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Suggested solutions

(a)

Problem 1
We use Feynman-Kac. It follows that
F(t,z) = By, |"TX(T)|,
where X has dynamics
dX(t) = bX (t)dW (t),
and W is a 1-dimensional Wiener process. The solution to this SDE is
X(T) = X (t)e 5 (T-0+(W(D)-W(0),
and we get
F(t,e) = *TE,, [zef%(ﬂtwb(ww)wa))]

(Tt 0 7 {e—§(T—t)+b(W(T)—W(t))}

=1
_ ea(Tft)x.

Alternatively we realise that X is a martingale, from which it follows that

F(t,z) = e TDE, . [X(T)] = e2T Vg,

We know that if f : [0,7] — R satisfies

T
/ 2 (u)du < oo,
0

/OT F)dW () ~ N o,,//OT £2(u)du

In our case f(u) = u?. Since

T T 5
T

/ (u2)2 du = / wtdu = — < o0,
0 0 5

T T5
X:/ u?dW (u) ~ N | 0, =
0

then

we get



()

(a)

See the book.
Problem 2

The risk-neutral valuation formula yields
T(t; X) = e (T EQ [(m(sm)ﬂ 33] :
where under @ the dynamics of S are given by
dS(t) = rS(t)dt + o S(t)dW(t).

Since )
S(T) = §(1)e (=% ) T-0+o (WD) =W (D)

we get

InS(T) =1InS(t) + (7“ — U;) (T —t) + o(W(T) — WT)).

It follows that
In S(T)|F; ~ N (ln S(t) + (r — 0%/2)(T — t),0v/T — t) .

Now

E@ {(ms&))“" 5—3} Var? (In S(T)|F,) + (E@ [In S(T)|5,])°

= 0T —t)+ (WSE) + (r—a%/2)(T — 1)),

and for ¢ € [0, 7]

T(t; X) = e~ 7T (UZ(T — )+ (InS(t) + (r — 0®/2)(T — t))Q) .

We know that the hedging portfolio is given by
oF
s
=—(,5(¢

WS () = S (¢, 5(1),

where
F(ts) = B2 |[(nS(T))’]
= e T(T-D (02(T — )+ (Ins+ (r— 0%/2)(T — t))2) ,

and that

o
=~
0
=
|
o

O3t 5(0)



It follows that
B () = %e—”—ﬂ (InS(t) + (r — 0®/2)(T — 1))

and

hp(t) = e T [2(02 — )T =)+ (I S(t) + (r — 02/2)(T - 1))* = 2In S(t)] .

Problem 3
The @Q-dynamics of f(¢,T") are given by

T
AL T) = o(t, T) /t ot u)du dt + o(t, T)AWE (1),

where W@ is a 1-dimensional Q-Wiener process. With

00
t,T)= ——
D) =TT =D
we get the following drift under @:
T T
<) oo
t,T t,u)du = d
olt, )/t ot u)du 1+a(T—t)/t Ttau—0"
(o) (o)) T
= ——— |—-In(1 —t
ra(r—p Lo 0+ aw=0)];

aj In(1+a(T —1))
a 1+a(T—1)
Hence

o2 In(1+a(T —1t)) oo
df (¢, T) = 2. dt dWR(t).
fOT) = rar—n i
The initial value is the the same as under P:

f(0,T) = f*(0,T).
Under @, the dynamics of p(¢,T) is given by

T
dp(t,T) = r(t)p(t, T)dt + <—/ U(f,u)du) p(t, T)dW® (u).
In our case

T T
—/ o(t,u)du = —/ %0 gu=-2 In(1 4 a(T — 1)),
t t

1+a(u—t) a
so we get @Q-dynamics

dp(t, T) = r(t)p(t, T)dt — % In(1 + a(T — t))p(t, T)dAW (1)

with initial values
p(0,T) = e~ Jo 1" (Ou)du,



(b) See the book.

