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PART 1: Mean vector, Covariance matrix, MGF,
Characteristic function
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Vector Notation: Random Vector

A random vector X is a column vector

X1
X2

X=| " | =X, X)"
Xn

Each X; is a random variable.
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Sample Value Random Vector

A column vector
X1

X2 T
X = : = (x1,X2, -+, Xn)
Xn

We can think of x; is an outcome of X;.
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Joint CDF, Joint PDF

The joint CDF (=cumulative distribution function) of a continuous
random vector X is

FX (X) = Fxllwxn (Xl,. . .,Xn) = P (X S X) =

= P(Xl <xp,..,Xn < Xn)
Joint probability density function (PDF)
an

f(x) = 0xq ...0xp

Fx,,..x, (x1,...,%n)
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a column vector of means (=expectations) of X.
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Matrix, Scalar Product

If X7 is the transposed column vector (=a row vector), then
xxT

is a n X n matrix, and
XX

is a scalar product, a real number.
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Covariance Matrix of A Random Vector

Covariance matrix

Cx 1= E[(X = px) (X = )]
where the element (7, )

Cx (i) = E[(Xi — i) (X; — p)]

is the covariance of X; and X;.
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A Quadratic Form

XTCxX = i ix,'Xij(l',j).

i=1j=1

We see that

—ZZXIXJ — i) (X = )]

i=1j=

—E iznlx,-xj' (Xi = pi) (=) | (%)

i=1j=1
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Properties of a Covariance Matrix

@ Covariance matrix is nonnegative definite, i.e., for all x we have
XTCxX > 0

Hence
det Cx > 0.

@ The covariance matrix is symmetric

Cx = Cy
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Properties of a Covariance Matrix

The covariance matrix is symmetric
Cx = G

since

Cx(i,4) = E[(Xi — i) (X; — u5)]
= E[(X; — 1) (Xi — )] = Cx (U, )
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Properties of a Covariance Matrix

A covariance matrix is positive definite,
XTCxX >0

for all x £ 0 iff
det Cx >0

(i.e. Cx is invertible).
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Properties of a Covariance Matrix

Proposition

XTCXX > 0

Pf: By (%) above
x Cxx =x"E [(X —ux) (X — ‘ux)T} X

=E |:XT (X — ux) (X—yx)Tx] E [x w - wa]

where we have set w = (X — 1ix). Then by linear algebra x"w = w'x

= Y7, wix;. Hence

E[x"ww'x| = E (2 W,X,)2 > 0.
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Coefficient of Correlation

The Coefficient of Correlation p of X and Y is defined as

COV(X Y)
V/Var(X) - Var(Y)’

p = px,y =

where Cov(X,Y) = E [(X —ux) (Y — py)]. This is normalized
-1<pxy <1

For random variables X and Y,

@ Cov(X,Y) = px,y = 0 does not always mean that X, Y are
independent.
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Special case: Covariance Matrix of A Bivariate Vector

X = (X, %) "

2
CX _ (%] 00102
= 2
o102 05 !

where p is the coefficient of correlation of X; and X>, and (712 = Var (X1),
03 = Var (Xz). Cx is invertible iff p? # 1, for proof we note that

det Cx = 0703 (1 —p?)
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Special case: Covariance Matrix of A Bivariate Vector

2
o 071 00102
= 2

0102 05 ’

if 2 # 1, the inverse exists and

/\_1 . 1 0’22 —p0102
T 0202(1—p2) \ —poron  0F ’
101 [ po102 03
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Y=BX+b

X is a random vector with mean vector ux and covariance matrix Cx. B is
a mx n matrix. IfY = BX+ b, then

EY = Byux +b

G = 18687 )

Pf: For simplicity of writing, take b =y = 0. Then
Cy = EYYT = EBX(BX)" =

— EBXXTBT = BE [XXT} BT — BCxBT
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Moment Generating and Characteristic Functions

Moment generating function of X is defined as

def T
lIJX (t) ic Eet X — Eet1X1+t2X2+ +tp Xn

v

Characteristic function of X is defined as

Px (t) d:ef EeitTX _ Eei(t1X1+t2X2+"'+tan)

Special cases: take t; =1, tr = t3 =... = t, = 0, then ¢x (t) = ¢x, (t1).
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PART 2: Def | of a multivariate normal distribution

We recall first some of the properties of univariate normal distribution
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Normal (Gaussian) One-dimensional RVs

@ X is a normal random variable if

fx(x) = L o on?

o\ 27T

where i is real and o > 0.
@ Notation: X € N(u,0?)
@ Properties: E(X) = u, Var = 02
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Normal (Gaussian) One-dimensional RVs

08
0.6 0.8
£ 06
X 04
% 04 (a)
0.2
0.2
T 0
2 0 2 4 6 2 0 2 4 &
X X

u=20=1/2,(byu=20=2
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Linear Transformation

o X € N(ux,0?) = Y =aX + bis N(apux + b, a%0?)
@ Thus Z = X;—;‘X € N(0,1) and

P(XSX):P<X_;MX SX_;’[X>
0x 0x
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Normal (Gaussian) One-dimensional RVs

X € N(u,0?) then the moment generating function is
¥x(e) = E [eX] = emrice,
and the characteristic function is
px(6) = E [5] = gti-te

as found in Lectures 4 and 5.
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Multivariate Normal Def. |

Definition
An n x 1 random vector X has a normal distribution iff for every

n x l-vector a the one-dimensional random vector a' X has a normal
distribution.

