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Chapter 1

Gaussian Vectors

1.1 Multivariate Gaussian Distribution

Let us recall the following;

e X is a normal random variable, if

]. 1 2
_ — 5oz (z—n)
xr) = e 202 ,
Ix(@) oV 2

where p is real and o > 0.

Notation: X € N(u,o?).

Properties: X € N(u,0%) = E(X) = u, Var = o2

X € N(u,0?), then the moment generating function is
"/JX (t) - F [etX} _ etﬂ+%t2g2’ (11)
and the characteristic function is

px(t) = E [¢X] = eitn=3t7" (1.2)

X € N(u,0?) =Y =aX +be N(au+b,a0?).
e X € N(u,0%) = Z =24 ¢cN(0,1).

We shall next see that all of these properties are special cases of the correspond-
ing properties of a multivariate normal/Gaussian random variable as defined
below, which bears witness to the statement that the normal distribution is
central in probability theory.



1.1.1 Notation for Vectors, Mean Vector, Covariance Ma-
trix & Characteristic Functions

An n x 1 random vector or a multivariate random variable is denoted by
X1
Xo ,
X = : = (X1, Xo,..., X})
Xn
where " is the vector transpose. A vector in R” is designated by

€
) ’
X = : = (z1,22,...,Tpn) .

Tn
We denote by Fx (x) the joint distribution function of X, which means that
Fx(x)=P(X<x)=P(X; <z1,Xo<xg,...,X,, < ).
The following definitions are natural. We have the mean vector

EX,]
E[X,]

px = E[X] = : :
(X,

which is a n X 1 column vector of means (=expected values) of the components
of X.
The covariance matrix is a square n X n -matrix

’
)

Cx == FE (X — px) (X — px)
where the entry at the position (i, j) is

cij & Ox(i,5) = B[(Xi — mi) (Xj — )],

that is the covariance of X; and X;. Every covariance matrix, now designated
by C, is by construction symmetric

c=C (1.3)
and nonnegative definite, i.e, for all x € R”
x Cx > 0. (1.4)

It is shown in linear algebra that nonnegative definiteness is equivalent to
det C > 0. In terms of the entries ¢; ; of a covariance matrix C = (Ci;j)?;’;_’jzl
there are the following necessary properties.



1. ¢ ; = ¢j; (symmetry).
2

2. ¢; = Var(X;) = o7 > 0 (the elements in the main diagonal are the

variances, and thus all elements in the main diagonal are nonnegative).
3. Cij S Ciyi* Cj,j.
Example 1.1.1 The covariance matrix of a bivariate random variable X =
(X1,X2) is often written in the following form

c:( of p‘“"z), (1.5)

2
pPoi102 05

where o7 = Var (X1), 05 = Var (Xz2) and p = Cov(X,Y)/(c102) is the coeffi-
cient of correlation of X7 and X5. C' is invertible (= positive definite) if and
only if p? # 1.

Linear transformations of random vectors are Borel functions R™ — R™ of
random vectors. The rules for finding the mean vector and the covariance
matrix of a transformed vector are simple.

Proposition 1.1.2 X is a random vector with mean vector ux and covariance
matrix Cx. B is a m x n matrix. If Y = BX + b, then

EY = Bux +b (1.6)
Cy = BCxB . (1.7)
Proof For simplicity of writing, take b = ;4 = 0. Then
Cy = EYY = EBX (BX) =
— EBXX'B' = BE |XX| B' = BCx B
We have from [4, def. 4.2 on p. 77].

Definition 1.1.1
¢X (S) d:ef E |:eis/X:| _ / eislxdFX (X) (1.8)

is the characteristic function of the random vector X.

In (1.8) s'x is a scalar product in R”,

n

!

S X = E S;Tq.
i=1



As Fx is a joint distribution function on R™ and fR" is a notation for a multiple
integral over R™, we know that

/nde (x) =1,

which means that ¢x (0) = 1, where 0 is a n x 1 -vector of zeros.

Theorem 1.1.3 [Kac’s theorem] X = (X, Xo, - ,Xn),. The components
X1, Xo, -+, X, are independent if and only if

ox (5) = B [e*X] = f[qsxi (54),

where ¢x, (s;) is the characteristic function for X;.

