EXAMINATION IN SF2975 FINANCIAL DERIVATIVES
Date: 2015-10-23, 08:00-13:00

Suggested solutions.

(a)

Problem 1
The solution to the GBM SDE is in general
S(t) = S(u)e(a—02/2)(t—u)+0(W(t)—W(u))
forany 0 <u <t. Witht =T and u =T} we get
S(T) = S(Tl)e(a—02/2)(T—T1)+0(W(T)—W(T1)).
Now the jump condition yields
S(Th—)=8S(T1)+6S(Th—) & S(Ty)=(1-6)S(T1—).

Using again the solution of the GBM SDE, now with ¢ = 71— and u = 0, we
get
S(T—) = S(O)e(a*ﬁ/?)TﬁUW(Tl).

Here we have used that both the function ¢ — t and the stochastic process
W (t) are continuous, so that we have t— =t and W (t—) = W(¢) for every t.
It follows that

S(T)

(1= 8)S(Ty—) oo™ /(T =T1)+o (W(T)=W(T1))
—_——

=S(T1)
_ (1 _ 6)5(0)6((1—0'2/2)T+UW(T)'

Finally

BS(T)] = (1= §)S(0)E [e=" AT+ WD — (1~ 5)5(0)e "
The solution to the SDE can be written
T
X(T)=X(t)+ / (a4 bu)2dW (u).
t
We know that

T T
/(a+bu)2dW(u)]?XV~N 0, /(a+bu)4du
t t

Now

T . 1[(a+b)®]"  (a+bT)5 — (a+ bt)°
/t (a+ bu) du:b[t_)]t = = ]

so we get

X(T) |5 ~ N (X(t)’\/(a+b:r)55; (a—|—bt)5) |



(¢) In a model with ATS we have
p(t,T) = ACT=BETIND — f(r(1)).

Since
#"(z) = B(t,T)2eAGT) =Btz 5

we conclude that the ZCB price is convex as a function of the short rate.
Problem 2
Under @, the dynamics of §S' is
dS(t) = rS(t)dt + o S(t)dW(t),

where W€ is a Q-Wiener process. The price at time t € [0,7Tp] is given by

It X) = e "T-YEQ F

T
/ (S(u) — S(To))du

To

T
_ T / (B2 [S(w)|F:] — B9 [S(To)|F]) du.

To
Now
S(u) = s(t)e(rﬂ#/m(uft)+o(W<u>fW(t))’
SO
E°[S(u)|F] = S(t)e’"(“_t)
and

E® [S(T0)|F:] = S(t)e" o=,
It follows that

T
n; X) = efr(Tft)/ (S(t)e’“(uft)—S(t)er(T‘“*todu
To

T T
_r(T—t)S(t)e—rt </ e du — / erTo du)
To To

= St)e T <1 (e —er™o) — (T — To)e’“T0>

_ # 1= e @) (14 1(T = Ty)|].

|
®

Remark. We have implicitly assumed r # 0. If » = 0, then II(¢; X) = 0 and

. S(t) —r(T—To) _
}%_7{1—6 °(1+T(T—T0))]—0
as well.
Problem 3
(a) The LIBOR rate is given by
1-— p(t7 T)
LtT)= — P 2)
0= T ope )

To find the ZCB prices we use that the given model is an ATS model with

a(t) =0, B(t) =a, y(t) =0 and §(t) = o°t.



We get the ODE’s

OB(t,T) 1
ot B
B(T,T) = 0
and
QA(t,T) ot )
AT, T) = 0.
From this
Bt,T)=T-1t
and

2

AT, T) = A@WT)+ /tT a(T — u)du — % /tT uw(T — u)?du

a o? _ 43 V!

It follows that

2 3 4
and finally
1- p(tv T)
L(t, T —_
T = T T)
1 1
= —— ~1
1 —A(t,T)+B(t,T)r() )
= ? ’ r —_ 1
Tt (e
a 2 42 (T—t)3 (r—t)*
1 ( §r-0- o (TE5 0 ) () )
= — e —1].
T—t
We use that

I(t; X) = p(t, T)E?" [X|5,],

where Q7 is the QT -forward measure. The price of the ZCB, p(¢, T), has been
calculated in (a). If

dp(t,T) = r(t)p(t, T)dt + p(t, T)v(t, T)dAW(t),
then the relation between W@ and WQ" is given by
AWC(t) = v(t, T)dt + dW < (¢).
In our case the short rate model has an ATS and it follows that
dp(t,T) = r(t)p(t, T)dt + p(t, T)[—(T — t)oVt]dW(t).

Hence
v(t,T) = —(T — t)oVt,



and the dynamics of r under Q7 is given by
dr(t) = adt+ oVt (—(T —tovidt +dw?" (t))
= (a— (T —t)) dt + oVtdW " (1).

