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Abstract

This thesis presents an overview of strategies for pricing inflation deriva-
tives. The paper is structured as follows. Firstly, the basic definitions
and concepts such as nominal-, real- and inflation rates are introduced.
We introduce the benchmark contracts of the inflation derivatives mar-
ket, and using standard results from no-arbitrage pricing theory, derive
pricing formulas for linear contracts on inflation. In addition, the risk
profile of inflation contracts is illustrated and we highlight how it’s cap-
tured in the models to be studied studied in the paper.

We then move on to the main objective of the thesis and present
three approaches for pricing inflation derivatives, where we focus in
particular on two popular models. The first one, is a so called HJIM
approach, that models the nominal and real forward curves and relates
the two by making an analogy to domestic and foreign fx rates. By
the choice of volatility functions in the HJM framework, we produce
nominal and real term structures similar to the popular interest-rate
derivatives model of Hull-White. This approach was first suggested by
Jarrow and Yildirim[1] and it’s main attractiveness lies in that it results
in analytic pricing formulas for both linear and non-linear benchmark
inflation derivatives.

The second approach, is a so called market model, independently
proposed by Mercurio[2] and Belgrade, Benhamou, and Koehler[4]. Just
like the - famous - Libor Market Model, the modeled quantities are ob-
servable market entities, namely, the respective forward inflation indices.
It is shown how this model as well - by the use of certain approxima-
tions - can produce analytic formulas for both linear and non-linear
benchmark inflation derivatives.

The advantages and shortcomings of the respective models are evelu-
ated. In particular, we focus on how well the models calibrate to market
data. To this end, model parameters are calibrated to market prices of
year-on-year inflation floors; and it is evaluated how well market prices
can be recovered by theoretical pricing with the calibrated model param-
eters. The thesis is concluded with suggestions for possible extensions
and improvements.
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Chapter 1

Introduction

1.1 Inflation Basics

1.1.1 Inflation, nominal value and real value

An investor is concerned with the real return of an investment. That is, interested
in the quantity of goods and services that can be bought with the nominal return.
For instance, a 2% nominal return and no increase in prices of goods and services is
preferred to a 10% nominal return and a 10% increase in prices of goods and services.
Put differently, the real value of the nominal return is subjected to inflation risk,
where inflation is defined as the relative increase of prices of goods and services.

Inflation derivatives are designed to transfer the inflation risk between two par-
ties. The instruments are typically linked to the value of a basket, reflecting prices
of goods and services used by an average consumer. The value of the basket is
called an Inflation Index. Well known examples are the HICPxT(EUR), RPI(UK),
CPI(FR) and CPI(US) indices.

The index is typically constructed such that the start value is normalized to 100
at a chosen base date. At regular intervals the price of the basket is updated and
the value of the index ix recalculated. The real return of an investment can then
be defined as the excess nominal return over the relative increase of the inflation
index.

1.1.2 Inflation Index

Ideally, we would like to have access to index values on a daily basis, so that any
cash flow can be linked to the corresponding inflation level at cash flow pay date.
For practical reasons this is not possible. It takes time to compute and publish the
index value. Due to this, inflation linked cash flows are subjected to a so-called
indexation lag. That is, the cash flow is linked to an index value referencing a
historical inflation level. The lag differs for different markets. For example the
lag for the HICPxt daily reference number is three months. As a consequence,
an investor who wishes to buy protection against inflation, has inflation exposure
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CHAPTER 1. INTRODUCTION

during the last three months before maturity of the inflation protection instrument.
That is, the last three months it is effectively a nominal instrument.

1.2 Overview of Inflation-Linked Instruments

1.2.1 Inflation-Linked Bond
Definition

An inflation-linked zero coupon bond is a bond that pays out a single cash flow at
maturity Ths, consisting of the increase in the reference index between issue date
and maturity. We set the reference index to Iy at issue date (¢ = 0) and a contract
size of N units. The (nominal) value is denoted as ZCILB(¢, T, Ip, N). The
nominal payment consists of

N
—I(Ty) (1.2.1)
Iy

nominal units at maturity. The corresponding real amount is obtained by normal-

izing with the time T}, index value. That is, we receive

N

T (1.2.2)

real units at maturity. It’s thus clear that an inflation-linked zero coupon bond pays
out a known real amount, but an unknown nominal amount, which is fixed when we
reach the maturity date.