Proof Assume that X = (X7, Xo,--- ,Xn)/ is a vector with independent X;,
i = 1,...,n, that have, for convenience of writing, a joint density fx (x) we
have in (1.8)

ox (s) = / e’s X fx (x) dx
= / / pi(s121+. Fsnwn) foi (i) dxy - - day

oo —oo i=1

(1.9)
- / €17 fy (2y) diy - - / €5 e (2n) din = by (51) - b, (50),

oo — 0o

where ¢x,(s;) is the characteristic function for X;. The rest of the proof is
omitted.

1.1.2 Multivariate Normal Distribution

Definition 1.1.2 X has a multivariate normal distribution with mean vector
w and covariance matrix C, written as X € N (u, C), if and only if the charac-
teristic function is given as

x () = i H—35 s, (1.10)
n

Theorem 1.1.4 X has a multivariate normal distribution N (i, C) if and only
of

aX =Y aX (1.11)
1=1

. . . ’
has a normal distribution for all vectors a = (a1,as,...,a,).



Proof Assume that a'X has a multivariate normal distribution for all a and
that 4 and C are the mean vector and covariance matrix of X, respectively.
Here (1.6) and (1.7) with B = a give

EdX = a,u, Var [a,X} = a Ca.

Hence, if we set Y = a'X, then by assumption Y € N (a,u,a,Ca) and the
characteristic function of Y is by (1.2)

! !
ita ,u—%t2a Ca

py (t)=e

The characteristic function of X is by definition
ox (s) = Bes X,

Thus -, L
ox (a) — Fet@ X _ oy (1) — pla p—3za Ca.

Thereby we have established that the characteristic function of X is

©x (S) _ eis,uféles'
In view of definition 1.1.2 this shows that X € N (u, C). The proof of the state-
ment in the other direction is obvious. .

Example 1.1.5 In this example we study a bivariate random variable (X, Y),
such that both X and Y have normal marginal distribution but there is a lin-
ear combination (in fact, X +Y'), which does not have a normal distribution.
Therefore (X, Y)/ is not a bivariate normal random variable.

Let X e N (0, 02). Let U € Be (%) and be independent of X. Define

X ifU=0
Y—{ —X iU =1.

Let us find the distribution of Y. We compute the characteristic function by
double expectation

ov(t) = B[] = E[E [ | U]]

» 1 » 1
:E[e”y|U:0]-§+E[6”Y|U:1]-§
) 1 . 1
:E[e”X|U:0]-§+E[e_”X|U:1]~§
and since X and U are independent, the independent condition drops out, and

X e N(O,O’Q),

- E [eitX] . % +E [eﬂ‘tx] .



which by uniqueness of characteristic functions says that Y € N (0, 02). Hence
both marginal distributions of the bivariate random variable (X,Y’) are normal
distributions. Yet, the sum

2X ifU=0

X+Y:{ 0 fU=1

is not a normal random variable. Hence (X,Y") is according to theorem 1.1.4
not a bivariate Gaussian random variable. Clearly we have

(;():(é?—lﬂf)(?)- (1.12)

’

Hence we multiply (X, X)  once by a random matrix to get (X, Y)" and therefore

/

should not expect (X,Y) to have a joint Gaussian distribution. We take next
a look at the details. If U = 1, then

(v )= (0 2 (5 ) = (%)
(v )=( ) (x) =2 (%)

The covariance matrix of (X, X) is clearly

1 1
CX:O'2<1 1).
1 -1 1 1
o-(hit) e-(i1)

One can verify , c.f. (1.7), that 02C; = A;Cx A} and 62Cy = AoCx A,. Hence
02Cy is the covariance matrix of (X,Y), if U = 1, and 02Cy is the covariance
matrix of (X,Y), if U =0.

It is clear by the above that the joint distribution Fx y should actually be

and if U = 0,

We set

a mizture of two distributions F)((l)y and F\}, with mixture coefficients (1, 3),

1 1
Fxy (o) =5 Fey(e.y) + 5 Fy ().

