MTH 535 Fall 2004

A non-measurable set

Let X be a set. A relation x ~ y is called an equivalence relation if for all
z,y,2 € X,

i)z ~ux,
ax~y=—yn~z
) zx~y, y~z=z~2

For each x € X let A, := {y € X : y ~ 2} which we will call the equivalence
class of x. Then for u,v € X either A, = A, or A, N A, = 0. Proof: Suppose
we A,NA,. Then w ~ u and w ~ v so by ii) and iii) uw ~v. Thus if z € A,, we
have z ~ w and u ~ v so by iii), z ~v = z € A,. Thus A, C A, and similarly
A, C A, so A, = A,. Now also note that € A, by i). Thus each element of
X belongs to exactly one equivalence class, and distinct equivalence classes are
disjoint.

Let X = (0,1] and define a relation on X by z ~ y iff © — y is rational. It is
easily checked that this is an equivalence relation. By the Axiom of Choice we
can form a set S by selecting a single point from each equivalence class for this
relation.

Theorem. The set S described above is not Lebesgue measurable.

If v,y € (0,1] define z®dy:=ax+yif x +y <1, otherwise c Dy :=x+y — 1.
If Ac(0,1] and z € (0,1] we define Adz:={a®z:a€ A}.

We can show
Lemma. If A is measurable, so is A® z and pr(A® x) = pr(A).
We omit the proof.

Now we prove the theorem. Let r1,79,... be an enumeration of the rationals in
(0,1] (so each rational appears exactly once on the list.) We will show

1)Ifi#jthen S®&r,NSdr; =0.
2) (0,1] = U, S @ 7.

Proof of 1): Suppose x € S@r;NS@®r;. Then z =s; & r; = s5; G r; for some
si,s;. This implies that s; and s; differ by a rational, so s; = s; since S contains



exactly one member of each equivalence class. But then, since 0 < r;,7; <1 we
would also have r; = r; =1 = j.

Proof of 2): If x € (0,1] then = ~ s for some s € S since z must be in some
equivalence class, and a representative of each equivalence class appears in S.
But then z differs from y by some rational number in (0, 1] so that x € S @ r;
for some 1.

Now we finish the proof. If S were measurable, with ur(S) = a then by the
lemma we would have

1=ML((Oa1]):ZML(S®H) (=at+a+a+---)

so the sum on the right is either 0 or oo ; a contradiction in either case. Thus
S is not measurable.



