
919.a.

V = x 2 + y 2 dxdy
D
ÚÚ

D = (x,y):x2 + y2 £1,  x ≥ 0,  y ≥ 0{ }

D rq = (r,q ):0 £ r £ 1, 0 £ q £
p
2

Ï 
Ì 
Ó 

¸ 
˝ 
˛ 

x = rcosq

y = rsinq
Ï 
Ì 
Ó 

    dxdy = rdrdq

V = rrdrdq
D rq

ÚÚ =
p
2

r2dr
r= 0

1

Ú =
p
2

1
3

=
p
6



919.b.

D = (x,y):x2 + y2 £ y,  x ≥ 0{ }

D = (x,y):x 2 + (y -
1
2

)2 £
1
2

Ê 
Ë 

ˆ 
¯ 

2

,  x ≥ 0
Ï 
Ì 
Ó 

¸ 
˝ 
˛ 

D rq = (r,q ):0 £ r £ sin q,  0 £ q £
p
2

Ï 
Ì 
Ó 

¸ 
˝ 
˛ 

x = rcosq

y = rsinq
Ï 
Ì 
Ó 

    dxdy = rdrdq



V = rrdrdq
D rq

ÚÚ = ( r2dr
r =0

sinq

Ú )dq
q = 0

p
2

Ú

V =
1
3

sin3 qdq
q = 0

p
2

Ú = BETA 7.5.17.{ } =
1
3

2!!
3!!

V = BETA 2.1.{ } =
1
3

2
3

=
2
9

V =
sin3 q = (1- cos2 q )sinq

t = cosq,  dt = - sinqdq  
Ï 
Ì 
Ó 

¸ 
˝ 
˛ 

=
1
3

-(1 - t2 )dt
t =1

0

Ú



919.c.

D = (x,y):y £ x 2 + y 2 £ 2y{ }

D = (x,y):x 2 + (y -
1
2

)2 ≥
1
2

Ê 
Ë 

ˆ 
¯ 

2

,  x2 + (y -1)2 £12Ï 
Ì 
Ó 

¸ 
˝ 
˛ 

D rq = (r,q ):sinq £ r £ 2sinq,  0 £ q £ p{ }

V = rrdrdq
D rq

ÚÚ = ( r2dr
r =sinq

2sin q

Ú )dq
q = 0

p

Ú

V =
sin3 q = (1- cos2 q )sinq

t = cosq,  dt = - sinqdq  
Ï 
Ì 
Ó 

¸ 
˝ 
˛ 

=
7
3

-(1- t2 )dt
t =1

-1

Ú = 2 7
3

2
3

=
28
9



919.d.

D = (x,y):y £ x 2 + y 2 £ x{ }

D = (x,y):x 2 + (y -
1
2

)2 ≥
1
2

Ê 
Ë 

ˆ 
¯ 

2

,  (x -
1
2

)2 + y2 £
1
2

Ê 
Ë 

ˆ 
¯ 

2Ï 
Ì 
Ó 

¸ 
˝ 
˛ 

V = rrdrdq
D rq

ÚÚ = ( r2dr
r =0

cosq

Ú )dq
q = -

p
2

0

Ú + ( r2dr
r= sinq

cos q

Ú )dq
q = 0

p
4

Ú

D rq = D1 » D2   
D1 = (r,q ):0 £ r £ cosq,  - p

2
£ q £ 0Ï 

Ì 
Ó 

¸ 
˝ 
˛ 

D2 = (r, q):sin q £ r £ cosq,  0 £ q £
p
4

Ï 
Ì 
Ó 

¸ 
˝ 
˛ 

Ï 

Ì 
Ô 

Ó 
Ô 



V =
cos3 q

3
dq

q =-
p
2

0

Ú +
cos3 q - sin3 q

3
dq

q = 0

p
4

Ú

V =
1
3

sin q -
1
3

sin3 qÈ 
Î 

˘ 
˚ q= -

p
2

p
4

- -cosq +
1
3

cos3 qÈ 
Î 

˘ 
˚ q = 0

p
4Ï 

Ì 
Ó 

¸ 
˝ 
˛ 

BETA 7.4.207 - 208.

V =
1
3

1
2

-
1
3

1
2 2

+1-
1
3

Ê 
Ë 

ˆ 
¯ 

- -
1
2

+
1
3

1
2 2

+1 -
1
3

Ê 
Ë 

ˆ 
¯ 

Ï 
Ì 
Ó 

¸ 
˝ 
˛ 

V =
1
3

1
2

2 5
6

=
5 2
18