Problem 4
(a) We know that for t € [0, 7]
1(t; X) = p(t, T)E?" [X|5],

where p(t,T) is the price at time ¢ of a ZCB maturing at 7 and Q7 is the
T-forward measure. The model

dr(t) = oodWe(t)
has an ATS with, in the language of the course book,

a(t) = B(t) = y(t) = 0 and §(t) = of.

Hence, the ZCB prices in this model are given by p(t, T') = eAtT)=BET)r (1),

where A and B solves the system of equations

QA(T) _ o5 2
ot - _TB (t’T)
AT, T) = 0
and
OB(LT) _ 4
ot - .
{B(T,T) =0

The solution to the last equation is given by

B(t,T)=T —t,
and we then get
T 2 2 _ 3
AT, T) — A(t,T) = _/ %0 (1 )2y = —20 . T ="
¢ 2 2 3
or , ,
T
At T) = M_
6
Hence ) \
p(t,T) = ™= (T=0r(®),
The forward rates are given by
Olnp(t,T) 0 od(T —t)3 o2 (T —t)?
7y = 90PN D) _ 9 (i ey - DTN 00 D7
71y = =) = 2 (- () - (-2



(b) In general
dr(t) = p(t,rt))dt +o(t,r(t)dW(t)
= po(t,r(t))dt + o(t,r(t))dW(t),

where W and W€ is a Wiener process under P and Q respectively. We
know that absence of arbitrage implies

pQ(t,r(t)) = u(t, r(t)) — At r(t))o(t, r(t)).
In our case we have
po(t,r(t) =0, A(t,r(t)) = Ao and o(t, r(t)) = oo,

which implies
wu(t,r(t)) = Aooo

and
d’l"(t) = )\Qﬂodt + JQdW(t)

Thus

r(T) = r(0) + XAoooT + aoW(T) ~ N (7’(0) + oo T, Uoﬁ) ,

and we get
P(r(T) <0) = P(r(T)<0)
— T(T) — T(O) B )‘OUOT 77"(0) - )\00’0T
-7 ( aoV'T = ooVT )
_ ¢ ("0 + ool
- ( Uo\/T > '
Problem 5

(a) We know that S;(t)X (t)/Ba(t) should be a Q%martingale. First of all

d(Sr®)X () = Spt)dX(t)+ X(t)dSf(t) + dSs(t)dX (t)
— xS (DX (1)t + ox Sp() X ()W (1) + a8y (6) X ()de
+opSr() X (t)dW (t) + opox Sp(t) X (¢)dt

Sp(t)X(t)

By(t) dt + (ox + 07)Sp ()X (£)dW ().

= (Ozx+04f+0'f0')()



We then get

a(2) = s ox)

Syt)X(t)

Buy(t) a

= (aX—i—af—l—anX—rd)

Spt)X(t)

+(UX +Uf) Ba(t)

AW (t)

Sp(t)X(¢)
Ba(t)

(AW (t) + p(t)dt)

= (ax+ar+orox —1r4) dt
f f

Sp(t)X(t)

+(JX + Jf) Bd(t)

S
= (ax taj+orox —rq+ (ox + Uf)@(t))T

+ox + o LD awe),

where W9 is a Q%-Wiener process. By choosing

_ax +aft+orox — 14

t) =
o(1) ox o

we see that the discounted price process is a @%martingale. It follows
that the dynamics of X under Q¢ is

dX(t) = axX(t)dt+oxX(t) <de(t) _axtaytopox — m)

ox +0¢

< Qx +af +050x —71q
= axy —0x

d
ox +0f ) X(t)dt + ox X (£)dW(t).

(b) The price at t € [0,T] of the T-claim Z = S;(T)X(T) is given by

0(2) = e TR [SH(T)X(T)|F]
— ¢t EQY [T S (T X (T)|5]
= {e77"Ss(t) X (t) is a Q% -martingale }
= ertte TS (B X (1)
= SpHX(t).



