ON THE NUMBER OF LOST CUSTOMERS IN STATIONARY
LOSS SYSTEMS IN THE LIGHT TRAFFIC CASE

TORKEL ERHARDSSON

KTH, Stockholm

ABSTRACT. For the stationary loss systems M/M/m/K and GI/M/m/K, we
study two quantities: the number of lost customers during the time interval
(0,¢] (the first system only), and the number of lost customers among the first
n customers to arrive (both systems). We derive explicit bounds for the total
variation distances between the distributions of these quantities and compound
Poisson-geometric distributions. The bounds are small in the light traffic case,
i.e., when the loss of a customer is a “rare” event. To prove our results, we
show that the studied quantities can be interpreted as accumulated rewards of
stationary renewal reward processes, embedded into the queue length process
or the process of queue lengths immediately before arrivals of new customers,
and apply general results by Erhardsson on compound Poisson approximation
for renewal reward processes.

1. INTRODUCTION

In this paper we consider the two standard queueing systems M/M/m/K and
GI/M/m/K. In both of these, customers arrive to a system according to a renewal
process in continuous time; service times for different customers are exponentially
distributed and independent of each other and of the arrival process; the number of
servers is m; and all customers arriving to the system at a time when K customers
are already receiving service or waiting to receive service, are lost. In the first
system the arrival process is homogenous Poisson. Both are examples of loss (or
finite waiting room) systems.

For such systems it is clearly of great interest to know, at least under stationarity,
the probability pjoss that an arriving customer is lost. A classical result, first derived
in [5] (one of Erlang’s pioneering papers which mark the beginning of queueing
theory as a research area in its own right) is the Erlang loss formula: for the
stationary loss system M/M/K/K with birth intensity S and death intensity 4,

K

Ploss = (Z l(g)])_l%(g)l(

1
=07

Expressions for pjss have subsequently been derived for more general stationary loss
systems. For example, in [7] and [10] this was done for the GI/M/K/K system,
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while it was shown in [9] that the Erlang loss formula holds unchanged for the
M/G/K/K system, i.e., for arbitrary service time distributions.

Another closely related and very important object of study for a loss system is
the process of overflows, i.e., the point process defined as the collection of time
points when an arriving customer is lost. For the GI/M/m/K system, the process
of overflows is a renewal process, as was first observed for the GI/M/K/K system
in [7]. The Laplace-Stieltjes transform of the distribution of the time between
successive overflows for the GI/M/1/K system was derived in [3], and this result
is easily generalized to the GI/M/m/K system, as pointed out in [6].

The present paper is devoted to two random variables connected to the process
of overflows: ®; and ¥,,, defined as the number of lost customers during the time
interval (0,¢t], and the number of lost customers among the first n customers to
arrive, respectively. These have previously received comparatively little attention.
Of course, @ is just the number of overflows during (0, ¢], so for the GI/M/m/K
system it follows from the above mentioned facts that the distribution of ®; is,
in principle, known. However, in practice it is too cumbersome to compute this
distribution exactly (or numerically) unless K and ¢ are small. There also exists
a central limit theorem for the number of renewals during an interval (0, ¢], which
can be applied to ®; (see Section VI.4 in [1]), but this theorem is of no use when
the loss of a customer is a “rare” event (i.e., in the light traffic case).

Here, for the stationary M /M /m/K system, we instead derive an explicit bound
for the total variation distance between the distribution of ®, and a compound
Poisson-geometric distribution. The two parameters of this approximating dis-
tribution are explicitly calculated. The bound is small in the light traffic case.
Hence, our result complements the central limit theorem, and can in the light
traffic case be seen as a distributional counterpart to the Erlang loss formula. Ap-
propriately, for the M/M /K /K system the mean of our approximating distribution
is E(®;) = Btpioss-

For the GI/M/m/K system, we derive a bound for the total variation distance
between the distribution of ¥,, and another compound Poisson-geometric distri-
bution. Here, the total variation distance bound and the two parameters of the
approximating distribution can not in general be given in a simple explicit form,
but they can be calculated by solving four systems of linear equations of dimension
at most K. Just as for ®;, in the light traffic case the bound is small, and the
result can be seen as a distributional counterpart to the Erlang loss formula. For
the M /M /m/K system we derive completely explicit expressions for all quantities
involved. For the M/M/K/K system the mean of our approximating distribution
is E(V,,) = npioss-

To prove our results, we show that ®; can be interpreted as the accumulated
reward of a stationary renewal reward process embedded into the queue length
process, where the renewals occur at those time points when the queue length
process has just made a transition from state {0} to state {1}. This permits the use
of general results on compound Poisson approximation for renewal reward processes
given in [4]. ¥, is handled by a similar argument applied to the (discrete time)
Markov chain of queue lengths immediately before arrivals of new customers.

The paper is organized as follows. In Section 2 we give some notational con-
ventions and definitions, and state some well-known results about birth and death
processes. In Section 3 the results about the random variable ®; for the station-
ary M/M/m/K system are stated and proven. In Section 4 the results about the
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random variable U, for the GI/M/m/K and M/M/m/K systems are stated and
proven. Section 5 contains some numerical evaluations of the bounds derived in the
previous sections.

