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Uppgift 1.

a)

u(x, y) =
x2 + x+ y2

x2 + y2
= 1 +

x

x2 + y2
.

u′x =
x2 + y2 − x 2x

(x2 + y2)2
=

y2 − x2

(x2 + y2)2
.

u′′xx =
−2x(x2 + y2)2 − (y2 − x2) 2 (x2 + y2) 2x

(x2 + y2)4
=

2x3 − 6xy2

(x2 + y2)3
.

u′y = − 2xy

(x2 + y2)2
.

u′′yy =
−2x(x2 + y2)2 + 2xy 2 (x2 + y2)2y

(x2 + y2)4
=
−2x3 − 2xy2 + 8xy2

(x2 + y2)3
=
−2x3 + 6xy2

(x2 + y2)3
.

Därför
∆u = u′′xx + u′′yy = 0,

ochu är harmonisk om(x, y) 6= (0, 0).

b) Vi användar C-R ekvationer

u′y = − 2xy

(x2 + y2)2
= −v′x.

Därför

v(x, y) =

∫
2xy

(x2 + y2)2
dx = − y

x2 + y2
+ C(y).

v′y =
y2 − x2

(x2 + y2)2
+ C ′(y) = u′x =

y2 − x2

(x2 + y2)2
.

Det betyder attC ′(y) = 0 ochC(x) = k = konst,k ∈ R.

Svar:
f(z) = u+ iv = 1+

x

x2 + y2
− i y

x2 + y2
+ ik = 1+ ik+

z

|z|2
= 1+ ik+

1

z
.

1



2

Uppgift 2.

LåtP (x, y) = 3x2y3 − x2y ochQ(x, y) = xy2 + 3x3y2.
Greens sats ger oss

I :=

∮
C

(3x2y3 − x2y) dx+ (xy2 + 3x3y2) dy

=

∮
C

P dx+Qdy =

∫ ∫
x2+y2≤9

(Q′x − P ′y) dxdy

=

∫ ∫
x2+y2≤9

(y2+9x2y2−3x23y2+x2) dxdy =

∫ ∫
x2+y2≤9

(x2+y2) dxdy

=

∫ 2π

0

∫ 3

0

r2r drdθ =
1

4
34 2π =

81π

2
.

Svar: I = 81π
2

.

Uppgift 3.

1

z2 + 3z
=

1

z(z + 3)
=

1

3

(1

z
− 1

z + 3

)
.

Därför

I :=

∮
|z−i|=2

1

z2 + 3z
dz =

1

3

∮
|z−i|=2

1

z
dz − 1

3

∮
|z−i|=2

1

z + 3
dz.

Funktionen 1
z+3

är analytisk om|z − i| ≤ 2 och Cauchy-Goursat sats ger
oss att ∮

|z−i|=2

1

z + 3
dz = 0.

Vi användar deformationsprincipen för att f̊a
1

3

∮
|z−i|=2

1

z
dz =

1

3

∮
|z|=1

1

z
dz =

2iπ

3
.

Svar: I = 2iπ
3

.


