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MCMC: A method to simulate from com-
plicated distributions.

The distributions need not be normed.
Great applications in Bayesian statistics

P(X=2/©=0)P(©=0)

P(O=0|X =z) = POX = )

x P(X = 2|© = )P(®© = 0) = P(X = 2;© = §)

i.e.
a-posteriori-distribution «

likelihoodfunction x apriori-distribution

“Hot"” area

About MCMC.

We want to simulate distribution
xm(zx), x€FE

For simplicity:

E finite (but gigantic)

w(x)

PX=D =5 o

Norming difficult but unneccessary




Metropolis-Hastings algorithm:

Gives Markov-chain with px(z), = € E (or
equivalently w(x), x € E) as stationary dis-
tribution.

1) If X, = x: Proposal y for X, 4, accord-
ing to proposal distribution ¢(z,v).

Great freedom in choice of gq(z,y).

2) Accept proposal y given from z with
probability

a(z,y) = min (1

else X1 =2

w(y)q(y,x)>
"w(x)q(z,y)

If x # y the tranisition probability
P(z,y) = q(z,y)a(z,y)

yeE, y#x

The chain is reversible i.e.

m(x)P(z,y) = n(y)P(y,z), forall z,y

Trivial for x =y. For x # y
LHS = n(2)q(z, y)a(z,y) =

= min(m(z)q(x,y), 7(y)q(y,z)) = 7(y) P(y, x)

Reversability yields (summation over z)

> m(@)P(z,y) = ) n(y)P(y,z) =

zelR el

=7(y) Y Py, z) =7(y)

zeFE
Hence =« is stationary distribution.

(Compare p(1) = p(O) p)

NB! © appears both in denominator and
numerator in a(z,y)! Need not be normed!!
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If chain is ergodic:
1 B
— > 9(X;) = Ex(9(X)) =
Bi=

Yaer 9(@)m(x)
Z:cEETr(x)
for arbitrary g. Everything can be calcu-

lated.

when B — oo

Ergodic if irreducable, aperiodic (not needed
if you do not take subsequences!) Easy to
verify in specific situations.

Puts restrictions on proposal distribution
q(z,y). Grobner-bases can be used to ver-
ify irreducability.

But: ¢(z,y) should be chosen cleverly so
that B need not be too large.

Example: Let x = I x J-lattice of zeroes
and ones.

E = {z € x two neighbours not both 1}.

7 distribution on x but O outside F, e.g.
w(x)=constant for x € F and 0 elsewhere
(uniform distribution on E)

Proposal distribution (i.e. q(x,y)):

Choose node (i,5) at random with prob-
ability 1/IJ. Choose value 0 or 1 in the
node with probability 1/2 each.

Possibly y ¢ E, but then n(y) = 0 and
therefore a(x,y) = 0.

If y € E proposal is accepted with proba-
bility

a(zr,y) = min (1 M)

"m(x)q(x,y)
since q(z,y) = q(y,z) and n(z) = 7(y).
8




Chain is obviously irreducable and aperi- Example: Contingency table
odic and hence ergodic.

I x J-table of counts with

E.g. with
) rowsums r = (r1,72, -+ ,7)
g(xz) =number of 1:s in =z we get average
number of 1:s!
and columnsums ¢ = (c1,¢, -+ ,¢J).
With I = J = 10 we get (B = 10000) A(r,e) = {I x J-tables with r and ¢}

We want to study X = (x5, (¢,5) € I x J)

E(number of 1:s) ~ 23.40, with given distribution on A(r,e).

E(max number of 1:s in a row) ~ 3.88.
Especially interesting is the “hypergeomet-

Their correlation ~ 0.4240. ric' distribution on A(r,e) i.e. with N =

20,5 Tij
Almost as easy with general = but then 1{{ cj!
acceptance probability =1 xyjlan;l- - ap!
P X =z)=
) w(y) N!
al(z,y) =min |1, —2% _
w(x) rilrol. gl
9 10
Compare 2 x 2-table with cell counts
r11, %12, %21, %22 Where
<01)<c2) With MCMC: If X,, = =z € A(r,¢) we let
P(X11 = @11) = ~HH20

<N) proposal distribution be
T1

q(z,y): Choose two rows and two columns

If Hy : “rows and columns are indepen- at random
dent” is true X has a “hypergeometric”
distribution. Choose patterns
(3 e (3 7)
Test variable o -
(55 — Np;"j)z with probability 1/2 each.
Q=2 Np*.
bl t Ify ¢ A(r,c) (negative entries) we let X, 11 =
is approximately x2((I—1)(J—1))-distributed .

where pi; = ri/N - c;j/N.

Good approximation?
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We want to generate “Hypergeometric”
distribution, i.e.

1
Acceptance probability is (since q(z,y) =

q(y,x))

w(x) o

a(z,y) = min (1 M)

11 (i)
and a(z,y) =0 if y ¢ A(r,c).
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Irreducable? Can be shown with Grobner-
bases!

Aperiodic? Yes, since if any entry=0 we
stay there with positive probability.

Therefore ergodic and we can simulate dis-
tribution of the test variable @Q arbitrarily
well.