2. PRELIMINARIES

We use the following notation for sets of numbers: R = the real numbers, Z =
the integers, Ry = [0,00), R/, = (0,00), Z4 ={0,1,2,...}, and Z/, = {1,2,...}.

For any random element X in any measurable space (S, F), we denote the dis-
tribution of X by £(X).

For any finite set S and I = R or I = R, we denote by D(I, S) the space of all
functions f : I — S which are right-continuous and have left hand limits at every
point. We consider D(I,S) as a measurable space equipped with the o-algebra
generated by the finite-dimensional sets. We define, for each A C S and t € I, the
functional 74 : D(I,S) — R/, U {co} by

T4 (f) == inf{u € R; f(t +u) € A} VfeD(,S),
and the functional 7 : D(I,S) — R4 U {cc} by
74 (f) ;== inf{u € Ry; f(t +u) € A} VfeD(,S),

with the convention that inf ) = co. Similarly, for I = Z or I = Z, we denote by
ST the space of all sequences (functions) f : I — S. We define, for each A C S and
t € I, the functional 74 : ST — Z, U {oco} by

T (f) =inf{lue Z'; f(t+u) € A}  Vfest,
and the functional 74 : S* — Z, U {cc0} by
h(f) =influe Zy; f(t+u) e A} VfeSh

For brevity we will use the notation 74(-) := 74(-) and 7a(-) := 79(-).

For I = R or I = Z we define N(I x Z;) as the space of counting measures
(i.e., integer valued Radon measures) on I x Z,. We consider N(I X Z,) as a
measurable space equipped with the o-algebra generated by the finite-dimensional
sets. A random element in N(I x Z) is called a point process. For any random
sequence {(X;,Y;);i € Z} such that (X;,Y;) takes values in I x Z for each i € Z,
we define the point process £ generated by {(X;,Y;);i € Z} as

o0
0= 3 (X Yi) € ).
A (Palm version of a) renewal reward process (in the sense of Definition 4.1 in [4]) is
a point process generated by a random sequence {(X;,Y;);i € Z} such that (X;,Y;)
takes values in I x Z, for each i € Z, Xo =0, and {(X;11 — X;,Y;);1 € Z} is an
L.I.D. sequence.

For any two probability measures 17 and v on any measurable space (S, F) we

define the total variation distance dry (v1,v2) by
drv (v1,v2) = sup |v1(A4) — v2(A4)].
AeF

A nonnegative random variable W is said to have a compound Poisson distribu-
tion POIS(v), where v is a measure on R/, such that [;(1 A z)dv(z) < oo, if the
characteristic function of W is E(e™) = exp(— fR;(l — e'®)dy(z)) Vt € R. If
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A= v(R/) < oo, then POIS(v) = E(Zil T;), where the variables {Tj;i € Z/ }
and U are independent, £(T;) = v/\ Vi € Z!, and U ~ Po(X). If v = Ay, for some
a > 0, where v,(k) :== (1 — a)*'a Vk € Z', then POIS(v) is called a compound
Poisson-geometric (or Pdlya-Aeppli) distribution.

By a birth and death process 1) on the state space {0, ..., M} (M € Z'.), we mean
a Markovian pure jump process (for a definition of such a process, see Chapter II
in [1]) on {0,..., M}, with an intensity matrix @ whose off-diagonal elements are
given by

Bi, ifi<M—1andj=i+1;
inj = (Si, ifiZlandj:i—l;
0, otherwise.

Define, for convenience, for each i,k € {0, ..., M} such that i < k,

S (Bi/0k) TI5=t,1(B1/85), i i < K
B ifi =k

)

It is well-known that n has a unique stationary distribution u, defined by

(2.1) plk) = —2k ke {o,.., M},
Zi:o ﬂ—O:i

It is also well-known that, for each a,k,b € {0,..., M} such that a < k < b,

b—1
Y
i

— Bimo,i’

b—
(2.2) P(1a(n) < 1(n)lno = k) Z

770,3

and that, for each a,k € {0, ..., M} such that a < k,

(2:3) . Z =,

i=a j=i+1

By a birth-death chain 7 on the state space {0,..., M}, we mean an irreducible
Markov chain on the state space {0, ..., M} with a transition matrix p given by

pi, ifi<M—1landj=i+1;
g, ifi>1landj=1i-—1,;

ri, if i =j;

0, otherwise.

The results (2.1), (2.1) and (2.3) hold for the birth-death chain 7 as well, if 3; and
d; are replaced by p; and ¢; for each i € {0, ..., M }.

3. THE NUMBER OF LOST CUSTOMERS DURING (0, ]

Theorem 3.1. Let ®; be the number of lost customers during the time (0,t] in
a stationary M/M/m/K queueing system (m < K) with arrival intensity 3 and
service intensity 6. Let oo :==1 and oj :=[[1_,(i Am) Vj e {l,..,K}. Then,

1 Bie L Bl
A (£, POIS(wy) < HOL0)30 (D)2 ()

=0 0j Ok
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K2KO—16@ Klﬁ Klﬂrr—lKJiﬁ;i
(22_0;1055)] +3+—+2;}0_—jg 1;0_75 ;j;ﬂ—ﬁ)ﬁ )
K K-2 —1
By L Bk ; 7 B,
QjalgW(@ ¥Wﬂ%5
3 3 o = o Bk
P o) U T O 2T S 2 )

0
where vg(k) := (1 —0)*710 Vk € Z',, and:
K

K K
A= (Y (5 R DR 0= (Y (R

=0 j 5 o OK 5 e OK 5
(55 A1) exp(N), it 9 € (0,1);
H(X0) < { somrn (axggo—y + 1og™ (20(20 = 1)) A1, if 6 € [3,1);
>\(5%74)7 if 0 € (5,1).

