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SOLUTION TO EXAMINATION IN SF2975 FINANCIAL DERIVATIVES 2011-
05-27.

Problem 1

(a) For the martingale probabilities we have

l+r—d

=0.5.
u—d

q

Using them we obtain the following binomial tree for the share price and for the
option price The price of the option is 9.09.

100 140 196 909 0 O
80 112 20 0
64 36

Table 1: Binomial tree for the spot price (left) and for the options price (right).

(b) Since max(Sy — K,0) = Sy — K + max(K — Sr,0) it follows by linearity of the
price II that

[I(max(Sr — K,0)) =11(Sr) — II(K) + II(K — St,0).
In the Black-Scholes model this becomes
c(t, T, Sy, K,r,0) =Sy — e TT-YK +p(t, T, S, K,r,0),

where ¢ is the price of a call and p the price of a put.

(c) Since the market is free of arbitrage the spot price must drop by 5% at time
to. Let S(tp) be the price just after the dividend is paid and S(tp—) the price just
before. Then S(ty) = 0.955(to—). Up to time to— we have a standard Black-Scholes
model, so

dS(t) = rS(t)dt + o S(t)dW?(t), S(0) = s, t < to,
and after ty we also have a standard Black-Scholes model so,

dS(t) = rS(t)dt + o S(t)dW(t), S(te) = 0.955(tg—),t > t,.

Problem 2

Under the equivalent martingale measure () we have

dS(t) = (r — 6)S(t)dt + o S(t)dW (),
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and the price of the option is given by
100e " TEC[I{S(T) < K}] = 100e"TQ(S(T) < K).
Since S(T) has the same distribution as
S(0) exp {(r —§—0%/2)T + a\/TZ},
where Z ~ N(0,1) it follows that the price is

log(K/S(0)) — (r — 6 — 0%/2)T
oVT '

100e "' N(d), with d =

Problem 3

The model has affine term structure if

p(t,T) — eA(t,T)—B(t,T)r(t)

I

for some deterministic functions A(t,T) and B(t,T). The term structure equation
leads to

By(t, T)=-1, B(T,T)=0
A(t, T) =0(@)B(t,T) — %232@, T), A(T,T)=0.
The solution to these equations are
B(t,T) =T —t,
o? (T —1t)3

A(t,T) = /t O(s)(s —T)ds + 5 3

This gives the price p(t,T) of a zero-coupon bond.

Problem 4
(a) The LIBOR rate L;(t) is such that if you put in 1 at time 7;_; you receive
1+ L;(t)(T; — T;—1) at T;. That is, L;(t) is the solution to

p<t7 CZjifl)

L+ Li(t)(T; = Tiy) = P T

Then we see

p<t7 ﬂfl) - p<t7 Cij)
(Ti = T-)p(t, T;)

Li(t) =

(b) One can first note that under the forward measure Q%) the LIBOR rate must
be a martingale, because it is a price process divided by the numeraire. For the
zero-coupon bonds we have, from Ito’s formula,

dp(t,T) ={...}dt +p(t,T)(=B(t, T)o)dW®,
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and by Ito’s formula we have in particular

D) e PO ) 4 BT oaw .

p(t, T) p(t, T)

Since the diffusion term does not change when changing measure from Q to Q%
we also have

p(t7 ,I‘i—l)
p(t, T;)

We know the drift must be 0 since it is a martingale, and putting in the expression
for B(t,T) we get

1 p(t, Ti1)
ALi(t) = _Tild( - 1)
_ p(tvﬂ—l) _ ‘ N o
(T, — Ti_1)p(t,Ti)< B(t,T;_1) + B(t,T;))ocdW

= (Li(t)(T; = Tim1) + 1)odW ™

p(ta ﬂ—l)

—B(t,T._y) + B(t,T;)))odW "
p<t’772) ( ( ) 1) + ( ) ))U

= (. ydt+

(T3)

Problem 5
Since S(t) = sexp{(r — 0?/2)t + cW<(t)} it follows that

T T2 T
/ log S(t)dt = T'log s + (r — 02/2)7 + a/ We(t)dt.
0 0

The last term is the complicated one. Since
d(tWe(t)) = WO(t)dt + tdW(t),

it follows that

/TWQ(t)dt:TWQ(T)—/TtdWQ(t):/T(T—t)dWQ(t),

which has a normal distribution with variance

T T3
/ (T —t)dt = —.
0 3

That is, fOT log S(t)dt has the same distribution as

2 T3/2

T
Tlogs+ (r —o%/2)— +0—~ 7,
2 V3

where Z ~ N(0,1).
As in the derivation of the Black-Scholes formula we have

EC[max(e"™? — K,0)] = ¢*t"/2N(dy) — KN (dy),
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with d; = (—log K + a)/b and dy = d; — b. It follows that the price of the Asian
option is given by

2 3/2

T
e "TE9max(exp{Tlogs + (r — 02/2)— + 0—Z} — K, 0
[max(exp{7'log s + ( 0/)2 0\/5} )]

=T (V2N (dy) — KN(dy)),

where
T2
a=Tlogs+ (r— 02/2)7,

T3/2
b=0c——.

V3