We understand this as follows. We draw first a value u from Be (3), which
points out one of the distributions, F)((u)y7 and then draw a sample of (X,Y)

from F )((u%, We can explore these facts further.

Additional properties are:



1. Theorem 1.1.6 If Y = BX + b, and X € N (i, C), then

YenN (Bu+b,BCB’) .
Proof We check the characteristic function of Y; some linear algebra gives

vy (s)=FE [eiS/Y] — B [eisl(b+BX)} _

L7 L/ L/
— s bE |:ezs BX:| — s bE

ei<B's>/x]

or

vy (s) = " bE ei(B/s) X] . (1.13)
Here

E ei(Bls) X] = px (B/s) .
Furthermore

ox (Bls) _ ei(B/s) p.—%(B/S) C(B s)
Since
(B,s) w= SlB/L7 (Bls) C (B,s) = s/BCB,s7
we get
ez‘(B’s)lW%(B’s),c(B's) _ is Bu—}s' BCB's

Therefore

ox (B's) = i Prodepon (1.14)
and by (1.14) and (1.13) above we get
vy (s) = eis,bspx (B/S) _ ois bis Bu—1s' BCE's

ois (b+Bp)—1s' BCE's
b

which by uniqueness of characteristic functions proves the claim as as-
serted. u

2. Theorem 1.1.7 A Gaussian multivariate random variable has indepen-
dent components if and only if the covariance matrix is diagonal.
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Proof Let A be a diagonal covariance matrix with A;s on the main diag-
onal, i.e.,

A O 0 0
0 X O 0
A= 0 O A3 0
0 : 0
0 O 0 An
Then , ,
ox (t) = et n—3t At _

) 2
— et it “itifé i At

. 1 2 . 1 2 . 1 2
— ellu‘ltl_EAltle{Liu‘2t2_§A2t2 . elﬂntn_ﬁ)‘ntn

is the product of the characteristic functions of X; € N (u;, A;), which are
by theorem 1.1.3 seen to be independent. "

. Theorem 1.1.8 If C is positive definite ( = det C > 0), then it can be

shown that there is a simultaneous density of the form

1
(2m)"/2\/det C

e*%(xfux),c_l(xfux)' (1.15)

fx (x) =

Proof It can be checked by a lengthy but straightforward computation
that

1

eis/ufés/Cs:/ eis/x efé(xfu)/c_l(xfu)dxl
BTN ATI(e)

. Theorem 1.1.9 (X, X5) is a bivariate Gaussian random variable. The

conditional distribution for X5 given X; = x; is
02 2 2
N<u2+p'a—(x1—u1),02(1—p >), (1.16)
1

where po = E(X2), 1 = E (X32), 0o = y/Var (X2), 01 = y/Var (X;) and
p = COV(Xl,Xg)/ ((71 . 0'2).

Proof is done by an explicit evaluation of (1.15) followed by an explicit
evaluation of the pertinent conditional density and is deferred to Appendix
1.4. m

Definition 1.1.3 Z € N (0, 1) is a standard Gaussian vector, where I is n x n
identity matrix.
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Let X € N (ux, C). Then, if C is positive definite, we can factorize C as
C=AA,

for n x n matrix A, where A is lower triangular. Actually we can always de-
compose

C=LDL,

where L is a unique n x n lower triangular, D is diagonal with positive elements
on the main diagonal, and we write A = Lv/D. Then A~! is lower triangular.
Then

Z=A""(X~px)

is a standard Gaussian vector. In some applications, like, e.g., in time series
analysis and signal processing, one refers to A~! as a whitening matrix. It can
be shown that A~! is lower triangular, thus we have obtained Z by a causal
operation, in the sense that Z; is a function of Xy,..., X;. Z is known as the
innovations of X. Conversely, one goes from the innovations to X through
another causal operation by X = AZ + b, and then

X=N (b,AA/) .

Example 1.1.10 (Factorization of a 2 x 2 Covariance Matrix) Let

( §; ) €N (uC).

