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Cramér-Lundberg Theory
P(x) ~ Ce™ 7%

/
CL: transforms, complex analysis

-
Classical expression P-K-B—B
Pollaczek-Khintchine-Beekman-Bowers

,8 Poisson int’y, unit premium rate

B claim distr’n, integrated tail By:

Br@) =~ [ By dy

Y(u) = (1—p) Z p" BT (u)

p—BuB<1

Geometric sum



Geometric Sums

SN=Vi+---+ VN
Von~F, N geom(p)
Z(x) = P(SN > x) solves

2(x) = pF(e)+ | Z(@—y) pF(dy)

(1)
Defective renewal equation
Solution exponentially decaying
pF(dy) has mass p < 1
Choose ~v as solution of

o0
/ e’ pF(dx) =1
0

Let
F*(dx) = 7" pF(dx)
Z*(x) = e Z(x)
z*(z) = e’ pF ()
Multiply (1) by e7*
Z(x) ~Ce 1*



RESTART

T ideal job time ~ F
(program time; file length;
call center time)

U failure time ~ G
(often exponential)

X total time ~ H

Target: tail H(z) = P(X > x)
T bounded = H(xz) ~ e *

T unbd = H heavy-tailed



U,
U, D =t4+U +---+ Uy
Un
Un+1

Geometric sum B

Succes probability G(t)

Summands: U |U <t
t

~(t) solution of 1 = / e’ g (u)du
0

P(S > z) ~ C(t)e D)
H(a}) ~ e’)’(t)tC(t)e_’Y(t)w



t
~(t) solution of 1 = / e’ Dg(u)du
0

v(t) ~ pG(t) p=1/EU
Crucial lemma:

H@) = [ Hi@)f()d
~ [ exp{-uG(t)a} £(t) dt

Purely analytical problem;
non-trivial

Diagonal case F' = G

ylz pG(t)x = dy = ,ua:f(tl) dt
—(1 — exp{—pG(to)x}) ~ —
pux pux
General idea:

same substitution

assume F,G are connected s.t.
this leads to integral of
Abelian/Tauberian type.



f(t) = g@t)Gt)P1Lo(G(t))

_ T(B)Lo(1/z)

H (x) e e

f, g regularly varying
of form L(t)/t1T®
ap,aq, Lr, Lg

H(z) = Ly(z)/2%H
ag =afp/ag, Lg(x) ~ cgLy(x)
_ T(ag)(ag +1)*H"1
CH — P
v} H

LF (wl/a(;)

/ _
L (z) = LSH (z1/oc) "




f>9
of form exp{—At"}t!TOL(¢)

Apsap, A\qgoq, Ly, Lg
H(CL') = log"H xLg(x)/x*H
OH — )‘F/}‘Ga LH(:B) ~ CHL,I—I(:B)
S I(aq)
uaH)\CéH-FaH—l
ap/n — agAr/Agn

WH —
kg = wH + (1 _/1/77)(>‘F/>\G —1)
Lp(log z!/M)
L — .
() Lo (log z1/M)

F Gamma-like: F(w) ~ Axfe—90T
g(t) = Be Pt

AI'(6/B) log"x
39/B—1-m 46/8

H(z) ~



Observed restart behavior and predicted asymptotic limits
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Figure 1:

Crude Monte Carlo

Computationally heavy

Importance samplin

g

6



4 examples of each of F, G:
LT Weibull

exponential
HT Weibull
power
— 2 1/2
. F(t) et e ! e—t"
G(u)
e—u2 i e log!/2 ¢ e logl/4 2
e~ U —log? x % e logl/2 x
e—u1/2 —logtx e~ log? x 1
£
2 { 1/12/42
1 —r24+a —_prlto «
1
. 1/2
Constants omitted e—¢1°8" T.— = e
£r

In some corners even loglog asymp-

totics



Fragmentation

K parts

Parallel computing:

X = max(Xy1,...,Xk)
Checkpointing:

X = Xl —I— oo XK



Parallel computing

Ty,...,Tk i.i.d. Gamma(agk, )
Exponential(p) failures

ag = K: P(X; > x) ~ clog®!/z",
r=A/p

L(K)
X — Frechet
KB

o — OO:

X =~ e"%K
log X

ragk




Checkpointing

K segments of lengths hy,...,hg
Checkpoints to = 0,t1 = hq,t2 = hy; +
ho, ...

