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Problem 1

(a) The price of the deriviative X = 1/
√
S(T ) is given by

Π(t;X) = e−r(T−t)EQ [X|Ft] ,

where S under Q has dynamics

dS(t) = (r − δ)S(t)dt+ σS(t)dWQ(t).

The solution to this SDE is

S(T ) = S(t)e(r−δ−σ
2/2)(T−t)+σ(WQ(T )−WQ(t)).

Now
1√
S(T )

= S(T )−1/2,

so

Π(t;X) = EQ
[
e−r(T−t)S(T )−1/2|Ft

]
= S(t)−1/2e−r(T−t)EQ

[
e−

1
2 [(r−δ−σ2/2)(T−t)+σ(WQ(T )−WQ(t))]|Ft

]
= S(t)−1/2e−r(T−t)− 1

2 (r−δ−σ
2/2)(T−t)EQ

[
e−

σ
2 (WQ(T )−WQ(t))

]
︸ ︷︷ ︸

=e
σ2
8

(T−t)

= S(t)−1/2e

(
− 3r

2 + δ
2+

3σ2

8

)
(T−t)

.

(b) The hedging portfolio h(t) = (hS(t), hB(t)), for t ∈ [0, T ], is given by

hS(t) =
∂F

∂s
(t, S(t))

and

hB(t) =
F (t, S(t))− S(t)∂F∂s (t, S(t))

B(t)
,

where

F (t, s) = e−r(T−t)EQt,s

[
1√
S(T )

]
= s−1/2e

(
− 3r

2 + δ
2+

3σ2

8

)
(T−t)

.
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It follows that

hS(t) = −1

2
S(t)−3/2e

(
− 3r

2 + δ
2+

3σ2

8

)
(T−t)

and

hB(t) =
3

2
S(t)−1/2e

(
− 3r

2 + δ
2+

3σ2

8

)
(T−t)−rt

.

Problem 2

The dynamics of V h(t) under P is given by

dV h(t) =

(
1−

n∑
i=1

ui

)
V h(t)

B(t)
dB(t) +

n∑
i=1

ui
V h(t)

Si(t)
dSi(t)

=

(
1−

n∑
i=1

ui

)
V h(t)rdt+

n∑
i=1

uiV
h(t)(αidt+ σidWi(t))

= rV h(t)dt+ V h(t)

n∑
i=1

ui(αi − r)dt+ V h(t)

n∑
i=1

uiσidWi(t).

Since V h(t) is the value of a self-financing portfolio, under the EMM Q, where
the bank account is numeraire, it will have dynamics

dV h(t) = rV h(t)dt+ V h(t)

n∑
i=1

uiσidW
Q
i (t),

where WQ is an n-dimensional Wiener process. We can write

n∑
i=1

uiσiW
Q
i (t) =

√√√√ n∑
i=1

u2iσ
2
i Ŵ (t) = σ̂Ŵ (t),

where Ŵ is a one-dimensional Q-Wiener process and

σ̂ :=

√√√√ n∑
i=1

u2iσ
2
i .

Hence
dV h(t) = rV h(t)dt+ σ̂V h(t)dŴ (t).

We can solve this SDE to get

V h(T ) = V h(t)e(r−σ̂
2/2)(T−t)+σ̂(Ŵ (T )−Ŵ (t)).

2



Finally we get

Π(t;X) = e−r(T−t)EQ
[(
V h(T )

)β |Ft]
= e−r(T−t)EQ

[
(V h(t))βeβ(r−σ̂

2/2)(T−t)+βσ̂(Ŵ (T )−Ŵ (t))
]

= e−r(T−t)(V h(t))βeβ(r−
σ̂2

2 )(T−t)+ β2σ̂2

2 (T−t)

= (V h(t))βe

[
β(r− σ̂2

2 )+ β2σ̂2

2 −r
]
(T−t)

,

with σ̂ as above.

