Ullemar’s formula for Jacobian
of complex moments mapping

Kuznetsova O.S. and Tkachev V.G.

ABSTRACT. We establish the explicit formula of the Jacobian of the complex
moments mapping that was being previously conjectured by C. Ullemar. We
also give alternative representations of the Jacobian in terms of the derivative’s
roots and resultants. As a corollary we show that the boundary of the class of
all locally univalent polynomials in the unit disk is contained in the union of
three irreducible algebraic surfaces.

1. Introduction

Let f(z), f(0) = 0, be a univalent function defined in the unit disk D and
kE>0a nonnegative integer. Then the complex moments of f(z) (or the target
domain D = f ( ) can be defined as

//f’“ )| (= Pdmdz_—//gkdmdg, k>0, (1)

The complex moments can be regarded as a natural extension of classical
theory of the Stieltjes moments on the real line [2]. By analogy with the last
case important issues are the determinacy and uniqueness of the corresponding
inverse problem. Nevertheless, it follows form one result due to Sakai [I5] that in
general the analytic function f(z) (or the target domain D) can not be uniquely
defined by its moments (for further discussion we refer to [1], [16]). The recent
results concerning the reconstruction of a domain by its complex moments can
be found in [8], [9],[12]. We should only mention a deep connection between the
complex moments theory with the the two-dimensional potential theory [3] and
the Hele-Shaw problem [5], [14], [11].
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In what follows we consider the special class of quadrature domains D [16]
which can be represented as the images of the unit disk D under a locally univalent
polynomial mapping

Pz)=az+ ...+ a,2", a; >0,

with real coefficients aj. Then the first part of (D) is still sensible and represents
the moments of the chain P(D).

By P,(D) and P, 1oc(ID) we denote the subclasses of polynomials P(z) of fixed
degree n > 1 which are univalent and locally univalent in a neighborhood of the
closed unit disk D respectively. It is clear, that P(z) € P, 10(D) if and only if
the derivative P’(z) does not vanish in D. On the other hand, P, (D) is a proper
subclass of P, 0.(D) for n > 3.

It is well known fact (see [14], [7] and paragraph 2l below) that P produces a

finite sequence of the moments:
M (P) =0, k > deg P. (2)

Moreover, My(P) = 7%, ja3 > 0, M, 1(P) = afa, # 0 and it follows from
Richardson’s formula (@) that the moment mapping is a polymorphism

W(P) = (My(P),..., M,_1(P)) : RY x R" = R* x R", (3)

It worth to say that a direct studying of injectivity of p seems to be an
extremely hard problem because of involved structure of the univalent polynomi-
als. The only lower-degree (n < 3) univalent polynomials in the unit disk have
been completely studied (see [10], [4], [17]). In particular, by using these results
C. Ullemar established in [18] that p is globally injective on P3(ID). On the other
hand, she has also constructed the explicit examples which show that p fails the
injectivity on Ps, jc(D).

The first general result concerning the injectivity of p on the locally univalent
class Py, 10c(D) is due to B. Gustafsson [7] and states that the differential du
has the maximal rang n at every point P € P, j,.(D) (actually, Gustafsson has
established this property for polynomials with complex coefficients). This means
that p is a locally injective polymorphism on P, 1..(D). We should point out
that the question whether i is globally injective on P,(ID) for n > 4 is still open.

In the mentioned above paper Ullemar has conjectured (after direct compu-
tations for lower degree polynomials) the following formula for the Jacobian

J(P) = det du(P) = 275 T P(OP(-DA(P (), (4)
which will be in the focus of the present paper. Here by A,,(P'(z)) we denote the
main Hurwitz determinant for the Mobius transformation of the derivative P’(()
(see exact definitions in section M. We have to notice the involved character of
(@) because it uses the characteristics of P which are far from the initial definition
of the complex moments.
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Nevertheless, an important feature of () is that it immediately implies the
local injectivity property. Really, it is well known fact that the corresponding
Hurwitz determinant of a polynomial is positive when it has no roots in a right
half plane.

