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In this chapter we will revisit the ”change-of-numeraire technique”
from Chapter VII and use it to price exchange options of American type.

Let X be the value in a base currency (USD, say) of a product, which
will be taken to be 1kg of coffee at time T'. Let N be the value in the base
currency of a means of payment, which will be taken to be one packet
of cigarettes at time T. In Chapter VII we introduced the numeriare
distribution PN by
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for all events A observed at T and we have the formula
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Note that the expected value EV [%} can be interpreted as the forward

price of 1 kg of coffee in the currency cigarettes. To see this, note that
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where G(()T) [X] and G(()T) [N] are the forward prices in the base currency.
A forward contract to buy 1 kg of coffee for G(()T) [X] /G(()T) [N] packets

of cigarettes at time 7T leads to to cash-flow X — NGE)T) [X]/GéT) [N] at
time 7" and 0 at time 0. The same cash-flow can be obtained by entering
into a long position in forward contract on X and a short position in

GéT) [X]/ GE)T) [N] number of forward contracts on N.

The martingale property
Let us introduce the forward price process Yy, Y1,...,Yr where Y; =
GET) [X]/GET) [N]. The next result shows that {Y;} is a PY-martingale.

Theorem 1

The forward prices {Y:} have the martingale property w.r.t. the nu-
meraire distribution PN . In particular Y; = EN[X/N] fort <T.
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Proof

Consider the following strategy: Let A be any event whose outcome
is known at time t. At time ¢ enter a long position to buy lkg of coffee
for Y; packets of cigarettes if A has occurred, otherwise do nothing. At
time T collect T4(X — Y;N) (which may be negative). The present price
is zero, hence

0= PDILA(X ~ Yi)] = BNV a5~ Yo

Hence,
X
EN[I4=] = EN[IAY],
N
which shows that Y; = E/¥[27]. This completes the proof.

European options

We have seen, in Chapter VII, how to use Black’s model to price
European options of exchange type. That is, the price of an option to
buy crude oil for kg of gold. An alternative to Black’s model is to use
a binomial model. Here we will demonstrate how to price a European
exchange option in a binomial model. In the next section we consider
American exchange options.

The procedure is demonstrated by example. Consider a European
option to sell, in 18 months from now, 15 barrels of crude oil for 1 Troy
Ounce of gold. The forward price of crude oil is $102.61 per barrel and
the forward price of gold is $1593.09 per Troy Ounce. The interest rate is
r = 2% per six months. Let us determine the price of the European option
in a binomial model with time step six months. Note that the payoff of
the option at maturity is 15N max(1/15 — X/N,0), where N is the price
of gold and X is the price of crude oil.

To construct a binomial tree, note that, if X denotes the price of
crude oil at time T and N the gold price at time T, then {Y;'} is a PN-
martingale, where

yi=2L 2 F
EE O

(1)
G, [X] N{ﬂ

Then we can construct a binomial tree for {Y,'} as usual. That is, Y is
given and then Y}, = YV'u; or Y, = Y;'d;, each with probability 1/2,
where

u =1+ tanh(01 V At), di=1-— tanh(cn V At)
The Y !-tree the looks like
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Y'Ol Yol u YOl u2 Yol U3
Yid Yidu Yy du?
Yid? Y{du

Yy d3

Here, the tree represents the values of Y'! at times to = 0, t; = 6 months,
to = 12 months and ¢3 = 18 months. Numerically, with ¢; = the Y !-tree
is
}/01 Yol u YOl U2 Yol u3
Yod Ygdu Yy du?
Yg d? Yy dPu
Y a3

The price, at time 0 of the option is given by
PSP 115N max(1/15 — X/N,0)] = 15P{[N]EN [max(1/15 - YL, 0)].

Since PO(T) [N] = ZTG((JT) [N] is known we only need to compute the ex-
pected value EN [max(1/15 — Y;%,0)], which can be done with the tree for
the conditional expectation EfY [max(1/15 —Y;},0)]. Start at ¢, then we
put the values of max(1/15 — Y;,0)] in the tree. Then we move to .
Since

1
B [max(1/15 =Y}, 0)] = ( max(1/15 — Y, u, 0) +max(1/15 — Y, d, o)),

we get the values of E}) [max(1/15—Y,.,0)] as the average of the values one
can reach from the corresponding point in the tree. Proceeding backwards
in the same way give the tree for E{¥ [max(1/15 — Y;},0)] as

Y'Ol Y01 U Yol u2 Y01 u3
Yidd Yidu Yy du?
Yo d? Yy d*u

Yy d3

Putting everything together we see that the price of the European option
to sell oil for gold is 15Xz X = $1.

American Exchange Options

In this section we continue the previous example, but consider the
option to sell 15 barrels of crude oil for one Troy Ounce of gold as an
American option, based on the futures price of crude oil and gold. That
is, the option can be exercised before the maturity in 18 months.

