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Cramér-Lundberg Theory

ψ(x) ∼ Ce−γx

CL: transforms, complex analysis

-

6

x

τ

Classical expression P–K–B–B
Pollaczek-Khintchine-Beekman-Bowers

β Poisson int’y, unit premium rate

B claim distr’n, integrated tail BI:

BI(x) =
1

µ

∫ x

0
B(y) dyl

ψ(u) = (1 − ρ)
∞∑

n=0

ρnB
∗n
I (u)

ρ = βµB < 1

Geometric sum



Geometric Sums

SN = V1 + · · · + VN
Vn ∼ F , N geom(ρ)
Z(x) = P (SN > x) solves

Z(x) = ρF (x) +

∫ x

0
Z(x−y) ρF (dy)

(1)
Defective renewal equation
Solution exponentially decaying

ρF (dy) has mass ρ < 1
Choose γ as solution of∫ ∞

0
eγx ρF (dx) = 1

Let
F ∗(dx) = eγx ρF (dx)
Z∗(x) = eγxZ(x)
z∗(x) = eγxρF (x)

Multiply (1) by eγx

Z(x) ∼ Ce−γx



RESTART

T ideal job time ∼ F
(program time; file length;
call center time)
U failure time ∼ G
(often exponential)
X total time ∼ H

UN+1

UN

U2

U1

T

X = T + U1 + · · · + UN

Target: tail H(x) = P (X > x)

T bounded ⇒ H(x) ≈ e−γx

T unbd ⇒ H heavy-tailed



T ≡ t

UN+1

UN

U2

U1

t

D = t+ U1 + · · · + UN

Geometric sum
Succes probability G(t)
Summands: U |U ≤ t

γ(t) solution of 1 =

∫ t

0
eγ(t)ug(u)du

P (S > x) ∼ C(t)e−γ(t)x

H(x) ∼ eγ(t)tC(t)e−γ(t)x



γ(t) solution of 1 =

∫ t

0
eγ(t)ug(u)du

γ(t) ∼ µG(t) µ = 1/EU
Crucial lemma:

H(x) =

∫ ∞

0
Ht(x)f(t) dt

∼

∫ ∞

t0

exp{−µG(t)x}f(t) dt

Purely analytical problem;
non-trivial

Diagonal case F = G:
y = µG(t)x ⇒ dy = µxf(t) dt
1

µx

(
1 − exp{−µG(t0)x}

)
∼

1

µx
General idea:
same substitution
assume F,G are connected s.t.
this leads to integral of
Abelian/Tauberian type.



f(t) = g(t)G(t)β−1L0
(
G(t)

)

H(x) ∼
Γ(β)

µβ
L0(1/x)

xβ

f, g regularly varying
of form L(t)/t1+α

αF , αG, LF , LG

H(x) = LH(x)/xαH

αH = αF/αG, LH(x) ∼ cHL
′
H(x)

cH =
Γ(αH)(αG + 1)αH−1

µαH

L′
H(x) =

LF
(
x1/αG

)

L
αH
G

(
x1/αG

) .



f, g
of form exp{−λtη}t1+αL(t)
λF , αF , λGαG, LF , LG

H(x) = logκH xLH(x)/xαH

αH = λF/λG, LH(x) ∼ cHL
′
H(x)

cH =
Γ(αH)

µαHλ
ωH+αH−1
G

ωH = αF/η − αGλF/λGη

κH = ωH + (1 − 1/η)(λF/λG − 1)

L′
H(x) =

LF
(
log x1/η

)

L
αH
G

(
log x1/η

) .

F Gamma-like: F (x) ∼ Axηe−δx

g(t) = βe−βt

H(x) ∼
AΓ(δ/β)

βδ/β−1−η

logη x

xδ/β
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Crude Monte Carlo
Computationally heavy
Importance sampling



4 examples of each of F,G:
LT Weibull
exponential
HT Weibull
power

.

. F (t) e−t2 e−t e−t1/2 1
tα

G(u)

e−u2 1
x

e− log1/2 x e− log1/4 x 1

logα/2 x

e−u e− log2 x 1
x

e− log1/2 x 1
logα x

e−u1/2
e− log4 x e− log2 x 1

x
1

log2α x

1
uα

e−x
2

2+α
e−x

1
1+α

e−x
1/2

1/2+α 1
x

Constants omitted e−c log1/2 x;
1

x
= e− log x

In some corners even log log asymp-
totics



Fragmentation

K parts

Parallel computing:
X = max(X1, . . . , XK)

Checkpointing:
X = X1 + · · ·XK



Parallel computing

T1, . . . , TK i.i.d. Gamma(αK, λ)
Exponential(µ) failures

αK ≡ K: P(Xi > x) ∼ c logα−1 /xr,
r = λ/µ
L(K)

Kβ
X → Frechet

αK → ∞:

X ≈ erαK

logX

rαK
→ c



Checkpointing

K segments of lengths h1, . . . , hK
Checkpoints t0 = 0, t1 = h1, t2 = h1 +
h2, . . .