Pricing

Let P,(t,Ths) denote the time ¢ real value of 1 unit paid at time Tj;. Then
N
TPT’ (ta TM)
0

expresses the time ¢ real value of receiving N/ units at T, which is the definition
of the payout of the ZCILB. And since the time ¢ real value of the ZCILB is obtained
by normalizing the nominal value with the inflation index we have

ZCILB(t, Ty, Io, N) _ NP.(t,Tyr)

1.2.3
I(t) Iy ( )

Defining the bonds unit value as Prr(t,Ths) := ZCILB(t, Ty, 1,1) we get
Pri(t,Tar) = I1(t)P,(t, Tar) (1.2.4)

Thus the price of the bond is dependent on inflation index levels and the real
discount rate.

In practice, as in the nominal bond market, the inflation bonds issued are typ-
ically coupon bearing. The coupon inflation bond can be replicated as the sum of



1.2. OVERVIEW OF INFLATION-LINKED INSTRUMENTS

a series of zero coupon inflation bonds. With C' denoting the annual coupon rate
, Ths the maturity date, N the contract size , Iy the index value at issue date and
assuming annual coupon frequency, the nominal time ¢ value of a coupon bearing
inflation-linked bond is given as

M
ILB(t,TM,Io,N) = IE [CZP]L(t7E) + PIL(taTM)]
OLi= (1.2.5)
_ 10y Cf:P(t T)) + Po(t, Tar)
= I(] s r\ly, Lg r\ly, L M

1.2.2 Zero Coupon Inflation Swap
Definition

A zero coupon inflation swap is a contract where the inflation seller pays the inflation
index rate between today and Ths, and the inflation buyer pays a fixed rate. The
payout on the inflation leg is given by

N [I(?OM) - 1] (1.2.6)

Thus, the inflation leg pays the net increase in reference index. The payout on the
fixed side of the swap is agreed upon at inception and is given as

N [(1+b(0, Tar))™ — 1] (1.2.7)

where b is the so called breakeven inflation rate. In the market, b is quoted such
that the induced Tj; maturity zero coupon inflation swap has zero value today. It’s
analogous to the par rates quoted in the nominal swap market.

From the payout of the inflation leg, it’s clear that it can be valued in terms of an
inflation linked and a nominal zero coupon bond. However we shall proceed with a
bit more formal derivation as it will be useful when proceeding to more complicated
instrument types.

Foreign markets and numeraire change

Consider a foreign market where an asset with price X is traded. Denote by Qs the
associated (foreign) martingale measure. Assume that the foreign money market
account evolves according to the process By. Analogously, consider a domestic
market with domestic money market account evolving according to the process By.
Let the exchange rate between the two currencies be modeled by the process H, so
that 1 unit of the foreign currency is worth H (¢) units of domestic currency at time
t. Let F = {F; : 0 <t < Ty} be the filtration generated by the above processes.

If we think of Xy as a derivative that pays out X(Ths) at time Ty, by standard
no-arbitrage pricing theory, the arbitrage free price in the foreign market at time ¢



CHAPTER 1. INTRODUCTION
is

Vi(t) = By(t) B9 [%h] (1.2.8)

Or expressed as a price in the domestic currency

_ X5 (Twm)
Va(t) = H(t)By(t)EQr [Bf(TM)| Ft] (1.2.9)

Note, that for a domestic investor who buys the (foreign) asset Xy, the payout at
time Ty is Xy (Tar)H(Thr). Now consider a domestic derivative which at time Ty
pays out X¢(Ta)H(Tar). To avoid arbitrage, the price of this instrument must be
equal to price of the foreign asset multiplied with the spot exchange rate. So we get
the relation

X¢(Tu)