Our main result concerns the following alternative formula for evaluation of
J(P) via the inner characteristics of P.

THEOREM 1 (Derivative Roots Formula). Let P(z) = a1z+...+a,2", ap € R

and (1, ..., Gu_1 are all zeroes of the derivative P'(z). Then
n(n—1)
J(P)=2a, * (na,)"- H(QC]- —1)=
n(n—1) = (5)
=2, * (na,)"* P'(1) P'(=1) [] (GG — 1)
i<j

Actually, the product in the right side of (@) is a symmetric function of the
roots and it follows that the Jacobian can be written as a homogeneous form of
the coefficients a;. More precisely, (see also section [0)

J(P)=2a; = Vaoa(br,..o b)Y b5 > (=1)Fby,
=1 k=1

where b, = kay, are the coefficients of P'(z) and V,,_; is a homogeneous irreducible
polynomial of degree (n — 1).

THEOREM 2 (Resultant Formula). Let A*(z) = zPA(1/z) be the reciprocal
polynomial to A(z) = ap+ a1z + ...+ apzP. Then in the notations of Theorem[1
we have

J(P)? = 4(=1)"1a] ™V R(P', P") - PI(-1)P'(1), (6)
where R(A, B) denotes the resultant of the corresponding polynomials.

We obtain the Ullemar’s formula () as a corollary of Theorem [I] and some
auxiliary properties of Hurwitz determinants which has been established in sec-
tion Ml

Now we can outline an alternative proof of the mentioned above Gustafsson’s
result.

COROLLARY 1. The mapping u(P) is locally injective on the set Py 1o(D),
n>1.

PROOF. Indeed, for any polynomial P(z) € P, 1oc(D) with real coefficients
we have a, # 0 and a; = P'(0) # 0. Moreover, |P'(¢)| # 0 in D and it follows
that all zeroes of the first derivative (x| > 1, k = 1,...,n — 1. It follows from
@) that J(P) # 0. O
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Another interesting consequence of our representation of J(P) is its connec-
tion with the structure properties of class P,, loc(ﬁ). Really, let us identify a
polynomial P(z) =", a;2’ with the point (ay,...,a,) € R™

The following assertion describes the structure of the class

Prie = Ui<j<nP;, 1oc(D).

THEOREM 3. If n > 3 then the boundary of the class PJ}. is contained in the
following three irreducible algebraic components: the hyperplanes

. PA)=a +2a+...+na, =0,

7
I P(-1)=a —2a+...+(-1)""'na, =0, @)

and an algebraic surface of (n — 1)th order given by
A V,_1(ay,2as,...,na,) =0. (8)

We emphasize that it follows from the preceding results that P}’ . is exactly
an open component of J(P) # 0.
We should mention that closely related result has been obtained by Quine [13]

for the univalent classes P, (D). However, in the last case only upper estimates
for the degree of the boundary 9P, (D) have been established.

We notice that the previous formulae as well as the suitable modifications of
the facts below are still valid for the polynomials with complex coefficients. But
in this case we need somewhat another technique which will be accomplished in

a forthcoming paper.

Acknowledges: The authors especially appreciate to Bjorn Gustafsson for
bringing their attention to the present theme and fruitful discussions.

2. Preliminary results

Due to S. Richardson [14] one can write the following expressions for M (P)

Mk(P) = Zil Ty e aik+lail+---+ik+17 (9)
where the sum is taken over all possible sets of indices iy, ..., 7 > 1 and it
is assumed that a; = 0 for j > n + 1. These formulae are easy to use for

straightforward manipulations with the moments but actually they are useless
for investigation of their analytic properties.
We use in the sequel the following residues representation

1 1)1
My (P) = PHYOP (=) =), 10
Really, it follows from Stokes’ formula that
: . ¢ k1
— dw = dw 11
27r// dw A dw 27r(k+1)/w “ (11)

G oG
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where G is an arbitrary 2-chain in complex plane. Letting G = P(D) and tak-
ing into account that ( = ¢~! along 0D and the fact that P'(z) = P'(z) for
polynomials with real coefficients we have from ([IT])

MUP) = 5 [ PROPTOG = s [Por (7)) &

ob

which proves ([I0).
Moreover, we notice that in our assumptions P(0) = 0 and it follows that
P({) = zPy(z) where P; is a polynomial. Thus, the expression

¢k PO P! G) =C""a 4 a "D (L ay)

is also a polynomial for all £ > n and it follows from ([I0) that for all £ > n we
have

My (P) =

Frle CFHL P P! (%) = 0.