Works also for other distributions than “hyper-
geometric”.
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More general tables (with I x J as illustra-
tion)

H=finite set
For I x J we have

H={(j):1<i<I1<j< J}ie.
H=1IxJ. An x € 'H corresponds to a cell.

Generate observation X7 € H by the expo-
nential family distribution

P(X1=2) = Z2(0)fT@ 5 cn

where 8 € R? is d-dimensional parameter
and

T :H — N9—0% (often T : H — {0,1}9—0%)

T is a d-dimensional vector of suffcient

statistics.
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For independent (X1, X5,---,Xy) = X with
that distribution

P(X =) = (Z(6))" exp(8 % T(x;))
depending on data only thro:z:l value of
SN T(z;) (i.e. d sufficient statistics).
With H = I xJ and T((3,5)) € N't7 where
7((i,4)) = (0,+-,0,1,0,---,0[0---,0,1,0,--,0)
with 1:s in position i and I + j.
0=(01,00,---,07,07,05,--- ,0{1) and

/
P(X = (45,5)) o ebie?
i.e. independence between row and col-
umn. The d = I + J sufficient statistics

N
Y T(X;) =t
1

for H =1 x J corresponds to t = (r,¢), i.e.
the marginals.
16




With

N
Ve = {(z1, 22, ,an) € HN 0 Y T(x;) =t}
1

we have uniform distribution on )} with
the exponential model.

Conveniently rewritten as

N
t=Y T@)= Y 9@)T()

i=1 zeEH
where g(z) = (number of z; = x)

We let

Ft={9:H — N where > g(z)T(z) =t}
z€EH
and g(xz) =number in cell z.

If g € 7 then g(x), v € H is a possible
table with “correct” sufficient statistics t.
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We are interested in “hypergeometric” dis-
tribution on F

NI

w(g) = Hy(g) = Haertla@)

|Vt
which is the distribution on F if we have
uniform distribution on )%. True for model
with exponential family.

Note that

1
o) o @)

We want to simulate w(g), g € F¢ with
Metropolis-Hastings algorithm. Convenient
to choose proposal distribution g(g,g’) so
that q(g, ¢") = q(4’, g) and with such simple
moves that w(g’)/n(g) is simple to calcu-
late so acceptance probability

a(g,g') = min (1 W(g/)q(g/’g)> = min (1 W(g/)>

" 7(9)a(g, 9") "7 (g)
is simple to calculate.
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We want simple candidates for moves f
where we from g € ‘H go to g% f which gives
an irreducable, aperiodic Markov chain.

Note: These (say) L simple moves f1, f2, -, fL
must not change the d sufficient statistics
t. Therefore

Z fz(x)T('T) =0,i= 1,2,,---,L
zeH

since then

z€H

and therefore g+ f; € 7 (if g(x)+ fi(z) > 0
for all x € H).

Move from g to g — f; also keeps value of
t.
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We choose f;, t = 1,2,---,L with proba-
bility 1/L each and then (independently)
€ as +1 or —1 with probability 1/2 each
and then go from g to ¢’ = g + ef; with
probability a(g, g’).

We have q(g,9") = q(d, 9)!

Possibly ¢’ ¢ 7 (negative entry) but then
we stay in g.

20




Markov-base: The moves f1, fo, -+, fr, are
a Markov-base if they fulfill

1) Yeen fi(z)T(z) =0

2) If g and ¢’ € 7 we can go from g to ¢
by a sequence of simple moves e,-fij where
we are in F; after each step (irreducable
chain)

Therefore: There exists an A such that
with correct choices of iq,io,---,74 and
ej, j = 1,2,---, A (which are +1 or —-1)
we have

A
d=9g+ > fizej
Jj=1
and

a
g+ > figj>0,1<a<A
Jj=1
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The proposal distribution ¢(g,¢’) means:
Choose an f from fq, fo, -+, fr, with equal
probabilities and then independently ¢ as
+1 or —1 with probability 1/2 each and
let ¢ =g+ef

A proposal g+ ¢f is accepted with proba-
bility
Hy(g+ef)

)
H(g)
where H; is the target distribution on F;.

a(g,9 +¢fi) = min(1,

If g4+ cf & 7t we remain in g.

Can be modified to make larger jumps.

How to find these simple moves? Given by
a Grobner base!
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Example: 3 x 3 x 3-table i.e.
H={(,4,k) 1<i<3,1<j<3,1<k<3}
We let

Pijk = P(Ce” (ivj7 k))

As a model we have “no three-way-interaction”

INpijx = ptoi+B+vpt+(af)ij+(ay)i+(87) ji

where we have no (afy);;,-terms.

Is a model of the type “exponential fam-
ily"!

23

With N;j, =count in cell (i,j,k) we have
under the model that Nj;., N;x and N
are sufficient statistics where

3
Nij. = > Nijk,
k=1

3
Nik =Y Nijk
i=1

3
Njr = Y Nijk-
i=1

What do simple moves look like?