A: T is deterministic, T' = t, and the check-
points are deterministic and equally spaced,
t, = t/K, t, = 2t/K,...,tg_1 = (K —
1)t/ K. Equivalently, hy = t/K.

B: T is deterministic, T' = t, and the check-
points are deterministic but not equally spaced,
for simplicity hy # hy for k # £.

C: T is deterministic, T' = t, and the check-
points are random. More precisely, the set
{t1,...,tk_1} is the outcome of K —1 i.i.d.
uniform r.v.’s on (0,¢). That is, t; < -+ <
tx_1 are the order statistics of K — 1 i.i.d.
uniform r.v.’s on (0, 1).

D: T is random and the checkpoints equally
spaced, hy = h. Thus, K = [T/h] is ran-
dom

E: T is random and the checkpoints are given
by ti = t;T for a deterministic set of con-
stants 0 = ¢, <t] < ... <t <1



Model A:
P(X > z) ~ cgaB—le—27(t/K)
Let U,,...,U,, > 0 be independent r.v.’s such
that P(U; > ) ~ C;x% le™"® for some 1 > 0,
Q1y...,0, > 0 and some C4,...,C5. Then
P(U + -+ Up>z) ~ Cx* e ",
where « = a1+« -+, C = CiI'(aq) - - Cp.)I' (o) /AT (@)
Model B:
*
P(X > z) ~ ce~TV(RY)
*
Let U;,U3; > 0 be independent r.v.’s such that

P(U; > x) ~ Ce ™ and P(U, > z) = o(e™"?)
for some 7 > 0. Then

P(U1 +U; > x) ~ CEe"V2e~ "%,



Model C

Assume that the checkpoints are 0,t and K —
1 i.i.d. uniform r.v.’s on (0,t). That is, the
checkpoints are 0 = t) < t1 < -+« < tg_1 <
tk = t where t; < .-+ < tx_; are the order
statistics of K —1 i.i.d. uniformr.v.’s Ry,..., Rg_1
on (0,t). Then

* e_’)’(t)w
P(X* > ) ~ Cr(t)— g

P(hr< > y)
= (K —-1)(1 —y)*?

(%5 Ju e

K -1
7

CRREE G L (e [ )

Fisher 1929

P(h € dy)
— (K —1)P(R, € dy, k* = 1)
= P(Ry €dy, Ry > y,..., Rgk—1 > y)

K—1 -
- tK_l (1_y)K 2‘




Model D

Assume that the distribution of
T is regularly varying, P(T >
t) = L(t)/x* with a« > 0 and
L(-) slowly varying. Then

P(X > xz) ~ P(T > xzh/m1(h)))
my(h)®L(x)
~ T e (2)
Asmussen, Kluppelberg & Sig-
man 1999




Assume f(t) ~ ct®e M as t —
oo where —oco < o < oo. Then
P(X > x) ~ Cre 72 where
v2 = v2(h) is the solution of f—I\['yg] =

e M and Cr=...

Let U;,Us,... > 0 bei.i.d. and
define S,, = Uy + --- + U,. Let
N € N be an independent r.v.
such that P(N > n) ~ cn®1p”
with a > 0and 0 < p < 1. As-
sume that a solution 6 > 0 of
p]EeHU — 1 exists with the addi-

tional property Eef'U < oo for
some 0’ > 6. Then P(Sny >
z) ~ Cox® le 9" where 6 >
0 is the solution of pEeHU =1



pE [U e