Proof. Consider an M /M /m/K queueing system to which the first customer arrives
at time ¢ = 0. Define the random element " in D(R, {0, ..., K+2}) as the number
of customers in the system at each time t € R, except if the buffer is full, in which
case 1)} also gives information about how many customers have been lost since the
buffer became full: n;” = {K} if 0 customers have been lost, n,” = {K + 1} if an
odd number of customers have been lost, and 1" = {K + 2} if an even number
> 2 have been lost. n* is a Markovian pure jump process on {0, ..., K + 2} with an
intensity matrix ) whose off-diagonal elements are given by

0, ifi<K+1landj=1i+1;
3, ifi=K+2and j=K+1;

Qij=q@Am)y, ifl<i<Kandj=i-1;
md, ifi>K+1land j=K—1;
0, otherwise.

This can be proven by first showing that the random sequence {(ngb_, Si—Si_1);i €
Z! }, where 0 = Sy < 51 < S < ... are the jump times of ™, is a Markov chain on
the state space {0, ..., K 4+ 2} x R/, with transition function p defined by

. . Qij
p((l,$)7{]} X (y,oo)) : ‘Q”|

The strong Markov property implies that T is regenerative with regeneration times
{0y u{t € R\;m" = 0,m = 1}. Since E(19(nT)) < oo, there exists a random
element 7 in D(R, {0, ..., K + 2}) which is a stationary version of n™ (with index
set R). Clearly,

O, = card{s € (0,t];ns— > K + 1,05 #ns_} Vt e Ry.

Define the random sequence {(X;,Y;);i € Z} as follows. Let {X;;i € Z} (where
< X1 <X <0< X5 <...) be the random times {t € R;n;— = 0,7, = 1}, and

xp(— ‘Qz ily) Vi,j €1{0,..., K +2},m,y € Rl+~
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let
YVii=card{t e Rymy—- > K+ 1, #m—, X; <t < Xip1} Vi e Z.

Define the random element £ in N'(R, Z ) as the point process generated by {(X;,Y;);i €
Z}. Define the random element (7°,£°) in D(R,{0,..., K +2}) x N(R x Z,) as

a Palm version of (1,£) (see Section 3.2 in [8]), and define the random sequence
{(X2,Y?);1 € Z} as the coordinates of the points of £°. It is clear that L(n};t €
Ry) = L(n*;t € Ry). Define also {T7;i € Z} by TP == X2, — X? Vie Z. The
relation between (7°,£°) and (1, ) is given by the Palm inversion formula: for each
measurable function g : D(R, {0, ..., K +2}) x N(R x Z,) — R, it holds that

75 o o
(3.1) E(g(n,€)) = E(fy gg(t;g)f ))dt),

where 0 : RxD(R,{0,...., K+2})xN(RxZ;) —» D(R,{0,.... K+2}) x N (Rx Z)
is the shift operator. With the notation py := L(Yy) and py := py (- N Z',), the
triangle inequality implies that

/

dTV(E(ét),POIS(EtZ%))) < dTV(c@t),c(/(o 1oy, V)

tpy
+dry E/ vd€(u,v)), POIS ,
Pl P ) POIS )
and the basic coupling inequality implies that dpy (L£(P;), C(f(o %27, vdé(u,v))) <
’ +

2P(T{k+1,K+2}(n) < To(n)). For the second term, we note that { is a stationary
(version of a) renewal reward process in the sense of Definition 4.1 in [4]. Hence,
Theorem 5.1 in [4] gives the bound

dTV(ﬁ(/(Ot] (), POIS( oy )

(3.2) E(T7)
< 1 tpy )BtE(Yo°)(E(T6’Yo°) E((T8)2>E(Yo°))
T E(IY) E(T) \ E(TY) E(T3)? ’

where H(E(Tg) 'tpsy) < (BE(TY) Htpy (1))t A1) exp(E(TQ) Htpy (Z7,)), unless
{kpy (k); k € Z'_} is monotonically decreasing towards 0, in which case
tus 1 1
H < (
Bag) = & m\iay
where Ay (1) := E(Tg) '(uy (1) — 2uy (2)). Moreover, a recent result, Theorem
2.5 in [2], tells us that if

+log* 2Ay(1)) A,

SR k(k— Dy (k)

<1
92’

K =
Zk:1 kMY(k)
then it also holds that
i o]
H(Y ) < EAT5) .
E(T7) t(1 - 2k) Zk:l kpy (k)

We need to compute the quantities appearing in (3.2). From (3.1) we get that
E(T§) = E(mi(n)|no = 0)/1(0), where p is the stationary distribution of 7. It is
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well-known that E(i(n)|no = 0) = 37, and it is easy to check that u is given by

K

w = (O Ly e qo Lk -1y
j=0 "7 r
p(i) = s Doy,
p(i 1) = (o 20y ),
plE 1 2) = (e Doy 2y,

implying that E(T§) = ﬁ 1y K =00 ~1(B/6)7. Next, define the random element 1<

in D(R,{0,....,K}) by nf :=m AK Vt € R. It is not difficult to show that n* is a
stationary birth and death process with an intensity matrix Q¥ with off-diagonal
elements given by

B, ifi<K-landj=i+1;
K=q@Am)s, ifi>1andj=i—1;
0, otherwise.