As a consequence, we have (2) and, therefore, the mapping u in (3]) is well-defined.
Given meromorphic functions H; and Hy we write

Hi(z) = Hy(z) mod [mq;ms]

if the Laurent series of Hy — H; does not contain 2z with m € [mq;ms]. Then
we have the following representation for the Jacobian of u

LEMMA 1. Forany k, 0 <k <n-—1,

P'(2) (Pk( )+Pk( )) Za]\g‘;y . 2*"1 mod [0;n — 1]. (12)

PROOF. We denote by A, (f(2)) = res.—o(f(2)z~1"™). Then it follows from
relations

oPA/) 1 9P,
da, 2V’ da, =
and (I0) that
8Mk(P) . k / 1—v v k+1 v
e, Mo (PF(1/2)P'(2)2" ") + T 1)\0 (P**(1/2)2") . (13)

On the other hand, integrating by parts yields

Mo (2VPF1(1)2)) = zi / PEL(1/2) 21 ds =

Uy’

57 /d (z" P (1/2)) +

ob ob

/Pk“ (1/2) P/ (1/2) 2" 2 dz = s

ob

k+1
2miy

o (PF(1/2) P/ (1/2) 27,
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and by using A\o(f(1/2)) = A\o(f(2)) we arrive at

Ck+1
N 14

Ao (PF(271) 2%) Xo (PF(2)P'(2)2'7). (14)

Substituting of (I4]) to (I3]) we come to

AL [t (rrr 1) -

=M\ [P’(z) <Pk(z) + P* (21))}
that is equivalent to the required formula (I2]). O
We notice that for an arbitrary index k& € {0,...,n — 1} the decomposition
nk
PH2)+P* (27" = Z hk) m (15)
m=—nk

yields the symmetricity condition - h@@
In order to study (I2) we to consider a more general case. Really, given an

arbitrary vector x = (g, x1,...,2Z,_1) We associate with the following Toeplitz
matrix
To X1t Tp-l
I To - Tnp-2
T(z) =
$n71 PR PR '-/'EO

Then for y = (yo,y1,---,Yn—1) We can introduce the dual matrix B(y) by
T(zx)-y =By -z', vV € R". (16)

Unlike 7 (z), the matrix B(y) is not symmetric yet and it has some more com-
plicated structure. We postpone the discussion of the properties of B(y) for the
next section.

Let now H(z) be rational functions which Laurent series have the form

N
Hi(z) = Y i 2"
m=—N

and let B(z) = by + b1z + ... + b,_12""! be an arbitrary polynomial such that
bn_1 # 0. We keep in mind that Hy(z) = P*(z) + P*(27!) and B(z) = P'(2) in
the sequel. Then we can find the polynomials & (z) = Zz;é go(yk)z”, 0<k<n-—1,
such that

B(z) - Hi(z) = ®x(z) mod [0;n — 1]. (17)
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To proceed we consider the vectors h*) = (hék), ce hsi)l) and b = (bg, ..., b,_1).
It follows from (I7) that the matrix identity holds

k k T
(96 pn) =™ =T (h®) T,

which by the definition of dual matrix (6] implies go(k)T = B(b) - h(k)T, 0 <
k < n — 1. Therefore, denoting by ® and H the matrices which are formed by
combination of the columns ¢*) and p® T respectively we get ® = B(b)H and it
follows that
det & = det B(b) - det H. (18)

In our previous notations B(z) = P'(z), Hy(z) = P*(2) + P*(1/2) and we

obtain from (I2))
) _ OMi(P) _
o0 = 2D aup) - e

Thus, the problem of evaluating of the complex moments mapping Jacobian
J(P) can be reduced by (I8) to the general problem of evaluating of determinants
of the corresponding matrices B(b) and H (here b;_y = ja; are the coeflicients of
P'(z)).

