S. Hele-Shaw flows with a free boundary produced by the injection of fluid into a
narrow channel. J. Fluid Mech. 56(1972), No 4, 609-618.

Richardson, S. On the Classification of Solutions to the Zero-surface-tension Model for Hele-Shaw
free boundary flows. Q.J. of Appl. Math. 1994, V. LV, No 2, 313-319.

Varchenko, A.N.; Etingof, P.I. Why the Boundary of a Round Drop Becomes a Curve of Order
Four, Univ. Lecture Series, Vol.3, Providence R.I., 1992, P.P. 72.

Vasil’ev, A. Univalent functions in the dynamics of viscows flows. Comp. Methods and Function
Theory, 1(2001), no. 2, 311-337.

Vasil’ev, A. Univalent functions in two-dimensional free boundary problems. Preprint of Mittag-
Leffler Institute, Report No. 2, 2001/2002.

Vinogradov, Yu. P.; Kufarev, P. P. On a problem of filtration. (Russian) Akad. Nauk SSSR. Prikl.
Mat. Meh. 12(1948), 181-198.

Zmorovi¢, V. A. On some special classes of analytic functions univalent in a circle. (Russian)
Uspehi Mat. Nauk (N.S.) 9(1954), no. 4(62), 175-182.

32



M (t), 5, 16}, I8H20, 22] 23]
A(z;t), 23H2T

6(2(t)), 27 2]

(), 21

m(t), 15 07

w*, [

Annulus Theorem,
Area Theorem,

Barrier

lower, [[4]

upper, [[4} 017
Barriers, [I4] 6],

Conjugate function,
Darcy law,

Envelope, [14]
lower, 4] I
upper, 12 [14) [16] 19}

Function classes

o),

S¥, a-Star-like functions,
S*, star-like function,

S*, stark-like function,
S5, 0-spiral-like functions,

Pn(U), univalent polynomials,
Ph.0ad(U), odd univalent polynomials,
Liploc (a’; b)?
invariant,
Functions
a-star-like,
d-spiral-like,
star-like, 6] 241

Hausdorff distance,

Hele Shaw problem
classical solution,
Green function, [

Invariant class, [6] 24]
Isoperimetric defect §(€2(t)),

Kufarev—Vinogradov theorem, [6

Maximal distortion function, [I8]
Minimal annulus, 27

Normal derivative lemma, @ T6HIS]

Problem A,
Problem HS,

Radius inner, R;, 14
Radius outer, R., 14 22

INDEX

33

Schwarz integral, 8
Trivial solution,

Width of domain,



	1. Introduction
	1.1. Physical model
	1.2. Polubarinova-Kochina equation
	1.3. Kufarev-Vinogradov equation and HS-Problem

	2. Preliminary assertions
	2.1. -derivative
	2.2. Schwarz integral formula
	2.3. Imaginary part of Schwarz operator
	2.4. Area-preserving homeomorphism
	2.5. Richardson-type theorem for sector

	3. Envelope functions
	3.1. Envelopes
	3.2. Barriers
	3.3. Inner and outer radii

	4. A priori estimates 
	4.1. Maximal distortion function
	4.2. Estimates for M(t)
	4.3. Estimates for (t)
	4.4. Collective estimates

	5. Main results
	5.1. Functions with bounded angle variation
	5.2. Invariant classes and asymptotic behavior
	5.3. Isoperimetric defect

	References
	Index

