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Motivation
— We will deal a lot with Riemann-Stieltjes and forward integrals
— These integrals have natural interpretation in financial mathematics

— Riemann-Stieltjes sums appear in many econometric applications (e.g. unit

root tests) and their bounds are useful for limit theorems used in tests

— Riemann-Stieltjes integrals are of interest because they represent linear

functionals in certain Banach spaces

.




SOME DEFINITIONS

o Let X ={X(¢):t € |a,b]} be a stochastic process
¢ increase on R, with ¢(0) =0
| || be a norm on random variables

Define (¢, || ||)-variation of X on [a,b] as
n—1
sup » & (|| X (tig1) — X (t:)]]) with a =t <..<t,=b
i=0
e Define Riemann-Stieltjes integral f; UdV in || || as

lim i U(SZ)[V(tH_l) — V(tz)] with s; € [ti, tz'_|_1]

Put s; = t; to get a forward integral

.
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YOUNG’S THEOREM
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YOUNG’S THEOREM (1938).

Let U,V have finite (@, || ||u)- and (¢, | ||)-variations, respectively.

Suppose U,V have limits on the right and left in || ||, and || ||, as well as
have no common discontinuities. If

/1 R GO D)

12

dx < 400,

then Riemann-Stieltjes integral ff UdV exists as lim in any || || satisfying

1€nll < NIl - lnllo-

See also Lesniewicz& Orlicz(1973), Dyac’kov(1988), Dyac’kov(1996)
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EXAMPLES
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H Hu7 H H”Uv H H are vaanLr'normS, and
1 1 1
_+_<_7 p7Q7r>1
p q r

Further on By is a fBM with Hurst index H > 1/2

ff f(Bu)dBpy exists a.s. and in Ly for smooth f

f; 1<BH(t) > c) dBy exists in L; whenever ¢ > 0 or a > 0

Pavel Yaskov




EXAMPLES
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BUT: easy to see that on [0,b], b > 0,
1(Bu(t) > 0) has infinite (¢, || ||)-variation for all ¢ and any || |

depending only on the distribution of a random variable.

Does the integral f 0.1] 1(BH > ()) d By exist?

The latter appears in Tanaka formula, see Nualart(2001).
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MAIN RESULT

/ Let

f decreases in x on |a,y| and increases in y on [z, b]
f is symmetric and f(z,x) =0

Introduce

(b, 0) —

:r;) dr + f(a,b)

o // dM/ 1) gy [ Sl
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MAIN RESULT
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THEOREM.

Let

IU(u) = U()] - [V(y) = V)l < flz,y), u,velzy]

Suppose also

Hy(a,b) = // (f(x’y)Q dady + ... < co.

T —y)
[a,b]2

Then Riemann-Stieltjes integral fab UdV exists (as lim in || ||).
If (x) holds only for uw = v, then forward integral f; UdV exists.
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COROLLARIES
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e Take p sufficiently close to 1 and

y =/ |y —afl/”
f(x,y) = const - 2 A { ~H/p + —3H/p ' |y—x\H

to see that there exists |,

0.1] 1(Bu(t) > 0)dBy

e or more general

/ F(By)dG(By)
@,

with F(z) = [_ o 4 fW)Q(dy), [z |f(W)|(1+ |y)Q(dy) < oo and G s.t.

IAG(Bu)||,p

< oo for sufficiently large p > 1.
HABHHP

sup

Similar integrals are considered by Azmoodeh, Mishura, Valkeila(2009)

. /
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TIME TRANSFORMATION
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NOTE:

ff UdV will not change if we change the time

t — s=(t), ¢ is continuous and increases on |a, b|,

l1.€. . w(b)
Jvav= [wowndvou), v=o
a Y(a)

BUT: f(x,y) will change on f(¢(x), ¥ (y)).

Pavel Yaskov
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TIME TRANSFORMATION
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Changing the time properly we get
THEOREM™.

Let [[[U(u) = U(x)] - [V(y) = V)|l < f(@,9), u,v € [z, y], where

f(xay) — F(Ul(y) — Ul(x)v "'7Un(y) — ’Un(.il?)>

with coordinate-wise nondecreasing v; and F'.

