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Betingad sannolikhet (definition, betydelse)
Oberoende handelser

Lagen om total sannolikhet

Bayes' sats (definition, anvanding, betydelse)
e a priori sannolikhet
e posteriori sannolikhet

@ Bayes' sats i kliniska tillampningar
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Conditional Probability

In the figure we have 14 (abstract) peas: nine have white flowers, five
have red flowers, six have yellow pods, eight have green pods.
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Two peas are selected at random and without replacement. Q: What is
the probability for the event that the first selection has a green pod and
the second selection has a yellow pod 7 i
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Conditionally Probable Events: a Mendelian introduction
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o First selection: P(green pod) = {3

o Second selection: P(yellow pod) = &
° P( 1st pea with green pod and 2nd pea yellow pod) = 1% . 1% ~

0.264.
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Conditionally Probable Events

Two peas are selected at random and without replacement.

8 6
P( 1st pea green pod and 2nd pea with yellow pod) = 2 13 ~ 0.264.
The key point here is that we must adjust the probability of the
second event to reflect the outcome of the first event. One pea was
removed in the first selection, there are only 13 left to choose for the
second selection.
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Conditional Probability Events: The Principle & Notation

(Notation for Conditional Probability)

P(B | A) represents the probability of the event B occurring after it is
assumed that the event A has already occurred.

Weread B | Aas” B given A ” or as ” event B after that event A has

already occurred ” .
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Multiplication Rule

P(ANB) = P(A)-P(B | A) ]

But also
P(ANB)=P(B)-P(A|B)
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Conditionally Probable Events

Now we have in fact already used the multiplication rule
P( 1st pea green pod and 2nd pea yellow pod) =

P( 1st pea green pod) - Pr(2nd pea yellow pod | 1st pea green pod ) =
8 6
14 13
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Generellt: Betingad sannolikhet
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Inledning (betingad sannolikhet)

L3t A och B vara tva handelser, dvs A, B C ). Vad ar sannolikheten,

betecknad med P(B | A), for B d3 vi vet att A har intriffat?
«Q
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P(B|A)

Vi ar ledda oss till foljande definition.

Definition

Lt A och B vara tva handelser. Antag att P(A) > 0. Sannolikheten for
B betingat av A betecknas med P(B | A) och definieras som

P(ANB)

P(B|A) = —p
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Multiplication Rule

If P(A) > 0
P(ANB)
W—P(BV\)
and if P(B) > 0
P(AﬂB) .
W—P(/WB)
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Probability: independent events

P(ANB)=PA)-P(B|A)

But if A and B are independent events
P(ANB) = P(A)-P(B).
Hence, if A and B are independent events
P(B|A) = P(B),

i.e., we need not adjust the probability of B to reflect the outcome of A
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Oberoende handelser

Intuitivt ar tvad handelser A och B oberoende om intraffandet av A inte ger
nagon information om huruvida B intraffar eller ej. | formler betyder detta

P(B | A) = P(B).
Allmant galler ju
P(B|A) = P(;‘(Q\)B), om P(A) > 0.
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Oberoende handelser

Multiplikation med P(A) leder oss till féljande definition:

Definition

Tva handelser A och B ar oberoende om

P(ANB) = P(A)P(B).

Definitionen ovan kraver inget villkor om positiva sannolikheter.
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Komplement till oberoende handelser ar oberoende

Vi har
P(A°NBS) = P((AUB)®) =1— P(AUB)

=1-P(A) = P(B) + P(A)P(B) = (1= P(A)) — P(B)(1 - P(A))
= (1=P(A)(1 - P(B)) = P(A°)P(B).
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Betingad sannolikhet: exempel

Exempel

(Kast med réd och vit tarning)

A = summan av 6gonen ar hogst 4.

By = vita tarningen visar k ogon.

P(Bx | A) =0 om k > 4.

Mojliga utfall, m, ar 36: (v,r),v,r=1,...6, dvs (1,1),(1,2),...(6,6).
Gynnsamma utfall for A, ar6: (1,1), (1,2), (1,3), (2,1), (2,2), (3,1).
Gynnsamma utfall for AN By, ar4 —k: (v,r),v=k,r=1,...4—k,
dvs (k,1),(k,2),...(k,4 — k) om k < 4.
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Betingad sannolikhet: exempel forts.

Klassiska sannolikhetsdefinitionen ger

P(A) =2 och P(ANB) =

36
Detta ger, for k < 4,

Wl N[

P(Bk| A) = —— =

= OIN W
I

4—k

36
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Betingad sannolikhet

Ofta ar det lattare att ange varden till betingade sannolikheter an till
obetingade, och vi utnyttar definitionen "baklanges”.