Let Z; och Z3 be independent N(0,1). We consider the lower triangular matrix

- 01 0
B = ( ooy oa /T2 ) (1.17)

which clearly has an inverse, as soon as p # +1. Moreover, one verifies that
C =B B, when we write C as in (1.5). Then we get

(%):;WB(Z), (1.18)

where, of course,
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1.2 Partitioned Covariance Matrices

Assume that X, n x 1, is partitioned as

X =(X,Xs) ,

where X is p x 1 and X5 is ¢ X 1, n = ¢ + p. Let the covariance matrix C be
partitioned in the sense that

Y11 Y12

C= , 1.19

( Yor Xoo > (1.19)
where Y11 is p X p, 392 is ¢ X ¢ e.t.c.. The mean is partitioned correspondingly

as
H1
= . 1.20
wi= () (1.20

Let X € N, (i, C), where N,, refers to a normal distribution in n variables, C
and p are partitioned as in (1.19)-(1.20). Then the marginal distribution of Xy
is

X3y € Ny (p2,222)

if Yoy is invertible. Let X € N, (i, C), where C and p are partitioned as
in (1.19)-(1.20). Assume that the inverse ¥,; exists. Then the conditional
distribution of X; given Xy = x5 is normal, or,

X | Xs=x2 € N, (ﬂm,zm) : (1.21)
where
Ly =+ Y1255y (X2 — fi2) (1.22)

and
Yy =311 — Y19%55 Yoy

By virtue of (1.21) and (1.22) the best estimator in the mean square sense
and the best linear estimator in the mean square sense are one and the
same random variable.

1.3 Appendix: Symmetric Matrices & Orthog-
onal Diagonalization & Gaussian Vectors

We quote some results from [1, chapter 7.2] or, from any textbook in linear
algebra. An n X n matrix A is orthogonally diagonalizable, if there is an
orthogonal matrix P (i.e., P'P =PP’ = I) such that

P AP = A,

where A is a diagonal matrix. Then we have



13

Theorem 1.3.1 If A is an n X n matrix, then the following are equivalent:
(i) A is orthogonally diagonalizable.
(ii) A has an orthonormal set of eigenvectors.
(iii) A is symmetric.

[ ]
Since covariance matrices are symmetric, we have by the theorem above that
all covariance matrices are orthogonally diagonalizable.

Theorem 1.3.2 If A is a symmetric matrix, then
(i) Eigenvalues of A are all real numbers.
(ii) Eigenvectors from different eigenspaces are orthogonal.

[ ]
That is, all eigenvalues of a covariance matrix are real. Hence we have
for any covariance matrix the spectral decomposition

C= Z)\ieie;-, (123)
i=1

where Ce; = \;e;. Since C is nonnegative definite, and its eigenvectors are
orthonormal,

0 S e;Cei = )\ie;ei = )\i,

and thus the eigenvalues of a covariance matrix are nonnegative.
Let now P be an orthogonal matrix such that

P CxP=A,

and X € N (0,Cx), i.e., Cx is a covariance matrix and A is diagonal (with
the eigenvalues of Cx on the main diagonal). Then if Y = P X, we have by
theorem 1.1.6 that

Y eN(0,A).

In other words, Y is a Gaussian vector and has by theorem 1.1.7 independent
components. This method of producing independent Gaussians has several im-
portant applications. One of these is the principal component analysis. In
addition, the operation is invertible, as

X =PY

recreates X € N (0,Cx) from Y.
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1.4 Appendix: Proof of (1.16)

Let X = (X1, X2) € N(ux,C), px = ( 51 ) and C in (1.5) with p? # 1. The
2
inverse of C in (1.5) is
1 1 o3 —po102
C == 95 971 9\ 2 .
ojoi(l—p?) \ —poio2 03
Then we get by straightforward evaluation in (1.15)

1
B 2wy det C

_ 1 e*%Q(ﬂﬁl,ﬂw)’ (1.24)

B 2mo1094/ 1 — p?