Denote the stationary distribution of n® by u. From (3.1), the definition of n
(2.1) and (2.3), we get:

B((T5)?) =

2E(%§’) :E(X1>:;E<TO(77K)|77(§(:T) ()+E71 |170 =0)
1 K r—1 K o 5
IO OB CO Ry
r=1 i=0 j=i+1 7
K 1 » K 1 rr—l K o z
HOPIOURS DFtol DI DITIAEaEE
j=0 "7 r=1"" i=0 j=it+1 J

We now turn our attention to pf. The strong Markov property implies that
py (k) = P(tr41(n) < 10(n)no = 1)(1 — 0)*710 Vk € Z'., where § = P(10(n) <
T41(M)no = K — 1)md/(B + md). This implies that POIS(E(TY) 1tul) =
POIS(A\vy), where A = E(T9) 'tP(tk41(n) < 7o(n)|lne = 1), and also, after a
little bit of work, that H()\,0) := H(E(TS) 'tul, ) satisfies the inequalities claimed
in Theorem 3.1. Using (2.2) and the fact that 7 is “almost” a birth and death
process, we get:

K

SREENTIL) pEIRCILIRS

o
—o VK

K K
0 = (Zaj(é)j)ilUKfﬂé)K_l(l—i—m—é) md — (Z i (%)K—i)—l.
=0 i=0
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Hence, E(YY) = puy (Z,)07! = o' (3/6)K. Similarly,

P(Facssesny () < 7o(n) = p({K + 1K +2}) +§u<r><g oi<%>i>-lgoj<%>f
ﬂééém1%§W%uﬂ%lﬂééﬁmméw@wl
XCL?%@W é@%+%ﬂ:%%)
<§é@wé@ﬁ@?§@w1§§;yyz
-ﬁ%+%ﬂ+wﬁ%ﬂ§i@%ﬁ{;;@“ﬁ

It remains to calculate E(T3YY). Define the random element % in D(R, {0, ..., K +
2}) by nft = N—y— VL€ R;ie, n't is the reversed Markovian pure jump pro-
cess corresponding to 1. It is well-known, see e.g. Section IL5 in [1], that n% is
a stationary Markovian pure jump process with intensity matrix Q@ defined by

Fo=u()Qj.i/u(i) Vi,j€{0,..., K +2}. Also, define the random element 7-#
in D(R, {0, ..., K}) by nif .= 77(K,t)7 vt € R. n is reversible (since it is a birth and
death process), so nf has intensity matrix Q¥ = Q. Dominated convergence
implies that E(TQY) = lim, o E(TSY,;/™), where

1n (T5—-1/m)*
v/ [ Hop > K+ Ly, #0kdt vneZ,
0

so (3.1) gives

E(T{YY) . 1

— =1 E((X; — Xo)I{X — >K+1 .

E(Té)) nl_)rgon (( 1 0) { 1> nﬂ?o = + anl/n 7&"70})

We note that, on the set {no > K + 1,11/, # no}, only four values are possible
for the pair (10,71/,), so the expectation can be written as a sum of four terms.
Conditioning on o(n;t € Ry) and o(n;t € (—oo,1/n]) for each of these terms
gives:
. 1
lim nE((X; — Xo)I{X; > o > K+ 1,1 #n0})

n—oo

n— 00 n

= lim nu(K + 1)m51(E(To(77R)\770 =K+1)+ % + E(ro(n)|no = K — 1) + %)

+ lim nu(K + 1)ﬁ%(E(To(77R)|770 =K+1)+ % + E(ro(n)|no = K +2) + %)

n—oo

+ lim nu(K + 2)m5%(E(T0(77R)|770 =K+2)+ % + E(to(n)lno = K — 1) + %)

n—oo
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+ lim nu(K + Q)ﬂ%(E(To(UR)WO =K+2)+ % + E(to(n)lno = K +1) + %)

n—oo

— 4K + 1)mb (B(rie—r (7)o = K +1) + 2E(ro(n)lo = K — 1) + %)

K + 1B () o = K + 1) + 2B (ro(nlao = K — 1)+ < + %)

+u(K + 2)m5(E(TK—1(77R)|770 =K +2)+2E(ro(n)|no =K —1) + %)

+u(K +2)8(BE(tk—1(n™)|no = K +2) + 2E(r0(n)[no = K — 1) + % + %),

where we used the fact that

E(ro(n™)no = K — 1) = B(rg(n")|ng""™" = K — 1)

= E(ro(n")Ing" = K = 1) = E(ro(n)lmo = K — 1),

and also that E(tx_1(n)|no = K+ 1) = E(tk—1(n)lno = K +2) = 1/(md).
Moreover, using (2.3) it is not difficult to show that