24




27 of the type 2 x2 x 2

000 00 O 00 O

000 0 + - 0o - +

000 0o - + 0 + -

and 54 of the type

000 o - + 0o 4+ -
000 + 0 - - 0 +
00O - 4+ 0 + - 0
and 28 of the type

00 O + 0 - - 0 +
0o - + - 4+ 0 + 0 —
0o+ - o - + 0 0O
and 1 of the type

-2 4+ + + 0 - + - 0
+ 0 - 0 0O - 0 +
+ — 0 - 0 + 0 + -

110 simple moves in all!
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Example: Logistic regression.

Answer ‘“yes” (1) or “no” (0) to question.
We have covariates (prognostic factors)
z; € Z4 for individual j

z; = (215,225, 2dj)-

Logistic regression :

Bz
P(Y,=1lz;)) = ———
( J |Z]) 1—|—e'3'zj
and
P(Y;=0lz)) = —+
R e

B e R% is a d-dimensional parameter.
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E.g. “simple linear regression” with

B = (a,B) as parameter and covariates
z; = (1,z;) where e.g. z; =number of
years of school for personj, j=1,2,---,N.
We have
ea—l—,@zj

P(Yj = 1|Zj) = W
and

P(Y;=0z) =~

1 _|_ ea+’8ZJ
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Likelihood for Y1,Y5,--- , Yy is
N eYj'B‘zj
j=1 1+ eﬁ.z]‘

Let n(z) =(number with z; = 2)
ni(z)=(number with z; =z and Y; = 1).

If the possible z-values are a1,ap, - ,a)/
we have the likelihood

BN ny(a)a;

Hf\il(l + eaiB)n(a;)

i.e.
n(a1),n(az), - ,n(ap) och M, nq(a)a;

are sufficient statistics which we want to
condition on and keep fixed for all moves.

28




Corresponds to

T(0,a;) = (0;0,0,---,1,0,---,0)
and

T(1,a;) = (a;;0,0,---,1,0,---,0)
where the 1 is in the i:th position.

We have
H=1{(0,a;),(1,a;), i=1,2,--- M}

and with g(z) =(number of observations
= z)

N
t=3 T() =Y g(@)T(z) =

i=1 zeH

M
= (Y ni(a;)a;,n(a1),n(a), - ,nlay))

=1
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Simple moves?

Number with covariate= a@; unchanged and
in addition M, ny(a;)a; unchanged.

For ‘“simple linear regression” with
a; =(1,7), i=1,2,---12 we have
H={(0,1,i),(1,1,4), i=1,2,---12}
and therefore

n(i), t=1,2,---,12
12

> n1(i)

=1

12 N
> np(d)i
=1

are fixed.

With M = 12 there are 16968 simple moves
for the specific example.
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Grobner-basers:

For x € H we define a formal variable uy
and let g : ' H — N be represented by the
monomial

11 ug(fﬂ)

Te€H
denoted HY. We substitute u, for =

HI =[] 29(x)
z€H

Fa

with 7 = {(1,1), (1,2),(2,1),(2,2)} we get
the monomial

For 2 x 2-table

“?1,1)“%1,2)“Z2,1)“?2,2)
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We study (finite) polynomials in these mono-
mials with coefficients from a field £ and
denote these as k[H].

A T :H— N where

T(z) = (T'(x)1,T(x)2,---,T(x)g) is repre-
sented by

é7  E[H] — klt1,to, -+ ,t4)
where

¢ is extended to k[H] by ¢7r(zy) = ¢ (x)dr(y)
and ¢r(z +y) = ¢r(x) + é7(y)

32




Hence, for g: H — N

or(H?) = ¢r([[ 290 = [[ (or(2)?™) =
zeH TEH

Tre

_ [ @@, T T@arle) _
x€H

_ e T@19(@) Y, T@)29() Y, T()ag(e)
-1 2 d :

If the variable list is Y = (t1,t, -+ ,tq) We
can write

dr(HI) = Y 2aen 9(@)T(2)
Of interest is the ideal
Jr = {p € k[H] : ¢7(p) = 0} = keror

which is an ideal generated by binomials
(in fact by monomial-differences).
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A move f; : ' H — Z is split up in

“positive” and “negative” changes
fi= -8

where fl.jE H— N.

Corresponds to monomial difference

f+

Hhi —Hhi

We have Y ey f(z)T(x) = 0 iff

f-l-

HE —HE isin Jp, e

+ —
or(H)i —HIi) =o.
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Theorem: f1, fo, -+, fr, IS @ Markov-base
+ —

iff HSi' —HTi for i = 1,2,---,L generates

the ideal Jr = {p € k[H] : ¢ (p) = O}.

Hilbert's basis-theorem: Every ideal in a
polynomial ring is generated by a finite
number of polynomials.

Grobner-bases are a special choice of bases
which generate the ideal. Depends on the
“ordering” of monomials. If the ideal is
generated by monomial differences the Grobner
basis also consists of monomial differences.

Gives an algorithm (in Maple!) giving Grobner-
bases corresponding to the Markov-base,

i.e. the simple moves making the chain
ergodic.

But: The Markov-base can be too large.
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For I x J this proves that the simple moves

of type
+ - - +
(& 3) e (5 7)

makes the chain irreducable on A(r,c)
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