In this case it is not sufficient to only consider {Y;'} but one also

needs to consider the numeraire process V! = 1/ GgT) [N]. Note that, by
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Theorem 1, {Y,?} is also a P-martingale and we will need a joint model
for the pairs {(Y,?,Y;!)} so that both components are martingales. The
way to construct the model is as follows. As before Y}, = Y/'u; or
Y/, =Y/ d;. Similarly we will assume that Y% | = Y}Pug or Y}, = Y;'do.
The probability of the four possible moves are as follows:

PN (ug,u1) = p/2, PN (ug,dr) = (1= p)/2,
PN(do,ur) = (1= p)/2, PN(do,dr) = p/2,

where p is a number in (0, 1) that determines the dependence between the
up/down moves. Note that p = 1/2 corresponds to independence.

The "tree” for the pair (Y,2,Y,!) can, at time ¢ be represented as a
square of size (t + 1) x (¢ + 1) in the following way. Initially at time ¢

we have (Y2, Y}}) = (1/GéT) [N],G(()T) [X]/G(()T) [N]). At time t; there are

to?
four possibilities that can be represented as a 2 x 2 square

(Yiodo, Yigu1)  (Yiguo, Yioua)
(Yo do, Yiidi)  (Yiuo, Yipd)
At to the possible states can be represented as a 3 x 3 square
(YViods, Yigui) — (Yiouodo, Yiui)  (Ygug, Yigui)
(Y dg, Yuidi)  (Yuodo, Yijurdy) (Y ug, Yiiurds)
(Vidd, Yigd?)  (Yuodo,Yydi)  (Yud,Yidi)
At t3 the possible states can be represented as a 4 x 4 square
(VR YIu)  (VRue Yhud)  (Vuddo Vi) (Vb Yhu)
(VRd Viuddy) (V3uodd, Yhudds) (Yuddo, Viutds) (Viuh,¥huid)
(YO8, Yiurd?)  (Youodd Yiudd) (Youbdo,Yiurd?) (YOud,Yilurd?)
(VR YIA)  (VRued YD (e VAE) (VYA

0 0

The options tree can be constructed in a similar manner as in Chapter
IX. Start at the end, ¢ = ¢ in the example, by representing the payoff of
the option if exercised at t4. The payoff at t3 is
15 1
N —-15X) = — — —Y!0),
ma'X( ) }/tg ma‘x( 15 t3 )
so in the options tree at t3 the value at row ¢ + 1 (from the bottom)
column j + 1 (from the left), is
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i1 15 1 - ;
V’L,+17J+1 = ——— Inmax (7 - Ylul dS_Z’ O) .
ts Yoou{)dgﬂ 15 0 U1l
The value of the option at time t is the maximum of the value of
exercising the option and the value of continuing to hold it until 3. The
value of exercising at to is
15

. 1
max(Gy [N] 1564, [X]) = o5 max(5z — Y33, 0),
ta

whereas the value of holding the option until ¢ is Pt(zt?’)[‘/}S], where
Vi, is the value of the option at ¢3. Then

PYOW,,] = P INIEN Vi, /N
= Z1 4, G2 [N]EN [V, /N]

1
ENYAV,,].

= Zt2 ,t3 v0
to

The expected value EY[Y2V,,] at node (i + 1,7 + 1) in the to-tree,
where Y0 = YPuldy 7 and V,! = Yjuid} " is then computed as

N 0, j+1 2—j1,i4+2,54+2 N 0, J+1 2—jy i+1,5+2
P (UO7’U,1)Y6 u(J) dO j‘/t:; ! + P (’LL(),dl)YO ’U% do J‘/;3 ’
N 0 j+1 J1—jt,i42,5+1 N 0,,i4+1 jl—iy,ri+1,5+1
+ P (do, ua)Yg'ug do VTR A+ PR (do, d) Yo ug dg VT

The value of the option at time t; is the maximum of the value of
exercising the option and the value of continuing to hold it until 5. The
value of exercising at 7 is

15

1
max(G4" [N] 1564 [X]) = o5 max(5z — Yi3.0),
ty

whereas the value of holding the option until ¢ is Pt(ltz)[‘/tQ]7 where
Vi, is the value of the option at ¢3. To compute this value, note that

1
t
Pt(12)“752] _Pt(1t3)|: [tz}

Zt27t3

1
= PV INIE Vi, /N]
ta2,t3

Z

- Tmf’ GIINIEN [VtQEg i /N]}
ta,t3
Ztl t3 1 N0

= Zhts —_ENYOV,).
thﬂfa }/t? tl[ t2‘/;2]

The expected value B} [Y2V;,] is computed similar to the above.
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Proceeding backwards in a similar way until ¢, gives the value of the
American exchange option at tg.
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