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Uppgift 1. Funktionencos z är analytisk. D̈arför uppn̊as max| cos z| på
randen avΩ.
Vi hittar största v̈arden av| cos z| på varje del av randen.

1. Låt z = x+ iy, y = 0 och0 ≤ x ≤ π/2. Då

max0≤x≤π/2| cosx| = | cos 0| = 1.

2. För x = π/2 och0 ≤ y ≤ 2

max0≤y≤2 | cos(π/2 + iy)| = 1

2
max0≤y≤2 |eiπ/2−y + e−iπ/2+y|

=
1

2
max0≤y≤2 |ie−y − iey| =

1

2
max0≤y≤2 (ey − e−y) =

1

2
(e2 − e−2).

3. För 0 ≤ x ≤ π/2 ochy = 2

max0≤x≤π/2 | cos(x+ i2)| = 1

2
max0≤x≤π/2 |eix−2 + e−ix+2|

=
1

2
(e0−2 + e0+2) =

1

2
(e−2 + e2).

4. För x = 0 och0 ≤ y ≤ 2

max0≤y≤2 | cos(iy)| = 1

2
max0≤y≤2 |e−y + ey| = 1

2
(e−2 + e2).

Svar:
maxz∈Ω | cos z| = 1

2
(e−2 + e2).

1



2

Uppgift 2.

z2

z2 − 3z + 2
=

z2

(z − 2)(z − 1)
=

z2

z − 2
− z2

z − 1

= −1

2

z2

1− z/2
− z

1− 1/z
= −

∞∑
n=0

2−n−1z2+n −
∞∑
n=0

z1−n.

Svar: Om 1 < z < 2, då

z2

z2 − 3z + 2
=

∞∑
n=−∞

anz
n,

däran = −1, n = 1, 0,−1,−2, . . . ochan = −21−n, n = 2, 3, . . . .

Uppgift 3. Låt

f(z) =
z2

(z2 + 1)(z2 + 9)
.

Vi integrerar funktionen runtCR = Γ1 ∪ Γ3, där:
Γ1 = {z = x+ iy : y = 0, −R ≤ x ≤ R},R > 3,
Γ2 = {z = Reiθ : 0 ≤ θ ≤ π},

Funktionenf har tv̊a poler av ordning 1 i punkterz1 = i ochz2 = 3i som
ligger innanf̈orCR. Residysatsen ger∮
CR

f(z) dz = 2πi
(

Res
[ z2

(z2 + 1)(z2 + 9)
, i
]
+Res

[ z2

(z2 + 1)(z2 + 9)
, 3i
])

= 2πi
( −1

2i(−1 + 9)
+

−9

(−9 + 1)6i

)
=
π

4
.

1. ∫ R

−R

x2

(x2 + 1)(x2 + 9)
dx→ I, R→∞.

2. Vi anv̈ander ML olikheten och f̊ar∣∣∣ ∫
Γ2

f(z) dz
∣∣∣ ≤ max

z∈Γ2

|f(z)|πR ≤ R2

(R2 − 1)(R3 − 9)
πR→ 0, R→∞.

Svar: ∫ ∞
−∞

x2

(x2 + 1)(x2 + 9)
dx =

π

4
.