We write X € N (p, \), when p is the mean vector and A is the covariance
matrix.
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Consequences of Def. | (1)

An n x 1 vector X € N (u, N) iff the one-dimensional random vector a” X
has a normal distribution for every n-vector a .
Now we know that (take B = a” in the preceding)

Ea'™X = aTy, Var [aTX] —a'Aa
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Consequences of Def. | (2)

Hence, if Y =a”X, then Y € N (a"p,a” Aa) and the moment
generating function of Y is

Py(t) = E o] = emlmriralia

Therefore . o
IIJX (a) — Ee? X _ ¢Y(1) — @@ Kt3a I\a'
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Consequences of Def. | (3)

Hence we have shown that if X € N (y,A), then
P (t) = Eet'X — ot’put3t At

is the moment generating function of X.
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Consequences of Def. | (4)

In the same way we can find that
ox (t) = Eelt"™% _ oitTu—3t"At

is the characteristic function of X € N (u, N).
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Consequences of Def. | (5)

Let A be a diagonal covariance matrix with A,?s on the main diagonal, i.e.,

A2 0 0 0

0 A2 0 0
A—| 0 0o A2 o |

0 : 0

00 0 ... A2

Proposition

If X € N(u,N), then X1, Xo, ..., X, are independent normal variables.
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Consequences of Def. | (6)

Pf: A is diagonal, the quadratic form becomes a single sum of squares.

; 1
et H—3tTAt _

px (t) =
— ol Ly piti—3 Xy ATt

— eimti=3M8 gipata—3N8 | Jiunta— 33t

is the product of the characteristic functions of X; € N (p, A?), which are
thus seen to be independent N (i, A?). O
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Further properties of the multivariate normal

XeN(uNn)
@ Every component X is one-dimensional normal. To prove this we take

a=(0,0,..., _1_,0,...,007
~~

position k
and the conclusion follows by Def. I.

@ X1+ Xo 4+ --- X, is one-dimensional normal. Note: The terms in the
sum need not be independent.
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Properties of multivariate normal

X € N (1, N)

@ Every marginal distribution is normal. To prove this we consider any
k variables X;, Xi, ... Xj, and then take a such that a; = 0 for
Jj # i, ...ix and then apply Def. I.
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Properties of multivariate normal

Proposition
XeN((u,N) andY = BX+b. Then

Ye N(By+b,BABT).

Pf:
Py (s) = E [Y] = E [T 0+E)] =

_ sTbE [esTBX] _ STbE [e(BTs)TX:|

E [e(BTS)TX] — ¥x (BTs) .
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Properties of multivariate normal

XeN((u,N)
px (BTs) = e(B7) 3BT TAETS),
(BT5> Ty _sTBy,
(BTS> TI\ (BT5> — s"BABTS,

e(BTs) Ty+%(BTs) TI\(BTS) — esTB;H-%sTBI\BTs
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Properties of multivariate normal

T 1.7 T
x (BTS> _ o8 But3s'BABTs

T - - .
lPY (S) = eS blpx (BTS> = eS beS BP‘+§S BAB's
s

Py (s) = esT(b—&-By)—s—%sTBl\BTs

which proves the claim as asserted. [
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PART 3: Multivariate normal, Def. Il: characteristic

function, DEF Ill: density
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Multivariate normal, Def. Il: char. fnctn

Definition
A random vector X with mean vector y and a covariance matrix N is
N (u, N) if its characteristic function is

T wT, 1T
Px (t): Ee't X:elt p—st I\t.
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Multivariate normal, Def. |l implies Def. |

We need to show that the one-dimensional random vector Y = a’X has a
normal distribution.

py(t)=E [effY] —E [efrz,zl x} _

ital
=E [e’ta x} = ¢x (ta) =
itaTyf%tZaTl\a

=€

and this is the characteristic function of N (aTy,aTl\a).
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Multivariate normal, Def. lll: joint PDF

Definition

A random vector X with mean vector y and an invertible covariance
matrix N is N (u, N), if the density is
1 1 TA-1
x (x) = e 2 (x=p) TAT (x—p)
) (2m)7/2\ /det(N)
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Multivariate normal

It can be checked by a computation taht

et H—3tTAt _ it x 1 o 3 (=) TR (x—p1) gy
n (27)n/2\/det(N)

(complete the square) Hence Def. Il implies the property in Def. II. The
three definitions are equivalent, in the case inverse of the covariance
matrix exists.
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PART 4: Bivariate normal with density
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Multivariate Normal: the bivariate case