This can be written

r(T)

T T
r(t) —l—/f (a—azu(T—u))du—l—/t oVudwe (u)

(T—t)? (T—-1t)?
2 3

= rt)+a(T —t)—0o? (T

It follows that

T _ £)2 _4\3
B [1(T)|5,) = (t) + a(T — 1) — o (T(T - _ & “)

2 3
and
T T 0’2
Var® (r(T)|3"t):/ Jzudu:?(T2—t2).
t
Since )
EQ" [r(T215,) = Var?" (r(1)|5) + (EQ" [1(7)|5:))
we get

I(X) = p(t,T)E? [r(T)*|7]

2
= AGT-BET)(@) <U2(T2 — %) + [r(t) +a(T —t) — o2 (T

with A(¢,T) and B(t,T) as in (a).
Problem 4
The Q-dynamics of (S1(t), S2(t)) is given by
dSi(t) = rSi(t)dt + Si(t) [o11dW (1) + o12d Wi (t)]
dSs(t) = rSa(t)dt + So(t)[o2rdW (1) + o2dWi? ()],
where W@ = (WlQ , W2Q ) is a two-dimensional Q-Wiener process.
(a) The arbitrage free price of X is given by

Nt X) = e "TDEQ [InSi(T) + InSo(T)|F¢]
e TDEQ [In Sy (T)|F,] + e " TV EQ [In Sy (T)|F] .

Now, under ) we can write

Sy (t) 2 rSy (t)dt + \/o?, + 02,51 (1) dW (1)

dSy(t) 2 rSy(t)dt + /o2, + 02,85 (H)dWE (1),

where WlQ and WzQ are two (Q-Wiener processes. Since

and

S1(T) = Sy (t)elr—(@h+0t) /DT =+y/oRi+o%, (WP (1) =W (1)

> + /t ’ o /udW " (u).

(T —t)?

2



we get

In Sy (T) = ISy (6)+(r = (071 +0%) /20T =)+ /03, + o3, (WP (T) =W (1))

from which it follows that

E®9In S, (T)|F]

= (T {ln S1(t) +1In Sa(t) + (27“ -

Let

F(t,xy,20) =TI(t; X) = e 7T {ln 1+ Inxo + <2r

I S1(8) + (r = (o3, + 082) /(T = ) + 1o}y + o B [ (WR(T) - W2(1))| 7]

Sy (t) + (r = (011 + 012) /2)(T — 1).

A similar relation holds for E? [In So(T)|F;], and combining both we get

Ot X) = e T [InSi(t) + (r— (of) +01)/2)(T — 1)
+In (1) + (r — (03 + 03,)/2)(T — )]

The hedging portfolio is given by

2

U%l + 0-%2 + U%l + 0'52) (T _ t):| )

_ U%l + 0%2 + 0%1 + U%Q) (T o t):|
B .

ot ol toh +052> (T—t)}

oF .
hi(t) = Tm(t’ S1(t),Sa(t)), i=1,2
5 F(t, S1(t), Sa(t) — FE(t, S1(t), Sa(1))S1(t) — SE(t, S1(t), Sa(t)) S (1)
WB() = : : .
B(t)
Now OF 1
il — e r(T=t) . _
(510, 52(0) = ¢ =12
and we get
) = i
hB(t) = % . (e—r(T—t) {ln S1(t) +1In Sa(t) + (27“ 5
e—r(T—t) e—r(T—t)
— -S51(t) — - Sa(t
50 S0 T S0)
2 2 2 2
= T {m Si(t) +In S (t) + (zr - Tt RO T O

Problem 5

We know that under @ we have
dS(t) = r(t)S(t)dt + aS(t)dWw e (t),

were

dW?(t) =

a—r(t)

is a @-Wiener process. It follows that

dr(t)

dt + dW (t)

(b— ar(t))dt + ¢ (a;(t)dt + dWQ(t))

(

co
h— —
o

(

a— —
g

C) r(t)) dt + cdWQ(t).

Ja-o-4]



(b) We know that if
dp(t, T) = r(t)p(t, T)dt + p(t, T)v(t, T)dW2(t),
then the relation between W@ and WQ" is given by
AWR(t) = v(t, T)dt + dW?" (1),

ehere W' is a QT-Wiener process. In our case the short rate model has an
ATS, p(t, T) = AT =BET)T(®) "and it follows that

dp(t,T) = r(t)p(t, T)dt + p(t, T)[=cB(t, T)[dW(t).

Hence
v(t,T) = —cB(t,T),

where B(t,T') solves

0B(t,T) c B
= - (a - ;) B(t,T) = -1
B(T,T) = .
The solution to this ODE is
1
_ _ —(a—c/o)(T-1)
BUT) = = (1 e )

It follows that

Qpy— € _ o—la—c/o)(T—t) QT
awe) =~ (1 e )dt+dW (t)
and we get
dS(t) = r(®)St)dt+oS(t) { - _CC s (1 - e*<a*c/a><T*t>) dt + dw " (t)}

(r(t)— “ (1—e<aC/0><Tt>))5(t)dt+05(t)dWQT(t)

dr(t) = (b - ? - (a - g) r(t)) dt +c [—a v (1 - e—<a—c/a><T—f>) dt +dw" (t)}
- (b e (R OE _Ci/g (1- e—<a—0/”><T—f>)> dt + cdw? ().