Exempel

En ohederlig person har tva tarningar, en akta och en falsk som alltid ger
6 ogon. Han valjer slumpmassigt den ena. Vad ar sannolikheten for 5 resp.
6 ogon. L4t oss betrakta fallet med sex ogon. Intuitivt bor galla att

sannolikheten ar
1 6 7
1=—+

1
tylEntn T

N —
|
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Lagen om total sannolikhet

Mera systematiskt galler foljande sats

Sats
(Lagen om total sannolikhet)
Om Hy, ..., H, ar disjunkta handelser, har positiv sannolikhet och

uppfyller hela Q), sa galler for varje handelse A C Q) att

P(A) = 2 P(H)P(A| H).
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Lagen om total sannolikhet
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Lagen om total sannolikhet

Bevis. Vi utnyttjar en av De Morgans regler
P(A) = P(ANQ) = P(AN(H1U...UH,)) = P((ANH1)U...U(ANH,))

och sedan regel (c) fran forsta foreldsningen, ty (AN H;) N (ANH;) =@
om | # J,
=Y P(ANH,) ZP P(A| H;).
i=1
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Vi ska nu ge en viktig sats om "vandning” av handelserna i betingade
sannolikheter.

(Bayes’ sats) Under samma villkor som i lagen om total sannolikhet géller

| __ P(H)P(A| H)
P(H; | A) = Y1 P(H)P(A| H)) "
Beuvis.
_ P(HiNA) _ P(HNA) P(H) _ )
PRI ="y = pmy Py — T AT By

Lagen om total sannolikhet tillampad p&d P(A) ger resultatet.
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Bayes’ sats: tolkning

Sannolikheten P(H;) kallas a priori sannolikhet for H;. Sannolikheten
P(H; | A) kallas posteriori sannolikhet for H;. Bayes' sats visar alltsd hur
a priori sannolikhet omvandlas till posteriori sannolikhet.
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Thomas Bayes ca. 1701 — 1761
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Bayes' sats: exempel

L3t oss g tillbaka till exemplet om falskspelaren. Satt
A = 6 ogon.

H; = akta tarningen.

H, = falska tarningen.

D3 galler

P(A) = P(H1)P(A| H1) + P(H2)P(A| Ho) = = - = +

som i exemplet. Bayes' sats ger vidare

1= B i) ) 112

och
P(H2NA) P(H,) 112 6
P | A) = =5y = PATH) oy =157 =7

vilket kanske inte ar lika latt att inse rent intuitivt.
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Bayes' sats & inlarning

Vi har N slantar i en urna. N — 1 av dessa ar hederliga i den meningen att
de har tva olika sidor, krona och klave. En av slantarna ar falsk i den
meningen att den har krona pa bdda sidor.

Nagon plockar pd mafa en av slantarna utan att vi far inspektera
densamma, och singlar den k ggr. Utfallet blir k kronor. Vad ar
sannolikheten att den valda slanten ar den falska?

Beteckningar: H; = hederlig slant, H, = falsk slant. Ay = héndelsen
med k st. kronor i k singlingar.

Sannolikheter enligt uppgiften: P(H;) = YZ! (antalet gynnsamma
fall/totalantalet fall). P(Ho) = 1. P (Ax | Hi) = 2% (antalet
gynnsamma fall /totalantalet fall, senare alt. p.g.a oberoende) och
P(A/< | Hg) = 1. Sokt: P(H2 | Ak) .
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Bayes' sats & inlarning

H; = hederlig slant, H, = falsk slant. Ax = hdndelsen med k st. kronor
i k singlingar.

P(Hy) = N3, P(H2) = §. P (A | Hi) = % och P (A | H2) = 1. Sokt:
P(Ho | Ax) .

Lagen om total sannolikhet (LTS) ger

P(Ax) = P (Ax | Hi) P(H1) + P (Ax | H2) P(H2)

_ 1N—1+1_2k+N—1
2k N N 2kN
Bayes' sats ger

P (Ax | H2) P(H2)
P(Hy | Ac) =
(P | A% P(AY)

2k

T2k N-1

TK Matematisk statistik 7.11.2017 28 / 42



Bayes' sats & inlarning

H; = hederlig slant, H, = falsk slant. Ax = hdndelsen med k st. kronor
i k singlingar.
P(Hy) = 85t P(H2) = &, P (Ax | Hi) = 3¢ och P (A | Hp) = 1.