1p g 20

E(te a(n™)|no = K +1) = E%(l +o5)A+ %)71
1 By 28, 18, B
+B(%)3(1+%) 1(14‘%) 1+B%(1+m) Y
E(ric1 ()0 = K +2) = B(rie (0o = K +1) + =2 (14 )71
- - Bmd mé’
so we get:
BUSYS) _ (i 41, K 4+ 23)(8 + md) (B (™) o = K +1)
E(17)
5 5
+2E(To(n)|n0:K—l))+(1+%+%)M(K+l)+(2+%+%)N(K+2)

= E O (L Dy 20y

mo

p B - 286, B B\ oi B
+(%)3(1+%) 1(1+m) 1+—5(1+75) 1+2;j;17(6)3
B 26 26 B p B - 20
FA+ s+ (D )T (L o+ () (1 )T 1+ )7
K K-2 K
=y O Y Ely s )
j=0 "7 K =0 j=it1 OJ
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Example 3.1. Let ®; be the number of lost arriving customers during the time
(0,t] in a stationary M/M/1/K queueing system with arrival intensity 3 and service
intensity 0. Let p= (/6 < 1. Then o, =1 Vj e {1,...,K}, and

drv (L(®), POIS(Avg)) < H(A,e)gﬂtMsz

=
2p PPl —p" )
— (K-1-——- 342
X(l—p( T, )
20" 1— p?KH — (2K +1)(1 — p)p”
+(1*p)2(1*pK+1)( - - (2K +1)(1=p)p™)
2(1 = p)p=t! 1 p(1—p"h 1 1-pF
T R ( _ K+1(K_1_ _ )+ (1 _ K+1))’
1—p 1—p 1—0p 1+p 1—p
where
(1-p)? 1—p
)‘:ﬂt( pK+1>2p 0= 1 pk+t

In particular, if p < 1 is constant and ¢ := ¢(K) is chosen so that

p

hm E(®:) = hm ﬁtip
¢ piH1

=c>0,
then, as K — oo, dryv (L(®;), POIS(Avy)) = O(KpX), and POIS(A\vp) converges
weakly to POIS(c(1 — p)v1—p))-

Example 3.2. Let ®; be the number of lost arriving customers during the time
(0,t] in a stationary M/M/K/K queueing system with arrival intensity 8 and
service intensity 6. Then o; = j! Vj € {1,..,K}. If p = [/ is constant and
t := t(K) is chosen so that

K
1 .
lim E(®,) = lim BtZ—' _1K'p =¢>0,
0

K—oo

then, as K — oo, dpy (L(®;), POIS(\rg)) = O(X2E %) and POIS(\vg) converges
weakly to Po(c). To prove this, note the following facts:

i p p pR! p
— 1=+ L P y< Ler
; i KU g Tt o) S
K2 K-1 o K-1j=1. K1, K-1i=2,
=0 = =P =0 -+ T
i=0 j=i+1 J: Jj=1 i=0 J: Jj=1 J 7j=2 =0 J:
K—-1j-2 . —1 2 —2
il P P p’
—p =y (14 F o ) < 005
| _ _ — NI
== = i0-1) 2 (J—2)

Klr Ki!‘_iKHK D
DD IDIE DI TD DD D14
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K r j—1 . K jlrl.

1 ! 1
=2 X 7+Z]./ﬂzzr.p’" f<oo
j=11i=0 r=1i=0

4. THE NUMBER OF LOST CUSTOMERS AMONG THE FIRST n

Theorem 4.1. Let w be the number of customers immediately before successive
arrivals of new customers in a GI/M/m/K queueing system (m < K) with inter-
arrival time distribution Fa and service intensity §. Assume that the Markov chain
w is stationary with stationary distribution p, and denote by w™ the reverse Markov
chain corresponding to w. Let U, be the number of lost customers among the first
n customers to arrive. Then,

dry (L(P,,),POIS(A\vp)) < H(X, 0)3nu(K)? (E(To(wR)|w0 =K)

+E(ro(w)lwo = K) + 2B(7o(w)) ) + 2P(ic(w) < To(w)),

where vg(k) = (1 — )10 Vk € Z, A = nu(K)P(1o(w) < T (w)|wo = K),

0 = P(r0(w) < 7k (w)|wo = K), and
(55 A1) exp(N), if 0 € (0,1);
H(M6) < { somm (w(;@fl) +logT(2)00(20 — 1))) AT, 0 e [3,1);
et ifhe(41).

Moreover, all quantities appearing in the bound can be calculated by solving four
systems of linear equations of dimension < K.

Proof. Consider a GI/M/m/K queueing system to which the first customer arrives

at time t = 0. Define the random sequence {w; ;¢ € Z, } as the number of customers
in the system immediately before each successive arrival of a new customer (ouo+ =
0). It is well-known, see e.g. Section XL.3 in [1], that w™ is a Markov chain with

transition matrix p defined by

Jr, (lﬁlj) — e Oyl iR, (1), ifj<i+1<my

Jr, fo () (1= fzf‘s(t—y))m—je—é(t_y)j
(5m)i+1fm(zl/‘;;';!ef&myddeA(t), ifj<m<i+l<K;

Pij = _smit (5mt)it1—i . . .
I, e G AP, ms gt ls i
PK—155 if i = K;
0 i) >4 1.

wT is regenerative with regeneration times {t € Z,;w;” = 0}. Since E(ro(w™)) <
00, there exists a random sequence {w; : t € Z} which is a stationary version of w™
(with index set Z). Clearly,

U, =card{t € {1,...,n};w, = K} Vn € Zy.