As soon as p? # 1, the matrix

2
A — 0'1 p0'10'2
= > ,
0102 05
is invertible, and the inverse is

/\_1 . 1 0’22 —p0'10’2
T 0202(1—p2) \ —poron  0F ’
107 Y po102 0y
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Multivariate Normal: the bivariate case

02 # 1, and X = (X1, Xz) ", then

1 1 Th-1
folx) L ) A )
x () 27)v/det A

1 -1Q(x1,%)

= e 2
(2m)o1024/1 — p?
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Multivariate Normal: the bivariate case

where

Qx1,x0) =

iy () e ()]

For this, invert the matrix A and expand the quadratic form !
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Conditional densities for the bivariate normal

Complete the square of the exponent to write
fx,y (x,y) = fx(x)fy|x(y)

where

1 — iy (x—p1)?
fx(x) = e
x (%) =
~ 2

1 — L (y—fia(x))
fY‘X(y) = 5’2\/%6 203 i

fla(x) = po —i—pg—i(x—yl),(fg = 0p4/1— p?

Timo Koski () Mathematisk statistik 17.9.2008 49 / 68



Bivariate normal properties

o E(X) =1
@ Given X = x, Y is Gaussian

@ Conditional mean of Y given X = x:

- 02

fia(x) = p2 +PU—1(X — ) = E(Y|X =x)
@ Conditional variance of Y given X = x:

Var(Y|X = x) = 03 (1 - p?)
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Bivariate normal properties

@ Conditional mean of Y given X = x:
- 02
fi2) = pa + p 2 (x = pr) = E(YIX =)
@ Conditional variance of Y given X = x:
Var(Y|X = x) = 03 (1 - p?)

Recall Theorem. 5.2. and Theorem. 5.3 in A. Gut: An Intermediate
Course in Probability. Hence the conditional mean of Y given X
variable in a bivariate normal distribution is also the best LINEAR
predictor of Y based on X, and the conditional variance is the
residual variance.
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Margina| PDFs
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Proof of conditional pdf

Consider

fX,Y(X/y) _
fx (x)

o1V 27 —%Q(x,y)+jlz(x—m)2

e
27t01024/1 — p?
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Proof of conditional pdf

1 1 )
—EQ(X/)/) + 2Tr12(x_ p1)
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Proof of conditional pdfs

H(x,y) =

. _1p2) | [<x (—71;41>2 ~ 2p(x —glliiy —) | <y (—72142>2]

2
(X
< 01 )
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Proof of conditional pdf

H(x,y) =
P2 (x—m\> 20(x — )y — p2) y—p2 \°
(1—02)< 01 >  an(l-p?) +<U2(1—P2)>
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Proof of conditional pdf

(v —p2—p2(x— )

Aloy) = 03 (1—p?)
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Conditional pdf

fX,Y(X/y) _
fx (x)

2
1 (%ﬂz*p%(xfm))
1 T2 7(1-2)

e 2
V1 —p?00v2m

This establishes the bivariate normal properties claimed above.
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Bivariate normal properties : p

Proposition

(X, Y) bivariate normal = p = px y

Proof:
E[(X = p1)(Y — p2)]

= E(E([(X = p1)(Y — m2)] [X))
= E((X —m)E[Y —u2] X))
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Bivariate normal properties : p

= E((X =) E[(Y = u2)] X))
= E(X — 1) [E(Y|X) — p2]

-
= E((X — 1) uz+pa—j(X—u1> — 2

= pZE(X =) (X — o))
1
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Bivariate normal properties : p

= p0201
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Bivariate normal properties : p

In other words we have checked that

E[(X —p)(Y — p2)]
0201

p:

p = 0 < bivariate normal X, Y are independent.
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PART 5: Generating a multivariate normal variable
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Standard Normal Vector: definition

Z € N(0,1) is a standard normal vector.
| is the n x n identity matrix.

fz (z) = 1 ef%(270)7—l’1(z—0)

(27t)n/2, /det(1)

1 1.7
(2mr)n/2 ¢
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Distribution of X = AZ + b

X = AZ + b, Z is standard Gaussian, then

X=N (b, AAT)

(follows by a rule in the preceding)
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Multivariate Normal: the bivariate case

2
A= 01 P0102
= 2
pO102 05 ’

then A = AAT where

(5 )
[ % I ) 1—p2 !
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Standard Normal Vector

X e N (ux,N), and A is such that

A = AAT
(An invertible matrix A with this property exists always, if A is positive
definite (we need the symmetry of A, too.) Then
Z=A"1(X-px)

is a standard Gaussian vector.
Proof: We give the first idea of his proof, a rule of transformation.
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Rule of transformation

If X has density fx (x), Y = AX+b,
A is invertible, then

fr (y) = ﬁfx (Ail (y - b))

Note that if A = AAT, then

det N = det A-det AT = det A- det A = det A2,

so that | det A| = VdetA.
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