Suppose U,V have limits on the right and left in terms of || | and do not

have common discontinuities. If

1
/ (=, ’x)dx<oo,
0

12

then fab UdV exists.
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YOUNG’S THEOREM
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YOUNG’Ss THEOREM (1938).

Let U,V have finite (@, || ||u)- and (¢, | ||»)-variations, respectively.

Suppose U,V have limits on the right and left in || ||, and || ||, as well as
have no common discontinuities. If

/1 R GO D)

12

dx < 400,

then Riemann-Stieltjes integral fab UdV exists as lim in any || || satisfying

€nll < NIl - lnllo-
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EXAMPLES
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To get Young’s theorem
put n =2 and F(z,y) = ¢ (2)yY " (y) in Theorem*
Indeed,
|AU - AV] < o7 (@(1AT ) - (w(1AV])))
<o H(oiy) —vi(@)) -7 (va(y) — va())
v1(z) is p-variation of U on [a, 2|, v2(2) is defined similarly for V
Theorem* covers the case of [ UdV with

U=U,.U, V=V.1V,

with bounded U;, V; of finite ;- and 1);-variations

Pavel Yaskov
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PROOF

.

LEMMA.

n—1
Z Hf (ti, t7;_|_1) < 9Hflc(d) (tmiru tmax)a
1=0

where C(d) = {(z,y) € R? : |x — y| < 3d}, d = max At;.

(b,0)

(a,a)
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PROOF

.

(b, 0)

LEMMA™, (a,a)
| oW~ UV (i) V| < 4Hpra (0, ),

here D = {(x,y) : |x,y| (or |y, x]) contains > 2 of t;}.
We arrive at the main Theorem if H¢(a,b) < oo.

BUT what about H¢(a,b) = co?

Pavel Yaskov
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How SHARP IS LEMMA™ WHEN Hy = 007
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Consider U,V s.t.

|AU |2 < const - |At|Y2, U(ty) = 0 and V = B is BM

here f(x,y) = const - |z — y| implying H(a,b) = oo

e [f0=1%ty < .. <t, =1 then Lemma™ reduces to

|| 27:: U(t;)[B(tit1) — B(ti)]Hl <C-C- g(mH —t;) In(t;1 — t;)

with C positive constant

e If t; =i/n, then the upper bound gives O(Inn)

Pavel Yaskov
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How SHARP IS LEMMA™ WHEN Hy = 007
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FExample 1 (uniform partition of [0,1])...

Wiener’s construction of BM on [0, 1]:

Z(t) = Co(Ljo,4,€0) L, + 2 Z Cn(Lj0,4)> €n) Lo

n>1

here e, (z) = 2™ (, = (&, + in,)/V2 with &,, 1, ~i.i.d. N(0,1).

If (B,By) = (ReZ,Im Z), then B is BM, and Bqy is a Brownian bridge.

The key property is
n—1
|| > Bo(i/n)[B((i+1)/n) — B(z’/n)]” > Klnn, K > 0.
1
i=0

This implies that forward integral | 0.1 BodB doesn’t exist,
see Liyons(1992), Norvaisa(2008).

Pavel Yaskov
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How SHARP IS LEMMA™ WHEN Hy = 007

-~

.

Example 2 (a,rbitmry partition of [0,1])...
Consider U (t fo H1p4(s)dB(s), here

Hf(t) = lim 1 f(5)

e—0 77 R\[_&g] t— s

ds

is the Hilbert transform of f. Then

|
[t

1 mn
| ZU (tiv1) = B > =5 Dt — t:) Inltiga

1§
o

)

and the forward integral | 0,1) UdB doesn’t exist.

_ ti)
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How SHARP IS LEMMA™ WHEN Hy = 007
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Property of H:
Im f = H(Re f) on R whenever f(z) is holomorphic on C
o if Z(2) above were holomorphic, then By = HB on |0, 1]

.
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CONCLUSION
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We give a simple extension of Young’s conditions for the existence of

stochastic integrals

This covers some integrals appearing in non-semimartingale models of

financial markets

Bounds appearing in the proofs have its own interest

(eg., they allow to derive some LLN useful in econometrics)

Particular examples show the sharpness of the bounds and closely relate to
Wiener’s construction of BM

/
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