In the same way as in the proof of Theorem 3.1, define the random sequence
{(X;,Y;);i € Z} as follows. Let {X;;i € Z} (where ... < X_1 < Xp <0< X; < ...)
be the random times {t € Z;w; = 0}, and let

Yii=card{t € Z;u; = K, X; <t < X;11} Vie Z.



12 TORKEL ERHARDSSON

Define the random element & in N'(Z, Z ) as the point process generated by {(X;,Y;);i €
Z}, and define the random element (w°,£°) € {0, ..., K}Z x N(Z x Z,) as a Palm
version of (w, ). Define the random sequence {(X?,Y;°);i € Z} as the coordinates
of the points of £°, and define {T7;i € Z} by T := X, | — X7 Vi € Z. The Palm
inversion formula tells us that for each measurable function g : {0, ..., K}? x N'(Z x
Z+) — R4, it holds that

E(i, ' g(0:(w.£%)))

(41) B(g(,6)) i T

where 0 : Z x {0,... K}? x N(Z x Z,) — {0,..., K}? x N(Z x Z) is the shift
operator. With the notation py := L(Yy) and py = py (- N Z’), the triangle
inequality implies that

drv (L(,), POIS( ;(’;302)» < dry (L(T,), £( /( )

!
P (L[ ude(n,0), POIS(AE),
(O,n]x 2", E(Tg)
and the basic coupling inequality implies that drv (L(P,,), E(f(o X7, vdé(u,v))) <
’ +

2P(Tk(w) < To(w)). For the second term, since £ is a stationary (version of a)
renewal reward process in the sense of Definition 4.1 in [4], Theorem 5.1 in [4] gives
the bound

v u,v nlily
" dre @[ () POIS )

< H( npy )3nE(Y0°) (E(TSYOO) BTy (T - 1))E(Yo°)),
E(Ty)" BE(Ty) \ E(Ty) E(Tg)?
where H(E(TS) 'npy) < (E(TS) 'npy (1)) 7P AL) exp(E(T§) 'nuy (Z))), unless
{kpy (k); k € Z'_} is monotonically decreasing towards 0, in which case
nul 1 1

gy = &y (4Ay(1)
where Ay (1) := E(T) *n(uy (1) — 2uy(2)). Again, Theorem 2.5 in [2] tells us
that if

+kg+2AyCU>A1

o Sk = () 1
D kpy (k) 2’
then it also holds that
npy E(Ty)
H < = .
E@) = w20 s ke ()
From (4.1) we get that E(Tg)~! = p(0) and that E(T9) 'E(YP) = u(K), where u
is the stationary distribution of w. We likewise get that
E(T (15 — 1)) _
o S U Sl ¥ VA
2E(T6)) (To(CU)),

and that
E(I5Yy)

E(Té)) = M(K)(E(TO(WR”WO = K) + E(To(w)|w0 = K))
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The strong Markov property implies that uy (k) = P(7x(w) < 1o(w)|wo = 0)(1 —
0)*=10 Vk € Z', where 0 = P(1o(w) < Tk (w)|wo = K). From this it follows that
POIS(E(TY) 'nul,) = POIS(Avp), where X = E(T9) " 'nP(1x (w) < 1o(w)|wo = 0),
and that H(\,0) := H(E(TS) 'nul ) satisfies the inequalities claimed in Theo-
rem 4.1.

The last assertion of the theorem is a consequence of the following well-known
facts. For each disjoint A C {0,..., K} and B C {0,..., K}, the function f : (AU
B)¢ — [0,1] defined by f(j) := P(Ta(w) < Tp(w)|lwo = j) Vj € (AU B)° is the
unique solution of the system of linear equations f(j) — Z/{;{:o pief(k) =0 Vj e
(AU B)¢ with boundary values f(j) = I4(j) Vj € AU B. Similarly, the function
f1: A — R, defined by f1(j) := E(Ta(w)|wo = j) Vj € A€ is the unique solution
of f1(j) — Zfzopj7kf1(k) =1 Vj € A° with boundary values fi(j) =0 Vj € A,
and the function fy : A° — Ry defined by f2(j) = E(fa(w®)|wy = j) Vj € A€
is the unique solution of f5(j) — Zszo %pkdfg(k) =1 Vj € A¢ with boundary
values f2(j) =0 Vj € A. O

Theorem 4.2. Let w be the number of customers immediately before successive
arrivals of new customers in a M/M/m/K queueing system (m < K) with arrival
intensity B and service intensity §. Assume that w is stationary, and let V,, be the
number of lost customers among the first n customers to arrive. Let oo := 1 and
o =1[_1(iAnm) Vje{l,..,K}. Then,

K

v (£(0,), POISOWS)) < HOL0)3n(3" (D)2 - (Fp2w
j=0 J K
Kol Koo K K1y T E
(i B ST ) LY 3 2
i=0 j=i+1 J j=0 7 r=1 " i=0 j=i+1 7
K1 Bl B E o B Ky 5. & 1 3
+2(;U—j(5)]) ') 2 ]:ZZ-H"_J‘(E)J +2(]§0_j(3)]) ;G—j(g)])
LBy L Brre(y o (3o 9 By N~ N 9
+2( S 57 ;(3) (1 (Z: UK((;) ) 2. 2 —](g)J )’
7=0 =0 =0 j=¢
where vg(k) = (1 —0)¥=10 Vk € Z', and:
Klﬂ'—115KKUiﬂK—i—1 KUiﬁK—i—l
/\Zn(; U—j(g)J) g(g) (; ;(3) )" 92(; ;(5) )7
(55 A1) exp(N), if 9 € (0,1);
H(\.0) < { o (rociry +log T (200020 — 1)) A1, i 0 € [3,1);
A—(50074), if 0 € (2,1).

