EXAMINATION IN SF2975 FINANCIAL DERIVATIVES
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Suggested solutions

(a)

Problem 1
The price of the derivative X = 1(In S(T") > 0) is given by
It X) =e " T VEQA(InS(T) > 0)|F,] =e " TDQ (InS(T) >0|F,).

Under
S(T) = S(T)e(r=o" /DT =) +o(WHD)-We(1))

where W€ is a Q-Wiener process. It follows that

InS(T) =1nS(t) + (r - 02) (T —t) +o(W(T) = W9 (t) >0

2
54
We(T) — WE(t) o —InS() - (r—a?/2)(T —t)
Tt o oVT —1 '
Finally
Q - Wwe —1In —(r—o? —
IEX) = e_m_t)Q(W (D W), () =t/ t>>
(T B —InS(t) — (r—o?/2)(T —t)
= (v ()
ey (RSO + (= /2T — 1)
B : N( oV —1t )

where N(z) is the distrbution function of a N (0, 1)-distributed random
variable.

We know that with

F(t,S() = X) = e "T-ON (ln S(t) + (r—o2/2)(T — t))

oVT —t
we have
hi(t) = g—i(t,S(t))
WE() = F(t,S@) = S5 (1)

B(t)



BS () = e T0) Slt) . 1 <ln S(t) + (i/—Talm(T — t))
oVIT —t o —1
- [N (lnS(t) +57;/%2)(T—t)) ~ o—\/%“" (1nS(t) +£7;/%2)(T—t))] |

where ¢ is the density function of a N (0, 1)-distributed random variable.
Problem 2
This is an ATS model with
a(t) =0, B(t) =a, y(t) =0 and 6(t) = op(t + 1).
The ZCB prices are given by
p(t,T) = eAGT)=BETI ()

where A(t,T) and B(t,T) solves

0B
—,T) = -1
8t ( ? )
B(T,T) = 0
and
%(t,T) = aB(t,T)f%crg(tJrl)BQ(t,T)
AT, T) = 0
respectively. We get
Bt,T)=T-t
and
T o2 [T
AT, T)-At,T) = a/ (T — u)du — 2 / (u+ 1)(T — u)?du
~—— t 2 )y
=0
. (T-t* a3 (T-t° (T-t°
= o 5 (T+1) 3 1
=

A(t,T):%g {(Tﬂ)(T—t)?’ (T—t)4] Tt

3 4 2
It follows that

D, T) = e gt g0t 50t
T) = .



(b) The dynamics of p(t,T) under @ is given by

dp(t,T) d(eAwT)—B(t,Tmn)

(---)dt — B(t,T)oo\t + 1p(t, T)dW < (t)
{B(t, T) =T —t and p(t,T) is the price of a traded asset}
= r(t)p(t, T)dt — (T — t)ooV/t + 1p(t, T)dW 2 (t).

We know that if

dp(t, T) = r(T)p(t, T)dt + v(t, T)p(t, T)AW (t)
under @, then the Radon-Nikodym derivative L7 () satisfies
dLT(t) = v(t, T)LT (t)dW % (t)

and we get
AWR(t) = v(t, T)dt + dw " .

In our case v(t,T) = —(T — t)ooV/t + 1, so
AW (t) = —(T — t)oo vt + Ldt + AW ().
Hence, the dynamics of » under Q7 is given by
dr(t) = (a — o2(T — t)(t + 1)) dt + ooVt + 1AW (2).
Problem 3

We can have money without getting any return on it, and this is like a bank
account with » = 0. Under the EMM where this asset, i.e. having cash, is
numeraire, the dynamics of 7 is given by

dr(t) = [b— Ao — ar(t)]dt + cdW (1),

where A € R is the constant market price of risk. The theoretical price of the
T-claim X at time ¢ = 0 is given by

I(0; X) = B9 [r(T)].
The dynamics of 7 can be written
T
7(T) =10 + / [b— Ao — ar(u)]du + cW?(T),
0

and taking QQ-expectations gives

T
E9[r(T)] = 104 (b—Xo)T — a/o E° [r(u)] du.



With
m(T) = E? [r(T)]

this can be written

m/(T) = (b— Ao) —am(T) and m(0) = 7.

Now
d a _ a a ’
T (e Tm(T)) = ae"m(T)+ e m/(T)
e (am(T) +m'(T))
= T(b— \o),
and we get
EC[r(T)] = m(T)

T
= 7o T+ (b- )\U)/ e~ U= gy
0
b— A\
—aT + o (1 o e—aT) .
a

= Tp€
Equating the observed price with the theoretical yields

b— A
I = T0(0; X) = 7o~ 4+ =2 (1= ™7,

1 Ix — et
A== (b—a—2 " ).
o ( T et )

Problem 4

and from this

See the book and notes from the lectures.
Problem 5

We have
(0; X) = e "T B9 [SP(T)] .

Under @, the dynamics of S is
dS(t) = rS(t)dt + o (t)S(t)dW (1),

where W€ is a Q-Wiener process. The solution to this SDE is

T r—m du T o(u)dW® (u
S S(O)eft( £ )t 7 o () aW ()

S(O)erT— % fUT o’ (u)du+f0T U(u)dWQ () .



and it follows that

Sﬁ(T) — S,B(o)er,@Tf%foT ﬁoQ(u)dqufOT Bo‘(u)dWQ(u).

We know that
T T
/ Bo(u)dW?(u) ~ N |0, / B2o?(u)du |,
0 0

and using this we can write

0; X) = e ""E?[SH(T)]
efrTSB(O)erBTfé fOT BJQ(u)duEQ |:6f0T ,Ba(u)dWQ(u):|

= {1t X~ N©,0), then B [X] =% }

_ 5P (0)er VTR T o,

Finally using

T T )
/ o?(u)du = / of (1+e ) du
0 0

T
= 0‘8 / (1 4+ 2e7 7 6_27“) du
0

2 _ 1 _
op {T+7(1_6 7T)—|—ﬂ(1—e 2T

we get

T1(0; X) = §2(0)emB=DT+H5 o5 [T+3 (1= )4 25 (1-e 7277