The last determinant can be found as follows. We notice that matrix ||h§k) I
has the low-triangular shape in our case. Indeed, P(z) = zPi(z), where P;(z) is
a polynomial, and

kn
1
PH2) 4+ P* (27" = 2"Pi(2) + gPlk (z71) = Zk(zm + 2™ h®),

which easily implies hgf) =0,0 <m < k—1. Moreover, we have for the diagonal
elements héo) =2 and h,(ck) = a¥. This yields the desirable identity

n(n—1)

det H = det \|h§k)|] =2-a1-a>-...-at" ' =2a, * . (19)

3. Toeplitz determinants

The explicit form of det B(y) in terms of the coefficients yq, . ..,y is messy
and useless for the further analysis. However, it turns out, that this determinant
can be briefly written in terms of some intrinsic characteristics of y. Namely, let
us associate with any vector y the polynomial

By(z) =yo+pmz+... +yn".
We also assume that y,, # 0.
THEOREM 4. Let (1, ..., Gy are the roots of B,(C). Then

det B(y) =y H(CiCj - 1), (20)

1]
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PRrOOF. First we notice that left-hand side of (20)) is an algebraic function of
Yo, - - -, Yn—o and it is sufficient to prove that (20)) is valid for every ¢ = (¢i, ..., Gn)
outside of some proper algebraic submanifold of C™. Namely, we will suppose

that (; # (; for ¢ # j and (;¢; # 1 for all 4, j.
Then given a nonnegative integer k£ and ( € C we consider the following

vector

{Gr=00,...,0,1,¢.¢....¢" )T e, {3 ={C
Then substitution of x = {¢} " in (I8) gives
i=m—1

THCH v =B+ D wi({¢hi—{¢'h)

=0

and taking ¢! instead of ¢ in the previous formula we arrive at

THG AT 9" =By(O) ¢+ B, (¢ - {¢ (21)
Let ¢ = ¢; be a root of the polynomial B, (). Then it follows from (2I]) that
THGH G -y =By (") -{G} (22)
and
T(e)-y' =By(1)-e', (23)
where e = (2,...,2) € C™*1. Applying ([I8) to [22) and ([23]) we obtain for all
1=1,...,m
B(y)({G} +{¢"H) = By () - {G}
and

Bly)-¢" = B,(1)-¢,
Combining the preceding expressions to the matrix identity we attain the
relation for determinants

det B(y) det W(1, (i, ..., Gm) =

1 1 ... 1
LG e
=2B,(1)det | . ) B, () =
! PoE H ! (24)
1 Gu .
DIIBGH - TIG=¢ - TTa -6,
k=1 1<j i=1
where by W(ao, ay, . .., ) we denote Wi = [|a + o ||” o
The determinant of W(ay, . .., a,,) can be easﬂy evaluated similar to that for

the Vandermonians (see also [19, Part 4])

det W(ap, ..., ) = o H H a;a; — 1). (25)

1<j 1<J
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Thus, we have from (24)), (25) and by virtue of

m

B,()=ym [[(1-C), G Cn= (—1)””‘5—%
i=1 m
that
det By) - — T - ) T6e - L0 - ¢ -
(G Gm) i<j i<j i=1
- LI BOTIE -6,
Ym i<j
and after substitution
By(Gh) = %Z (1- Gw),
i=1
we finally come to required relation (20). O

Now we are ready to establish our main result.