2k
Ho | Ag) = =
P (Ha [ Ac) = 2k N—1

Observera att )
P(Hy | Ag) = N P(H).
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Bayes' sats & en inlarningskurva

| figuren plottas med * den sékta sannolikheten som funktion av k for
k=0,...,40 och N = 1000000

P(Ha | Ax) =

0.9 | ¢ ]
0.8 | * ]
0.7 | g
0.6 | ]
05 | * ]
0.4 g
0.3 | ]
02 * ]

0.1 | * 1

o 5 10 15 20 25 30 35 40
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Bayes' sats i diagnostiken
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General terminology: T+ = positive test result in a diagnostic test,
T — = negative test result in a diagnostic test. D+ = has a disease,
D— = does not have a disease.

e Sensitivity = P(T+ | D+)

e Specificity = P(T— | D—)

e True positive (predicted value) = P(D+ | T+)

e True negative (predicted value) = P(D— | T—)
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e Overall accuracy = P(D+) - sensitivity + P(D—) - specificity

o False Positive P(False positive) = P(T+ | D—) = 1 — specificity

o False Negative P(False negative) = P(T— | D+) = 1 — sensitivity
Bayes’ rule tells amongst other things that

P(T+ | D+)P(D+)
P(T+)

P(D+|T+) =

and

P(D—|T—) =

TK Matematisk statistik 7.11.2017 33 /42



Bayes' sats: screening for cancer

Vi raknar pa det exempel som ges av John Allen Paulos: The Math behind
Screening Tests. What a positive result really means. Scientific American ,
January 2012. http://wuw.scientificamerican.com/article.cfm?id=weighing-the-positives

Lat oss anta att 0.4 % av befolkningen drabbas av en form av cancer. Ett
diagnostiskt test ger positivt resultat i 99.5 % av fallen, om en individ har
cancer och ger positivt resultat i 1 % av fallen, om en individ inte har
cancer. Om vi plockar pd mafa en vuxen individ ur en stor population och
testet ger ett positivt svar, vad ar sannolikheten for att individen har den
aktuella formen av cancer 7 Beteckna D+ = individen har cancer. D— =
individen har inte cancer. T+ positivt testresultat. Vi har
P (D+) =0.004, P (D—) = 0.996, P (T + |D+) =
0.995, P (T + |D—) = 0.01

Sokt ar P (D + | T+).
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Bayes' sats: medicinsk diagnostik

P (D+) = 0.004, P (D—) = 0.996,
P(T+|D—)=0.995P(T+|D—)=0.01
Bayes' sats ger P (D + | T+) som

P(T +|D+)P(D+)
P(D+|T+) = =
(D+1T+) P(T+|D+)P(D+)+P(T+|D-)P(D-)
_ 0.995 - 0.004
~0.995-0.004 + 0.01 - 0.996
En ovantat 13g posteriori sannolikhet ! Varfor ar 72% falska positiva anda
ett rimligt svar 7 Vilken slutsats drar vi om screening ?

= 0.2855.
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Positive likelihood ratio (LR ) is defined as

P(T+ | D+)

IR, = —~ "1/
T P(T+ | D-)

The posterior odds of D+ given T+ is

P(D+|T+)

T IR, x
P(D—|T+) +

Here ﬁED g is the prior odds of D—+.
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LR, = Sensitivity / (1 - Specificity)
(Negative) likelihood ratio (LR_) is defined as

LR_ = W = (1 - Sensitivity) / Specificity
P(D+|T—) P(D+)
P(D—[T—) ~ " (D)
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En ny version av Bayes' sats

P( True positive predicted value ) =

P( D+ )- sensitivity
P( D+ ) - sensitivity + P( D- )(1 — specificity)

P( True negative predicted value ) =

P( D-) - specificity
P( D- ) - specificity + P( D+ )(1 — sensitivity ) -
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En ny version av Bayes' sats: harledning

P(T+ | D+)P(D+)

P( True positive predicted value ) = P(D+ | T+) = PT+)

P(D+)
P(T+)

The law of total probability (lagen om total sannolikhet) yields

= Sensitivity -

P(T+)=P(T+ | D+)P(D+)+ P(T+ | D—)P(D—)

and
= Sensitivity - P(D+) + (1 — Specificity) - P(D—).
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En ny version av Bayes' sats: harledning

This gives
P( True positive predicted value ) =

P( D+ ) - sensitivity
P( D+ ) - sensitivity + P( D- )(1 — specificity)
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En ny version av Bayes' sats: harledning

The second case

P(T—| D—)P(D— ificity - P(D—
P( True negative predicted value ) = ( I|3(T—)) (b-) — ped |;|(>7/__)( )

Law of total probability again,

P(T—)=P(T— | D+)P(D+)+ P(T— | D—)P(D—) = (1 — sensitivity - P(D+) + specificity - P( D- )

and we have the desired formula.

TK Matematisk statistik 7.11.2017 41 / 42



Vem skall fa huvudrollen i en kommande Hollywoodfilm om
Tom Bayes?
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