Proof. This is a special case of Theorem 4.1 where the interarrival time distribution
is exp(B~1). In this case it is straightforward to show, using partial integrations,
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that the transition matrix p of the Markov chain w is given by
B i+1 (rAm)é e . .
51aams LI i sramysy 1 <i+1<K;
Pij = § PK—1,55 ifi=K;
0, ifj>e4+1.

All quantities appearing in the total variation distance bound can be explicitly
computed, as follows. Let the random element n* in D(R4, {0, ..., K + 2}) be the
Markovian pure jump process defined in the proof of Theorem 3.1. Let {x/;t € Z,}
be the embedded Markov chain at jump times of n*, and let {x;;t € Z} be a
stationary version of x* (with index set Z). Define {xF™';t € Z} and {x};t € Z}
by XK = \y A(K +1) Vi€ Z and X := \;, ANK Vi € Z. Clearly, ¥ is a
stationary birth-death chain with a transition matrix p given by

1, ifi=0and j=1;

W, if1<i<K-1landj=i+1;
pz{(j:: %7 ifi=j=K,

% if1<i<Kandj=i-1;

0, otherwise.

Let {U;;i € Z} (where ... < U_; < Uy < 0 < Uy < ...) be the random times
{i € Z;x[* < xF.}- Tt holds that L(x{ ;i € Z|Uy = 0) = L(w). The stationarity
follows from the stationarity of ¥, and the fact that the Markov property holds
with transition matrix p can be shown using the fact that x* is a birth-death chain
with transition matrix p. This embedding enables us to compute all the quantities
we need. First, let 4 be the stationary distribution of x¥. It follows from (2.1)
that the stationary distribution p of w is given by

N(T) _ P(X(I)( =T X{( = (7" + 1) A K) . [LK(T)pf(T+1)AK
- K K - K .
P(xg <x1') im0 K iy ke

K
= Ui(g)j)*li(g)r vr e {0, ..., K.

i o7

Next, using the embedding of x* into x¥ 1! and the fact that x¥*! is “almost” a
birth-death chain, we get:

P(1o(w) < T (w)|wo =7) = P(ro(Xx* ™) < e i KT IxEtH =r 4+ 1)

K O —1 K J..
= (Zaj(g)j)_ > 0'1'(5)1 vr e {0,..., K — 1},
j=0 i=r+1

and
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This also implies:

K—-1 r

0., 0.
P(Tg (w) < To(w) )+ > ulr Z (2))7> o(Z)
r=1 i=0 s §=0 p
_Klﬂ»_llﬁ K 5 1K1K11l8
_(JZ:;) U_](E)J) (0_— g ;Uz B 2o 2 1\/1‘7_] g )
1 3 B S %i ( 1K72K712 Bi-i
_(jz:%a](d)) ( ;0 = i crj(6) )

It remains to calculate E(mo(w)wy = K), E(mo(w)|wy = K) and E(7(w)). From
considerations of the sample paths of x¥, and the embedding of x¥ into Y%+, we
get:

Blro(@l = 1) = 3 (B ) =7 +1) = (r+ 1)

To(x -1
“B(Y I =K =)
=1
To(x*Th)—1
+E( Y I =K+ =r+ )41 Vre {0, K -1}
=1

(2.3) implies that

T

E(ro(xX®)Ixf =r+1) Z Z wai(ﬂ)jqq

1=0 j=14+1 6 UJ 5
T K r K-—1
Ul /3 1 O—Z ﬂ —1
S PP IRCIEED o) SEAL
i=0 j=i+1 7 i=0 j=i J
T K o 5 r o ﬁ
=2 Zr N 1 L (ENK—1
> oGyt > oo
=0 j=i+1 1=0
while the strong Markov property for y¥*+! together with (2.2) implies that
To(x Xt —1
E( Y I =K+t =r+1)
i=1

Pt (XK < mo(x K yE+ = 1)
P(ro(x5+1) < miepn (XK ) g ' = K +1)

B+ md Pt (XK < o0 KT)IG T =1+ 1)
mé  P(ro(x’ 1) < re (X)) xg T = K — 1)

B+md 1 B gy m(5_1r 'é'_TUiEK—i
oyt AR U ;aj(ﬂ)f_ SO

o
i—0 0K
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Summing up, we get:

T K
E(ro(w)lwo = 1) = Z _Z U—f(?)ﬂ'*i +1  Vrefo,..K—1}

K
()l = K) = B(nwles =K —1)= 3~ 3 X

This also implies:

Finally, from considerations of the sample paths of x*, the reversibility of x*, and

the embedding of x* into x¥*1!, we get:
1
E(ro(w™)wo = 1) = 5 (Bro( ™I =) v
mo(x ¥t -1

