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Answers and brief solutions.

1. (a)

(b)

Replicating portfolio. The price of the option in three months is

18 if S7 =115

H(T) — X = maX{ST — K} = maX{ST — 97} = { 0 if ST =175

The number of stocks in the replicating portfolio is y = A, i.e.
Al 18-0
AS  115-175

To find the amount of cash x you should have in the bank account solve

y=A = 0.45.
we’ M+ ySh oy = TT(E+ At)
with numbers
2e%0%0-25 1 0 45.115 = 18.

This yields x = —e~0-0502533 75 ~ 33.33 and the replicating portfolio at time
t = 0 is therefore

(z,y) = (33.33,0.45),

meaning that you should have $33.33 deposited in the bank account and own
0.45 shares of the stock.

i. The payoff function of the protective put is found in the picture below
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ii. If we denote by C(t, K) the price at time ¢ of a European call option with
strike price K and exercise date T written on the stock, and by P(t, K)
the price at time ¢ of a European put option with the same strike price
and exercise date as the call, and also having the stock as underlying, then
according to put-call parity we have

Pt,K)=e"TVK + C(t, K) — S(t).
The arbitrage price of the protective put is therefore
Mot ut(t) = S(t) + P(t,K) = e """V K + C(t, K).
Using the Black-Scholes formula with the parameters with parameters
So=90, K =85 o0¢=0.30, r=0.02, T =0.25.
we find that
Mot ut(t) = e "TVK + O(t, K) = e 00202585 1 8.3713 = 92.9473.

2. (a) We have that

T = 6/12=1/2
At = T/2=1/4
u = e’VAt 11912

d = e VA~ 0.8395
Now we make a tree for S* starting at
Si = Sy — PVy(div) = 100 — e~9-033/125 — 95 0374.
The tree for S* is therefore

134.8644
113.2129

95.0374 95.0374
79.7798

66.9717

Now the stock price tree can be computed using S; = S} + PV;(div). The stock
price tree becomes

134.8644
113.2129

100.0000 95.0374
79.7798

66.9717

Now the option price tree can be computed using

erAt

—d
= —— ~ 04778
q d )

u —

and the discount factor
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and the result is

34.8644
18.2129

8.6364 0.0000
0.0000

0.0000

In each node the value is obtained as

1
max{S;- —100, 7o5(q- P" + (1 —q) . P}

where S;_ is the current stock price just before dividend payment (so at
time ¢ = 0.25 you should use the value in the stock price tree + $5), and P* and
P? is the price of the option if the stock price goes up and down, respectively.
Early exercise will be optimal in the node with option price 18.2129. The price
of the option is thus 8.6364.

(b) The price of a call option will increase if there are no dividends, since the option
is more likely to be in the money if the stock pays no dividends (the stock price
will be higher).

3. (a) 1. We have that the futures price (which is equal to the forward price, since
interest rates are deterministic) is given by
F(0,T) = M = TEQ Sr
p(O, T) BT
This futures price will make the initial value of the futures contract zero.
To compute the expectation note that we have the formula

S AD,
So=E®|—+ > :
_BT t;<T Bti

SO

Sy = E° [ So.s n ADs/u]

| Bos  Bsji2
If we use that AD3,15 =5 we obtain

_SO.5 5 SQ_5 _
Sy = E© } + _ @ { ] 4 0020255
’ L Bos]  Bsjia- Boys

or

ER {20-5] = Sy — 0020255
0.5

The futures price is therefore
F(0,0.5) = €29205(100 — ¢70:920255) ~ 95.98.
ii. Use the Black -76 formula (which can be obtained from Black-Scholes for-
mula using s = e "(T=Y) F}) with parameters
Fy=9598 K=96, 0=030, r=0.02, T =0.25.
The price of the call option on the futures price is therefore
crut(0) = 5.7002.
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Let P(t,s) denote the price of the portfolio at time ¢t when S; = s. We then
have that

P(t,s) =c(t,s) — p(t, s).

Here c¢(t, s) denotes the standard Black-Scholes price at time t of a European
call option with exercise price K and expiry date T, when the current price of
the underlying is s. The price of the corresponding put option is denoted by
p(t, s). By definition we have that

OP(t,s)

0s

The computation of this derivative will simplify considerably if if we use put-
call-parity, that is

p(t,s) = Ke "I 4 ¢(t,s) — s.