’
e~ 3(x—px) C7 ! (x—px)

fx (x)

where

Q(x1,22) =

() - el (222,

Now we claim that

1 —%(12—%(»@1))2

=z, \L2) = € 5
fXQ‘Xl— 1( 2) 5’2\/%

a density of a Gaussian random variable X|X; = x1 with the (conditional)
expectation fiz(z1) and the (conditional) variance 9

_ o ~
fi2(21) = p2 +PJ—2(’I1 — 1), G2 = 021/ 1 = p?.
1

To prove these assertions about fx,|x,—s, (z2) we set

1 —é(fl_#l)z

e )
o1V 2T

and compute the ratio %W We get from the above by (1.24) and (1.25)
that

Ix,(z1) = (1.25)

= e ,
Ix (1) 2wo1094/1 — p?

which we organize, for clarity, by introducing the auxiliary function H(z1,z2)
by

fxi xo (21, 22) o1V 2T *%Q(wwz)Jrﬁ(wrmf

1 def 1 1
——H(x1,x2) = ——Q($1,$2)+—2(3}1 —,ul)g.
2 2 o7

Here we have
H(xl, xg) =
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() e () ] ()
o (U5) M ()

Evidently we have now shown

2

( ) (332 —p2 — pFE(1 —Hl))

H(xy,w2) = .
31— %)

Hence we have found that

2

o

(rzﬂtzfp;%(mfm))
o2(1-p2)

Ix, %, (71, 22) 1 1

Fx(z1) N

This establishes the properties of bivariate normal random variables claimed in
(1.16) above. .
As an additional exercise on the use of (1.16) (and conditional expectation) we
make the following check of correctness of our formulas.

Theorem 1.4.1 X = (Xl,Xg)/ eN (( Zl > ,C) =0 =Px,, X,
2

Proof We compute by double expectation
E[(X1 — m)(Xe — p2)] = E(E([(X1 — 1) (X2 — p2)] | X1)
and by taking out what is known,
= E((X1 — m)E[X2 — p2] [X1)) = E(X1 — ) [E(X2]X1) — po]

and by (1.16)

g

= E(X1 — 1) [p2 + Po—i(Xl — p1) — 2
g2
= Pa—lE(Xl — ) (X1 — 1))

g a
= p=E(X1 — m)? = p—0} = poaon.
o 01

In other words, we have established that

B (X1 — p1) (X2 — po)]

b
0201

which says that p is the coefficient of correlation of (X7, Xg)/. ]
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1.5 Exercises

1.5.1 The Rice Method
1. X € N(0,0?). Show that

o2

Elcos(X)]=e=.

1.5.2 Bivariate Gaussian Variables

1. Let (X1, X3) € N (u, C), where

()
(1)

(a) Set Y = X7 — Xo. Show that Y € N(0,2 — 2p).
(b) Show that

and

P(Y|<e)—1,
if p11.
4. (X1,X3) € N(0,C), where 0 = (0,0).

(a) Show that
Cov (X2, X3) =2 (Cov (X1, X2))” (1.26)

’

(b) Find the mean vector and the covariance matrix of (X7, X3) .

7. In the mathematical theory of communication one introduces the mutual
information /(X,Y’) between two continuous random variables X and Y
by

def [ [ fxy(z,y)

I(X,Y) /700 [00 fxy(z,y)log (o) fr () dzdy, (1.27)
where fx y(x,y) is the joint density of (X,Y), fx(z) and fy(y) are the
marginal densities of X and Y, respectively. I(X,Y) is in fact a measure
of dependence between random variables, and is theoretically speaking
superior to correlation, as we measure with /(X,Y’) more than the mere
degree of linear dependence between X and Y.

2 2
Assume now that (X,Y) e N <( 8 > , ( p‘zz 5(27 >) Check that

I(X,Y) = —% log (1 —p?). (1.28)
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Aid: The following steps solution are in a sense instructive, as they rely
on the explicit conditional distribution of ¥ | X = z, and provide an
interesting decomposition of I(X,Y) as an intermediate step. Someone
may prefer other ways. Use

fxy(@y) _ frix=(y)
fx(x)fy (y) fry)

and then

I(X,Y) = /_ /_ Fxv () 1og fy x —a () dedy

- 1 1 Py (@) log fy (y)drdy.