A: T is deterministic, T ≡ t, and the check-

points are deterministic and equally spaced,

t1 = t/K, t2 = 2t/K, . . . , tK−1 = (K −

1)t/K. Equivalently, hk = t/K.

B: T is deterministic, T ≡ t, and the check-

points are deterministic but not equally spaced,

for simplicity hk 6= h` for k 6= `.

C: T is deterministic, T ≡ t, and the check-

points are random. More precisely, the set

{t1, . . . , tK−1} is the outcome of K−1 i.i.d.

uniform r.v.’s on (0, t). That is, t1 < · · · <

tK−1 are the order statistics of K − 1 i.i.d.

uniform r.v.’s on (0, t).

D: T is random and the checkpoints equally

spaced, hk ≡ h. Thus, K = dT/he is ran-

dom

E: T is random and the checkpoints are given

by tk = t′kT for a deterministic set of con-

stants 0 = t′0 < t′1 < . . . < t′K−1 < 1.



Model A:

P(X > x) ∼ cKx
K−1e−xγ(t/K)

Let U1, . . . , Um ≥ 0 be independent r.v.’s such

that P(Ui > x) ∼ Cix
αi−1e−ηx for some η > 0,

α1, . . . , αm > 0 and some C1, . . . , C2. Then

P(U1 + · · · + Um > x) ∼ Cxα−1e−ηx ,

where α = α1+· · ·+αm, C = C1Γ(α1) · · ·CnΓ(αm)/λΓ(α)

Model B:

P(X > x) ∼ ce−xγ(h∗)

h∗ = max(h1, . . . , hK
Let U1, U2 ≥ 0 be independent r.v.’s such that

P(U1 > x) ∼ Ce−ηx and P(U2 > x) = o
(
e−ηx

)

for some η > 0. Then

P(U1 + U2 > x) ∼ CEeηU2e−ηx .



Model C

Assume that the checkpoints are 0, t and K −

1 i.i.d. uniform r.v.’s on (0, t). That is, the

checkpoints are 0 = t0 < t1 < · · · < tK−1 <

tK = t where t1 < · · · < tK−1 are the order

statistics ofK−1 i.i.d. uniform r.v.’sR1, . . . , RK−1

on (0, t). Then

P(X∗ > x) ∼ C7(t)
e−γ(t)x

xK−1

P(hk∗ > y)

= (K − 1)(1 − y)K−2

−
( K − 1

2

)
(1 − 2y)K−2

+ · · · + (−1)i−1
( K − 1

i

)
(1 − iy)K−2

Fisher 1929

P(hk∗ ∈ dy)

= (K − 1)P(R1 ∈ dy, k∗ = 1)

= P(R1 ∈ dy,R2 > y, . . . , RK−1 > y)

=
K − 1

tK−1
(1 − y)K−2 .



Model D

Assume that the distribution of
T is regularly varying, P(T >
t) = L(t)/xα with α > 0 and
L(·) slowly varying. Then

P(X > x) ∼ P
(
T > xh/m1(h)

)
(1)

∼
m1(h)αL(x)

hαxα
(2)

Asmussen, Klüppelberg & Sig-
man 1999



Assume f(t) ∼ ctαe−λt as t →
∞ where −∞ < α < ∞. Then
P(X > x) ∼ C7e

−γ2x where

γ2 = γ2(h) is the solution of Ĥ[γ2] =

eλh and C7 = . . .

Let U1, U2, . . . > 0 be i.i.d. and
define Sn = U1 + · · · + Un. Let
N ∈ N be an independent r.v.
such that P(N ≥ n) ∼ cnα−1ρn

with α > 0 and 0 < ρ < 1. As-
sume that a solution θ > 0 of
ρEeθU = 1 exists with the addi-

tional property Eeθ
′U < ∞ for

some θ′ > θ. Then P(SN >
x) ∼ C9x

α−1e−θx, where θ >
0 is the solution of ρEeθU = 1



and

C9 =
c(1 − ρ)

θm1(θ)α
where m1(θ) = ρE

[
UeθU

]
.