PROOF OF THEOREM [Il We recall that in the previous notations du(P) =
® . Then applying (I9) and Theorem [ to (I8) we obtain

OMy(P)] . o
#} =2a, = b2 [ 1),

i<y

J(P) = det [

where b, 1 = na, is the leading coefficient of B(z) = P’(z). Thus,

J(P) = 2@:(7;-1) ~apn™ H(QQ - 1)

i<j

which proves the theorem. O

4. Hurwitz determinants and Ullemar’s formula

Let us consider an arbitrary polynomial R(z) = ro+riz + ...+ r,2™ of the
degree m > 1. The m X m-matrix

Tm—1 "m-3 ... Ti-m
T'm T'm—2 oo Tom
G(R) =
Tom—2 Tom—4 ... To

is said to be the Hurwitzian matrix of the polynomial R(z) [6]. One can easily
see that

gij(R> = I'm4i—2j5 (26)
where 7, = 0 if p is a negative integer or p > deg R.
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We denote by the Hurwitz determinant of R, A(R), the main diagonal minor
of (m —1)th order of the matrix G(R). It is an easy consequence of the definition
of G(R) that

det G(R) = rg A(R). (27)

THEOREM 5. The Hurwitz determinant of R(z), deg R = m, has the following

form

TVL2*m

AR) =00t I Gt =), (28)

1<i<j<m

where z; are all the roots of R(z).

Before we give the proof of the theorem let us formulate some of its corollaries.
Let us consider the Mobius transformation of the polynomial R(z) given by

~ z—1
R(z)=(z+1)"R =ro+rz+...+1r,2"
@ =rnR () =Rt Rt
It is clear that the polynomial R(z) have its roots as (; = }f—i’; where 21,

... Zp, are the roots of R(z). In particular, all roots of R(z) are contained in the

unit disk if and only if the roots of R(z) lie in the right half-plane.
Using the previous relations between the roots we get

I G+re=2"5" [ (1-=z) (Hu—z,-)) .

1<i<j<m 1<i<j<m i=1

Then the following identities

ﬁ(l — z) = R(l),

i=1
P = lim 27™R(z) = R(1),
together with (28)) yield

COROLLARY 2. In previous notations

ARy =252t T (s - 1), (29)

1<i<j<m

where Ty, is the main coefficient of polynomial R(z) with z; to be its roots.

Now (29) and Theorem [I] immediately imply the Ullemar’s conjectured for-
mula (@)

COROLLARY 3 (Ullemar Formula). The Jacobian of the complex moment
mapping p has the following representation

n(n—3) n(n—1)

J(P)=det du(P)=2"""7 a; = P(1)P(=1)A,(P'(2))
where n = deg P.
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PrOOF OF THEOREM [Bl Similar to the proof of Theorem [Il we can also as-
sume that R(z) has no multiple roots.
Then we have from (26) for an arbitrary ¢ € C and integer i that

. * ok
Zgz] <~2m = Zrm+z 2]C2m %= Cm ZZkC Tk,

where the kth index in the last sum has the form k(i,j) = m + i — 25 and
7=1....m

Now we consider a fixed integer i € [1;m] and let ¢ = (m — ). It is clear that
k takes the only even (or only odd) values ranging between (—7) and (2m —2 —1)
with changing j in [1;m]. Moreover, we notice that both & and 7 have the same
evenness and

—i < k(i,7) <2m —2 —1i, 1=0,1,...,m— 1.

Hence, for every fixed i the indices k(i, j) take all the values of i from interval
{0,1, .. n} when j € [0;m]. By virtue of this property we conclude that

> Gi(R)G = (" RI(Q), (30)
j=1
where we denote by R/(¢) the even (or odd) part of R(¢)

1
R9(Q) = 5 (RO + (1PR-0)
Let now ¢ = (i, be kth root of the polynomial R(z). Taking into account that
RP(G) = R(Gy) — R7H(G) = —RPH(G),

we have
RP(() = (=17 R (Gr)-
Here R® = Rl is the even part of R(z) and we see from (30) that

Zg” 2m 2j _ (_gk)m_iReV(Ck)-

Combining the last identities for k = 1,2, ..., m into the matrix form we have
for the determinants

det G(R) det V(C2,..., (%) = (=1)™ 5 det V(Ciy - . ., Cm HR” &) (31)

where V(ay,...,am) = Hak 1” _, is the Vandermonian matrix.

