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Suggested solutions

Problem 1
(a) The price of the deriviative X = 1//S(T) is given by
N(t; X) = e " TV E? [X|F],
where S under @ has dynamics
dS(t) = (r — 8)S(t)dt + o S(t)dW(t).
The solution to this SDE is

S(T) = S(t)elr=9-0> /DT =+o (WO (T) WO (1),

Now
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(b) The hedging portfolio h(t) = (h°(t), hE(t)), for t € [0,T], is given by

OF
W3 (t) = 5t 5(1))
" F(t,5(t) = S(t) %5 (1, 5(t))
hB(t) = ! B(t) Is \? ’
where
Flt,s) = e @0pQ | L | _ -1z (-¥+3+5) T
*1/S(T)




It follows that

hs(t) _ 7%S(t)73/26(7%+%+¥)(717t)

and )
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Problem 2

The dynamics of V(t) under P is given by

_ - Vh(t) ~ Vi)
avh(e) = <1 - Zlu> B0 ——2dB(t) + ;u 0 ds;(t)
= (1 - Z u1> t)rdt + Z u; VI (t) (adt + o3 dWi(t))

= rVR(@)dt + V(t) Zul a; = r)dt + V() > uioidWi(t)

Since V" (t) is the value of a self-financing portfolio, under the EMM @, where
the bank account is numeraire, it will have dynamics

AV (t) = vV () dt + V(1) Y uioidW (1),
=1

where W€ is an n-dimensional Wiener process. We can write

Hence

dVI(t) = rVh(t)dt + 6V (t)dW (t).
We can solve this SDE to get

Vh(T) _ Vh(t)e(rf&Q/2)(Tft)+&(W(T)7VAV(t))'



Finally we get
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with ¢ as above.

Problem 3

(a) The dynamics of f(¢,T) under Q is given by
T
df(t,T) = o(t, T)/ o(t,u)dudt + o(t, T)dW?(t),
t

where W€ is a Q-Wiener process. Now
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and it follows that

df(t, T) = of (1 +a(T — t)e_b(T_t)) : (T t+ — [ — 7T (1 +o(T —

b2
+00 (1 +a(T - t)e‘b(T_t)) AWR(1).

(b) The dynamics of p(t,T) under @ is given by

T
dp(t,T) = r(t)p(t, T)dt — (/t J(t,u)du> p(t, T)dAW (1),

where W is a Q-Wiener process and r(t) = f(t,t) is the short rate. We

know from (a) that

/T o(t,u)du = oy (T —t+ l% {1 — e 0T (1 +u(T — t))D ,

so the dynamics is given by

dp(t, T) = r(t)p(t, T)dt—og (T t+ o [1 ) (1 (T —

Problem 4
See the book.
Problem 5
We know that in this kind of model, the dynamics of X is given by
dX(t) = (rg —rp) X (t)dt + ox X (£)dW2(2).

Here @ is the EMM where B, is the numeraire. (To show this we use the
fact that By(t) X (t)/Ba4(t) must be a @-martingale — this give us the Girsanov

kernel.) Under @ the exchange rate X is a geometric Brownian motion:

X(T) = X(t)elra—rs=o% /2T -0+ox (WD) =W 1)),

Hence

I X(T) =W X(t)+ (rg —rf — 0% /2)(T —t) + ox(W(T) - Wt

and we have
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This yields

0(t2) = e T IEC[1+In X(T) + (In X(T))*|5]
= T (14 B9 [In X(T)|F,] + E? [(In X (T))2|,])
= T (1 X () + (- 7y - 0% /T - 1)

0% (T — 1) + (I X () + (ra — v — 0% /2)(T — t))2).