SBECY T = K =)
i=1

mo(x* -1

+E( Y I =K+ = +r Vre{l,., K,
i=1
and combining this with the previous results gives
Koo
E = (Bt .
(ro(w™)|wo = 1) Z Z oJ +r  Vre{l,., K}
1=0 j=i+1

O
Example 4.1. Let ¥,, be the number of lost customers among n successively ar-

riving customers in a stationary M/M/1/K queueing system with arrival intensity
£ and service intensity 0, and let p = 3/6 < 1. Then,

1—p)?
dry (L(0,,), POIS(\p)) < H(A,9)3nﬁ 2K
20 . p(L=p") 2Kt p(1 - pF)
(K+1+1_p(K =, )t T )

+
(l_p)Q(l_pKJrl) 1_pK+1

L2 @=p=pt T P 2K (1 - p)p" ) | 20(1 - pK))

(K* 1— p2(1 _pKil)

* )

2(1 = p)p* (1 + s

1_pK+1 _pK+1
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where

(1-p)? g _L1-»

"o - pK+1)2p 1 kL

In particular, if p < 1 is constant and n := n(K) is chosen so that

. L 1-p
Aim B(Vy) = i ne—rem ot
then, as K — oo, dry(L(¥,,), POIS(Avy)) = O(Kp¥), and POIS(\vg) converges

weakly to POIS(c(1 — p)v1—p))-

=c>0,

Example 4.2. Let ¥, be the number of lost customers among n successively ar-

riving customers in a stationary M /M /K /K queueing system with arrival intensity

0 and service intensity 6. If p = /9 is constant and n := n(K) is chosen so that
K

: . Lyl g
i P00 = i o3 ) =0
]:
then, as K — oo, drv (L£(V,,), POIS(Avg)) = O(£p%), and POIS(Avg) converges
weakly to Po(c). This follows in the same way as in Example 3.2, using also the

following facts:

K—-2K— 1@. K-2 K-1 .
i z
S ek Y Y A
=0 j=i =0 j=i+1
K—1 1 r K i K-1 1 K (G=1)Ar il
—r o 7 ~r RN Bt
LD DD DR VSRS SRVD DS T
r=1 =0 j=i+1 r=1 j=1 =0
K-1 r j—1 K j—1 r
1, i 1 1!
- o =7 o or—i
P le] +> il LA
r=1 j=11i=0 j=2 r=1 =0

5. NUMERICAL CALCULATIONS

In the final section we have numerically evaluated the total variation distance
bounds given in Theorems 3.1 and 4.2, for some typical values of the parameters (3,
d, m, K and ¢ (or n). The corresponding values of A/t and 6 have been computed
as well. For the bound given in Theorem 3.1, the values can be found in Table 5.1
(where f=1,§ =4 and m = 1) andTable52(whereﬂ—1 0 =0.5and m = K).
For the bound given in Theorem 4.2 the values can be found in Table 5.3 (8 = 1,
0 =4and m =1) and Table 5.4 (=1, =0.5 and m = K).
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K At 0 107 10% 10° 108

4 0.002202 | 0.7507 0.02391 0.5095 > 1 >1

6 || 1.373-10=* ] 0.7500 || 9.765 - 10—* 0.007947 0.06432 0.1272

8 [/ 8.583-107%]0.7500 || 7.730-10=° | 1.097-10~* | 0.002050 0.006657

10 || 5.364-10~7 | 0.7500 || 6.084 - 10=% | 6.231-107° | 2.092-10~° | 2.795 - 10~ *
TABLE 5.1. The bound given in Theorem 3.1 (=1, =4, m = 1).

K A/t 0 107 10% 108 108

6 0.007062 | 0.5844 0.02218 0.6808 >1 >1

8 |/6.263-10=%]0.7287 || 3.797-10~% | 0.007214 0.02728 0.04787

10 {[ 3.029-107° | 0.7930 || 1.250 - 107> | 3.124-10~° | 4.637-10~* | 0.001081

12 1 9.605-10~7 | 0.8300 || 3.694-10~7 | 3.870-10—7 | 2.143-10"% | 8.861 - 10~©

TABLE 5.2. The bound given in Theorem 3.1 (8 =1, § =0.5, m = K).

K A/n 0 107 10% 108 108

4 0.002202 | 0.7507 0.05772 0.7712 >1 >1

6 | 1.373-10=* | 0.7500 0.003685 0.01530 0.1093 0.2140

8 |/ 8.583-107%]0.7500 || 3.049-10=* | 3.633-10~% | 0.003856 0.01215

10 [[ 5.364-10=7 | 0.7500 || 2.411-107° | 2.439-10"° | 5.224-10° | 5.426 - 10~ *
TABLE 5.3. The bound given in Theorem 4.2 (=1, =4, m = 1).

K A/n 0 107 10% 108 108

8 [[6.263-10-17 0.7287 0.05770 0.9033 >1 >1

10 |[ 3.029 - 10~ | 0.7930 0.002172 0.004567 0.05980 0.1386

121/ 9.605-10=7 | 0.8300 || 6.927-107° | 7.158-10~° | 3.029-10~* | 0.001188

14 1 2.175-1078 1 0.8552 || 1.621-107° | 1.622-107° | 1.739-10-% | 1.200 - 10~°

TABLE 5.4. The bound given in Theorem 4.2 (5 =1, § = 0.5, m = K).
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