Problem 3

(a) The dynamics of f(t, T ) under Q is given by

df(t, T ) = σ(t, T )

∫ T

t

σ(t, u)du dt+ σ(t, T )dWQ(t),

where WQ is a Q-Wiener process. Now∫ T

t

σ(t, u)du = σ0

∫ T

t

(
1 + a(u− t)e−b(u−t)

)
du

= σ0

(
T − t+ a

∫ T

t

(u− t)e−b(u−t)
)
,

and ∫ T

t

(u− t)e−b(u−t)du = {u− t = x and du = dx}

=

∫ T−t

0

xe−bxdx

=
[
−x
b
e−bx

]T−t

0
−
∫ T−t

0

−1

b
e−bxdx

= −T − t
b

e−b(T−t) +
1

b

[
−1

b
e−bx

]T−t

0

= −T − t
b

e−b(T−t) +
1

b2

(
1− e−b(T−t)

)
=

1

b2

[
1− e−b(T−t)

(
1 + b(T − t)

)]
.

Hence∫ T

t

σ(t, u)du = σ0

(
T − t+

a

b2

[
1− e−b(T−t)

(
1 + b(T − t)

)])
,
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and it follows that

df(t, T ) = σ2
0

(
1 + a(T − t)e−b(T−t)

)
·
(
T − t+

a

b2

[
1− e−b(T−t)

(
1 + b(T − t)

)])
dt

+σ0

(
1 + a(T − t)e−b(T−t)

)
dWQ(t).

(b) The dynamics of p(t, T ) under Q is given by

dp(t, T ) = r(t)p(t, T )dt−

(∫ T

t

σ(t, u)du

)
p(t, T )dWQ(t),

where WQ is a Q-Wiener process and r(t) = f(t, t) is the short rate. We
know from (a) that∫ T

t

σ(t, u)du = σ0

(
T − t+

a

b2

[
1− e−b(T−t)

(
1 + b(T − t)

)])
,

so the dynamics is given by

dp(t, T ) = r(t)p(t, T )dt−σ0
(
T − t+

a

b2

[
1− e−b(T−t)

(
1 + b(T − t)

)])
p(t, T )dWQ(t).

Problem 4

See the book.

Problem 5

We know that in this kind of model, the dynamics of X is given by

dX(t) = (rd − rf )X(t)dt+ σXX(t)dWQ(t).

Here Q is the EMM where Bd is the numeraire. (To show this we use the
fact that Bf (t)X(t)/Bd(t) must be a Q-martingale – this give us the Girsanov
kernel.) Under Q the exchange rate X is a geometric Brownian motion:

X(T ) = X(t)e(rd−rf−σ
2
X/2)(T−t)+σX(WQ(T )−WQ(t)).

Hence

lnX(T ) = lnX(t) + (rd − rf − σ2
X/2)(T − t) + σX(WQ(T )−WQ(t)),

and we have

EQ [lnX(T )|Ft] = EQ
[
lnX(t) + (rd − rf − σ2

X/2)(T − t) + σx(WQ(T )−WQ(t))|Ft
]

= lnX(t) + (rd − rf − σ2
X/2)(T − t), and

EQ
[
(lnX(T ))2|Ft

]
= VarQ

(
(lnX(T ))2|Ft

)
+
(
EQ [lnX(T )|Ft]

)2
= VarQ

(
lnX(t) + (rd − rf − σ2

X/2)(T − t) + σX(WQ(T )−WQ(t))|Ft
)

+(
lnX(t) + (rd − rf − σ2

X/2)(T − t)
)2

= σ2
X(T − t) +

(
lnX(t) + (rd − rf − σ2

X/2)(T − t)
)2
.
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This yields

Π(t;Z) = e−rd(T−t)EQ
[
1 + lnX(T ) + (lnX(T ))2|Ft

]
= e−rd(T−t) (1 + EQ [lnX(T )|Ft] + EQ

[
(lnX(T ))2|Ft

])
= e−rd(T−t)

(
1 + lnX(t) + (rd − rf − σ2

X/2)(T − t)

+σ2
X(T − t) +

(
lnX(t) + (rd − rf − σ2

X/2)(T − t)
)2 )

.
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