Then one inserts in the first term on the right hand side
Ixy(z,y) = fyix==) - [x(x).
Observe that the conditional distribution of Y | X = z is here
N (pz,0*(1 = p?)),

and take into account the marginal distributions of X and Y.
Interpret the result in (1.28) by considering p = 0, p = £1. Note also that
I(X,Y) > 0.

. (From [5]) The matrix

s(f)  —sin(0)
Q= < —C(s)in(ﬂ) cos(6) ) (1.29)

is known as the rotation matriz. Let

() ((5) (5 %)

and let

2 2
and o5 > o7.

(i) Find Cov(Y1,Y2) and show that Y7 and Y, are independent for all 6

if and only if 03 = o?.

(ii) Supppose 03 > o7. For which values of § are Y; and Ys are indepen-
dent ?
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9. (From [5]) Let

Set

X Y
(% )=e(1)

where Q is the rotation matrix (1.29) with § = 7. Show that

()= ((0)-(o 7))

Hence we see that by rotating two independent Gaussian variables with
variances 1 + p and 1 — p, p # 0, with 45 degrees, we get a bivariate
Gaussian vector, where covariance of the two variables is equal to p.

1.5.3 Covariance Matrices & The Four Product Rule

1. C is a positive definite covariance matrix. Show that C~! is a covariance

matrix.

2. Cq and Cy are two n x n covariance matrices. Show that

(a) Cq + C; is a covariance matrix.

(b) C; - Cs is a covariance matrix.

Aid: The symmetry of Cy-Cy is immediate. The difficulty is
to show that C;-Cs is nonnegative definite. We need a piece
of linear algebra here, c.f. appendix 1.3. Any symmetric and
nonnegative definite matrix can written using the spectal
decomposition, see (1.23),

n

’

C = E /\ieielv,
i=1

where e; is a real (i.e., has no complex numbers as elements)
nx1 eigenvector, i.e., Ce; = \je; and A\; > 0. The set {e;}7;
is a complete orthonormal basis in R™, which amongst other
things implies that every x € R™ can be written as

n
7
X = E (x ei)ei,
i=1

where the number X/ei is the coordinate of x w.r.t. the
basis vector e;. In addition, orthonormality is recalled as
the property

(1 =y
ejel—{ 0 it (1.30)
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We make initially the simplifying assumption that C; and
C, have the same eigenvectors, so that Cie; = \;e;, Coe; =
uieq. Then we can diagonalize the quadratic form x,Cgclx
as follows.

Clx = Z(X,ei)Clei = Z /\i(x/ei)ei
i=1 i=1
= )\i(x,ei)ei. (131)

Also, since Cy is symmetric

n

X,CQ = (CQX)/ = Z(xlej)Cer
j=1

or

x Cy = Zuj(x/ej)e;-. (1.32)
j=1
Then for any x € R™ we get from (1.31) and (1.32) that

X/CQC]_X = Z Z“J x ej)(x ei)e;ei

j=11i=1

and because of (1.30)

S ()

But since p; > 0 and A\; > 0, we see that

n , 2
Zﬂj/\i (X 61‘) >0,
i=1
or, for any x € R",
X/C2C1x Z 0.

One may use the preceding approach to handle the general
case, see, e.g., [2, p.8]. The remaining work is left for the
interested reader.

(c) C is a covariance matrix. Show that € is a covariance matrix.
Aid: Use a limiting procedure based on that for any square matrix

oo

6A def Z klAn

(see, e.g., [2, p.9]). Do not forget to prove symmetry.
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2. Four product rule Let (X1, X2, X3, X4) € N (0,C). Show that
E[X1X2X5Xy] =

E[X1Xo] E [X5X4] + E[X1X3] E [XoXy] + E[X1X4] - E'[X2X5] (1.33)

The result is a special case of Isserli’s theorem.
Aid : Take the characteristic function of (X1, X2, X3, X4) . Then use

54
EFl X1 XoX3Xyl=——"——— s—0-
(X1 X0 X3X4] 05.05,053051 (X1, X2, X5,X4) (8) |s=0

As an additional aid one may say that this requires a lot of handwork.
Note also that we have

(8)]s=0 = "B [X}], i=1,2,...,n. (1.34)
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