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Let X, X1, Xo,... be a sequence of independent identically
distributed (i.i.d.) random variables. Put S, = X1 + ... + X,
So = 0.

Let a, be a nondecreasing sequence of natural numbers.

We will study the asymptotic behaviour of the increments of
sums

jlzzz n-+can _‘5%1

as well as the maximal increments

Un — max (Sk—l—an — Sk)

0<k<n—an

The aim is to describe a normalizing sequence ¢, such that

1,
limsup — =1 a.s.
Cn
U.
limsup— =1 a.s.
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L. Shepp (1964) T,, = S”+a“_8”, a, /" 00, a, takes positive

Qn
integer values. M; = Ee*! < oco. T = limsup 7}, was determined

in terms of the moment generating function of X and the radius
of convergence of ) x® (denoted r).

m(a) = min M (t)e~ .

T = a a.s., where a = a(r) is the unique solution of m(a) = r.
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P. Erdés, A. Rényi (1970) a,, = [clogn]. Theorem 1. Suppose
that the moment generating function M; = Ee*? exists for

t € I, where I is an open interval containing ¢ = 0. Let us
suppose that EX = 0. Let a be any positive number such that
the function M (t)e~* takes on its minimum in some point in
the open interval I and let us put

in M((He ¢ = M —aT __ —1/c.
min (t)e (1)e e

Then g g
P (lim max Ftlclogr] - a) =1
0<k<n—[clogn] [C log n]
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Theorem 2. The functional dependence between o and ¢ = ¢(«)
determines the distribution of the random variables X,
uniquely.

Practical implements.

1. The longest runs of pure heads.

Theorem 3(special case of Theorem 1). Let X7, Xo, ... be
independent Bernoulli random variables with
P(X;=1)=05=P(X; =-1), 5, =X1+ ...+ X,. Then for
any ¢ € (0, 1) there exists ng = ng(c) such that

o — Sp) = [c] s,
ogkg[lfiﬁgw]( k+lclogyn] — Ok) = [clogan] a.s

if n > ny.
This theorem guarantees the existence of a run of length
lclogs n] when n is large enough.
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2. The stochastic geyser problem. X, Xo, ... - i.id.r.v., F(.) is
their distribution function. Put V,, = 5,, + R,,, where R,, is also

a r.v. sequence.
Theorem (Bartfai, 1966). Assume that the moment generating
function of X exists in a neibourhood of ¢ = 0 and

R, = o(logn). Then, given the values of {V,;;n =1,2...}, the
distribution function F'(.) is determined with probability 1, i.e.
there exists a r. v. L(x) = L(V1, V3, ..., z), measurable with a
respect of o-algebra, generated by Vi, V5... such that for any
given real x, L(x) = F(x).

Proof. For any ¢ > 0 we have

i Vk—l—[clog n] — Vi
111 max —
0<k<n—|[clogn] [C log n]

S clogn -5
lim max Ftlclogn - a(c)

a.s.
0<k<n—[clogn] [C log n]
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Improvements.

J. Steinebach (1978).
The existence of a moment generating function is a necessary
condition. If M(t) = Ee*! = oo for all t > 0, then

I Sk—l—[clogn] — Sk B
im sup max — 00  a.s.
0<k<n—[clogn] [C log n]

D. Mason.(1989) (The extended version of Erd&s-Rényi laws).

Sk—}—an — Sk a.s. 1

max
0<k<n—an y(C)an

Y

where v(c) is a constant depending on ¢ and M (t) remains true
when a,/logn — 0. (Erdés and Rényi had a,/logn ~ c).
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M. Csorgd and J. Steinebach (1981). Theorem. Suppose
EX =0, EX? =1 and there exists a ty > 0 such that
M(t) = Ee*! < 0o if |t| < tg. Then for the sums S, the
following holds

. Sktan — Sk
lim max =1 a.s.,
n—00 0<k<n—an (2a, log(n/a,))/?

an

logn
In this case the normalizing sequence depends only on the

moment conditions on X.

where Togn)z — O©
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Tn — an—I—can — Sn

Un
U,= max (S —S5;), limsup— =1 a.s.
" ogkgn—an( btan = Sk) P

The asymptotic behahior of U,, and T;, strongly depends on the
rate of the growth of a,, and the moment conditions on X.

If a, = O(logn), the normalizing sequence ¢,, depends on the
distribution of X (Erd&s-Rényi laws).

If a,,/logn — oo and EX = 0, EX? = 1, the normalising
sequence does not depend on the distribution of X and is the
same as the one for the Gaussian distribution. In this case

cn = v/2a,(log(n/ay,) + loglogn) (Csorgs-Révész laws).

For example: put a, = n, ¢, = (2nloglogn)Y/?, U, = S,

S
lim sup - =1 a.s.
Vv2nloglogn
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Frolov (2000).

It turned out, that these two types of behaviour are particular
cases of the universal one. For variables with a finite moment
generating function there exists an explicit formula for the
normalizing sequence c,.
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H. Lanzinger, U. Stadtmuller.

Let X, X1, Xo,... be a sequence of i.i.d. random variables.
Suppose EX =0, EX? = o2, Ee!XI"" < o0 for all t in a
neibourhood of 0.

to = sup{t > 0 : Ee9") < o0} € (0, 00)

©(c) = max{x +y : 5o

Theorem.
Under assumptions made above, we have

. Sj+k — S5 _
lim max max - =1 as.
n—oo 0<j<n 1<k<n—j gp( (Tog n)2p—1 )(10g n)p
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Corollary

Sj—l—c(log n)2p—1 — Sj

I =1 a.s.
17£,n_>801<1>p OI£ga<Xn ¢(c)(logn)P o
H. Lanzinger (2000).
Theorem.
Sn ogn)P S’n
lim sup t(logm)? = (1) a.s.

n—oo  (logn)®Pt1)/2
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Definition. Suppose that X has a distribution R. The
distribution R is stable if for every n there exist ¢, > 0 and ~,,
such that S, = c, X 4+ V. ¢, = nl/o‘c, 0<a<?2.

Normal distribution is stable with o = 2 and ~,, = 0.

The distribution function G belongs to the domain of attraction
of R if there exist a sequence B,,, B, > 0 and A,,, such that

Sn — An d

R.
By,
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There exists a canonical representation of the characteristic
function of a stable law.

£(£) = explity — c|to(1 - i%ﬁw(t, o)),

where y € R, ¢ > 0, |B] <1, w(t,a) = tanma /2 if a # 1 and
w(t,a) = (2/m)logt, if a = 1.
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Let X, X1, Xo,... be a sequence of i.i.d. random variables,
EX =0, F(x) = P(X < z). Suppose F(x) to be from a domain
of attraction of a stable law with index a € (1,2) and the

|§| tan Fa) },

characteristic function ¥ (t) = exp{—alt|*(1 + i
a = cos(m(2 — a)/2). Let B, = na.

Define, further

pta—1

¢n = (logn) "o, to=sup{t>0:Ee!X7 <501

o(c) =max{r +y: - + toyp+3—1 <1,z >0,y > 0}.

Theorem. Suppose tg € (0, 00)
Then

=1 a.s.

1. E%v+can _'5%1
1m sup
n— 00 Cn® (C)
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