Ap(t, S) =

We then have that
P(t,s) = c(t,s) — (Kefr(Tft) +cl(t,s) — s) —s5— Ke "T0,
The delta of the portfolio is thus

Arte) = LD

The zero coupon bond prices satisfy
p(0.7;) = e "OTVK.
Here we have T7 = 0.5 and this gives the zero rate
r(0,0.5) = 1.0025%.
Fixed coupon bond prices are computed as
n
Prizea(t) = Y cip(t, T3) + Kp(t, Tn)-
=1

For the 18 month coupon bond trading at 103.693 the coupon is ¢ = 0.03 - 1 -
100 = 3 paid annually, and the formula reads

103.693 = 3p(0,0.5) + (3 + 100)p(0, 1.5).

Using that p(0,0.5) = 0.995 we obtain that p(0,1.5) = 100.708/103 and this
results in the zero rate

r(0,1.5) = 1.5002%.

For the 18 month coupon bond trading at 100.7326 the coupon is ¢ = 0.02-0.5-
100 = 1 paid semi-annually, and the formula reads

100.7326 = 1p(0,0.5) + 1p(0, 1) + (1 + 100)p(0, 1.5).

Using that p(0,0.5) = 0.995, and that p(0,1.5) = 100.708/103 we obtain that
p(0,1) = 0.985095 and this results in the zero rate

r(0,1) = 1.5017%.
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Finally, the coupon for the two year bond is ¢ = 0.02 -1 - 100 = 2 and the
formula reads

99.9707 = 2p(0, 1) + (2 + 100)p(0, 2).

Using that p(0,1) = 0.985095 we obtain that p(0,2) = 0.960789 and this results
in the zero rate

r(0,3) = 2.0000%.
We have the following relationship between forward rates and spot rates
r(t, T)Y(T —t)=r(t,S)(S—t)+ f(t;S,T)(T —95).
Thus
f&S,TY T =8)=rt,T)(T —t)—r(t,S)(S—1t)
and we get that the six month forward rate beginning in one year is
f(0;1,2)(2—-1) =r(0,2) - 2—1r(0,1) - 1 = 2.0000 - 2 — 1.5017 - 1 = 2.4983,
so f(0;1,2) = 2.4983%.

The value of a forward rate agreement where you pay the rate R, (quoted as a
simple rate) over the interval [S,T] on the principal K is given by

I = p(0, T)K [L(0; S, T) — Rs] (T — S).
For this exercise we have
Iy = p(0,2)10°% [L(0;1,2) — 0.017] (2 — 1).

Here L(0;1,2) denotes today’s LIBOR rate for the one-year period starting
in one year. The LIBOR rate L(0;S,T) is the same rate as the forward rate
f£(0;5,T), only quoted as a simple rate. We thus have

1+ L(0; S, T)(T — 8) = fO:SDT=3)

In this exercise we need the LIBOR rate for the one-year period starting in one
year and this is obtained from

1+ L(0;1,2) - 1 = /121
SO

L(0;1,2) = ef 01201 1 — (0024985 _ 9  9,0252978.
The value of the forward contract is thus

Iy = p(0,2)10° [L(0;1,2)—] = 0.960789 - 10°(0.0252978 — 0.026) ~ —675.
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5.

(a) The time line looks as follows

t T

0

The claim can be replicated in the following way:

o At time ¢ invest e (70— in the risk free asset (since this is the price of

the derivative the replicating portfolio should cost this much). This means
that you buy e~"(T0=t) /B(t) risk free assets.

e At time Tj use the money invested in the risk free asset to buy stocks. The
amount of money which can be invested in stocks is given by

e—T‘(To—t)

B(t)
where we have used that B(u) = €"™. Thus you should buy 1/S5(7) stocks.
e At time T your portfolio will be worth
1
—5(1),
s *
i.e. exactly as much as the claim itself, and since the portfolio strategy
described is self-financing we have found a replicating portfolio.

B(TO) =1,

(b) The price of the pay later option is given by
I = e "TYEQ[(Sp — K — p)I{Sr > K}| F]

where the super-index ) on the expectation indicates that the expectation
should be taken under the martingale measure ), and

I{x>K}:{[g if 2 > K,

otherwise
Rewriting this a bit we have
I, = e "THVEQ[(Sp — K)I{Sy > K} F] — e "TpEQ [ I{Sr > K}| F]

Now, we can use Black-Scholes formula for the first term, since it is a plain
vanilla call option. For the second term recall that Sr = S;e?, where Z €
N((r —o2/2)(T —t),0*(T —t)). The expectation in the second term can now
be computed and the result is

Q(St > K) = Nda(t)]

(for more details see the solution to exercise 5 b of the exam given in June
2014). The price of the pay later option at time ¢ is thus

I, = S;N[di(t)] — e "I DK N[dy(t)] — e " T D pN[dy(t)],
and the correct premium p is therefore given by

N{d1(0)]

P =" SoNg,0)

- K.