On the other hand, we have for the even part

R (Ck) = (Ck) = 7m H(Cz + k),
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and it follows from (31)

—1)mpm m
argm) [ @-="U"0 Tare) T -0
1<i<j<m ij=1 1<i<j<m
Thus, using (27]) we arrive at
G e
A(R) = omrg 1<i1;[<m((z +G)- (32)

Finally, writing the last product as
—2)™r
IT G+ =1]cw JI G+¢) = (T# IT G+,
1<i<j<m i=1 1<i<j<m m 1<i<j<m

we obtain the required identity (28]) and the theorem is proved. 0

5. Representations via resultants
We recall that given polynomials A(z) = A,(z — a1)...(2 — o), B(z) =
Bn(z = p1)...(z — (,) the expression

n

R(A, B) = ABy [ [ (i — )

ij=1
is called the resultant of A and B.
If A(z) and B(z) are mutually reciprocal polynomials
B(z) =2"A(1/z) = A*(2),

then B,_; = A;, 7 = 0,...n and the we have for their roots: 3; = al Then the
J
corresponding resultant can be rewritten in the matrix form

Ay Ay R
Ay A .. A,
RAA) =det | , n (33)
An An—l AO
A, A1 ... ... A

It is easy to see that the last matrix is of 2nth order and has as diagonal
elements Ay. On the other hand,

R(A, A7) = ArAp ﬁ (O” - i) o e ﬁ (ai; = 1)° ﬁ@‘? -1

ij=1 &) (1. an) i>j i=1
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and by Viete formulae
a-an = (=12, AA(-L) = A7 ] [(ef - 1),

we conclude that

n

R(A, A7) = (=1)"A(-DAM) AT ] (uey — 1)° =

i>j
(~1)yr Az [ 2 o
= ITUACT g(a,a] — 1)] :
By introducing the following expression
Wa(A) = Ay ] [(ua; — 1), (35)
1<j
we have from (34)
WH(A) = (=1)" R(A, A)A(-1)A(1). (36)
As a consequence, we see that W,,(A) = W, (Ao, A1, ..., A,) is a homogeneous

form of degree deg A = n. Moreover, it follows from simplicity of linear multipliers
A(=£1) that actually W,,(A) has the following representation

Wa(4) = A=DAMVR(A),  Va(4) = A7 [ J(aie; = 1) (37)

where V,,(A) is a homogeneous form of Ay of degree (deg A — 2).
It easily follows from the representation

Va(4) = A [T (1 - a;@j) : (38)

i<j

that the recursion hold
Vi(Ag, AL, ... A, 0,...,0) = APV (Ag, Ay, ..., Ag). (39)
To demonstrate the explicit form of Vj we list it for n = 3 and n = 4:
Va(A) = A2 — AgAy + A1 As — A3
Vi(A) = Ay(— AT + AsA; + A — AyAy — AgAy + 2404, — A+
+ Ag(A2 — AgAy + A1 Az — A3).

THEOREM 6. The form V,(A) = V, (Ao, A1, ..., A,) € C[Ag, Ay,..., A,] is
wrreducible polynomial over C.
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PROOF. A simple analysis of the denominator of the right-hand side of (B8]
shows that A,, can not be a divisor of V,(A). On the other hand, we notice that
Vn(A) is symmetric function of the roots ay of A(z) = 0.

Let Hy(A) and Hy(A) be two nontrivial divisors of V,,(A). It is consequence
of homogeneity of V,,(A) that both of Hy(A) are homogeneous too. Moreover, in
our assumption hy, = deg Hp > 1.

Let o is kth symmetric function of («,...,a,). Then substituting Viéte
formulae

Ay = Ayor(aq, ... ap)
in Hy(A) implies by virtue of homogeneity of Hy that
Hi(A) = AMY(ay, ... o),
and it follows from (B7)) that hy + he = n — 1 and Y} must be a divisor of
H(aiaj —1).
i<j

But the last product consists of irreducible multipliers (a;a; — 1) only. Moreover,
if one (a;a; — 1) come in Y; as a divisor then by symmetry the others have to be
the divisors too.

It follows that one of Yj contains none «;, i.e. it has a form A?. Thus,
applying the remark in the beginning of the proof we see that p = 0. But it
means that Y, must be a constant multiplier that contradicts to our assumption
and proves the theorem. O

PrOOF OF THEOREM [2l. Substituting the derivative
P(2) =a; +2a22+ ... +nap 2" P = by +boz+ ...+ by2"
instead of A(z) we have from (34 and (30) that

[bZ 1:[ (Gé5 = 1)] = ()" 'R(P, P")P(=1)P'(1). (40)

i>j

By comparison of the relations obtained with the definition (33]) we arrive at
the following formula

W1 (P)? = (=1)" ' R(P, P*)P'(-1)P'(1). (41)
The last identity with property (B) yields the required representation of J(P)
J2(P) = 4by "W (P') = (1) R(P', P*)P'(=1)P'(1) (42)

which completes the proof. O
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6. Proof of Theorem

Let P(2) = a1z + ...a,2", P € PJ'.. As above we identify P’(z) and the
vector of its coefficients b = (by, bs, ..., b,) € R", where by = kax. We write also
R(p,q) = R(P',Q’) for the corresponding vectors p and ¢q. Moreover, in what
follows by S we denote the linear transform S(a) = b : R* — R™ of the form

S(P) = P'(z).
Then the following equivalence is a simple consequence of ([B0) and (B1)
b kerW,_, & R(b,b*) =0, (43)
where b* = (b, ..., b;) corresponds to P™*.

LEMMA 2. The set P}, is an open subset of R™ which contains two compo-
nents. A polynomial P(z) is an element of the boundary OP}. if and only if

1) P'(z) contains no zeroes in D;

2) R(P', P™) = 0.

PROOF. The first statement obviously follows form the fact

inf |P'(2)| > 0, VP e Py (44)
zeD
Moreover, let P € P}}.. Then the homotopy
ax = (ay, ast,. .., apt" ), t € [0;1],

corresponds to the homothety P,(z) = }P(tz) and connects P(z) and Q(z) = ay2
inside of PJ_ because P/(z) = P'(tz) # 0 in D. This shows that all polynomials
P(z) with a; > 0 are in the same open component of P}’ ..

On the other hand, the function a;(P) = a; is continuous on P}, and it
follows from a; # 0 on P}}, that P}’ consists of two components exactly and the
involution P — — P is a bijection between these components.

Property 1) easily follows form the continuity arguments and (44]).

To prove the last assertion we assume that P € JP;... Then we obviously
have that

inf [P'(z)] =0
zeD

and it follows that there exist a root ¢ of P'(z) such that || = 1. It follows from
the reality of P that ¢, = 1/( is the root of P" as well. But it means that P’(z)

and P™*(z) has common roots and by the characteristic property of resultant it
yields that R(P’, P™*) = 0. O

PrOOF OF THEOREM [Bl Now, let P2, = P* U P~ be the decomposition in
Lemma[2l Let us consider a real-valued continuous function

fla) = R(5(a), S(a)*) : Py, — R.

Then it follows from (@0) that f does not changes its sign on each component
P*. Really, given an arbitrary P(z) € P, we have that all roots (;, of P'(z) are
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outside of D. Thus,
|C1C]| > 1, A Z,j
and f(a) # 0. The last inequality together with (43]) implies the claimed property.
Hence, P* C A* for some open components A* of f # 0. On the other hand,
by property 2) in Lemma [2 we have f(a) = 0 for all a € 9P}, and it implies by
[@3) that actually A* = P/"*.

loc
Hence, we have obtained that P* coincide with open components of

R™\ ker W,,_; = R"\ S~ (ker f).

To finish the proof we need to establish that all three algebraic surfaces in
the statement of Theorem [3] are actually realized as boundary components of
Pp. for n > 3. To see it we notice that hyperplanes IT* in (7)) correspond to the
polynomials P € 0P} which have the critical points on the real axe: P'(£1) = 0.
On the other hand, A in (&) represents the component of 9P}’ consisting of the
polynomials with complex roots ( € R, || =1, P'(¢) = 0. O
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