Tag) X ¢ (Twr)
H(t)By(t)E®r le(TM)

Ba(Twr)

ft] = By(t)E% {H( ‘]—"t} (1.2.10)

Pricing

Using well known results from standard no-arbitrage pricing theory, with obvious
choice of notations, we get the time ¢ value of the inflation leg as

_ (" I(T
ZCILS(t, Ty, I, N) = NE® {e Jo M ((IM) - 1) ‘ Ft} (1.2.11)
0
We draw a foreign currency analogy, namely that real prices correspond to foreign
prices and nominal prices correspond to domestic prices. The inflation index value
then corresponds to the domestic currency/foreign currency spot exchange rate.
Applying the result from (1.2.10) we then obtain

T, T
I(t)P(t, Tas) = I(t)E" [e—ft Mory (u)du }-t} — EQn [I(TM) o= Ji M ra(u)du ]_-t}
(1.2.12)
Putting this into (1.2.11) yields
1
ZCILS(t, Tos, Io, N) = N [I((é))Pr(t,TM) _ Pn(t,TM)] (1.2.13)
which at time ¢t = 0 simplifies to
ZCILS(0, Tas, Io, N) = N [P(0, Tas) — Po(0, Tar)] (1.2.14)

Important to note is that these prices do not depend on any assumptions of the
dynamics of the interest rate market, but rather follow from the absence of arbitrage.
This is an imortant result, as it will enable us to calibrate the real rate discount
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Figure 1.1: Quotes for European nominal- and Zero-Coupon Inflation Swaps, 13
jul-2012

curve from prices of index linked zero-coupon swaps by, for each swap, solving the
par value relation. That is , when entering the contract, the value of the pay leg
should equal the receive leg.

NPy (0, Tag)[(1 + b(0, Tar )™ — 1] = N [Pr(0, Tag) — Po(0,Tar)] (1.2.15)
which gives us the real discount rate as
P.(0,Tar) = Po(0,Tar) (1 4 b(0, Tpy)) ™™ (1.2.16)

where b is the (market quoted) break-even inflation rate and P,(0,73) can be
recovered from bootstrapping the nominal discount curve.

Figure 1.1 shows quotes for break-even inflation rates and nominal swap rates.
The maturities up to the 10-year mark reveal something interesting. The nominal
swap quote is the fixed rate one would demand in exchange for paying floating
cash flows of EURIBOR until maturity. Whereas the break-even inflation quote is
the fixed rate one would would demand in exchange for paying realized inflation
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rate until maturity. The gap between the two, i.e. that the swap quote is lower,
indicates that expected inflation is higher than expected EURIBOR. This in turn
implies negative real rates. We discuss break-even inflation visavis expected inflation
in more detail in section (1.3.1).

1.2.3 Year On Year Inflation Swap
Definition

The inflation leg on a Year On Year Inflation Swap pays out a series of net increases
in index reference

M
I(T3) ]
N [ — 1| 1.2.17
; I(E_l) wl ( )
where 1; is the time in years on the interval [T;_1,T;]; Ty := 0 according to the

contracts day-count convention.
The fixed leg pays a series of fixed coupons

M
N> ¢C (1.2.18)
=1

Just as for Zero Coupon Inflation swaps , Year On Year Inflation Swaps are quoted
in the market in terms of their fixed coupon. However out of the two, the former
is more liquid , and is considered to be the primary benchmark instrument in the
inflation derivatives market.

Pricing

We can view (1.2.17) as a series of forward starting Zero Coupon Swap Inflation
legs. Then the price of each leg is

T; :
YYILS(t, Ti_1, T}, ¢, N) = Noy; E@r {e_ft T (u)du (Ié—gﬁ)) - 1>‘}}} (1.2.19)
i—1

If t > T;_1 so that I(T;_1) is known then it reduces to the pricing of a regular Zero
Coupon Swap Inflation leg. If t < T;_; then we use repeated expectation to get

YYILS(¢, Ti—1,T;, 93, N)

_ (T I(T;)
= Ny E9r [EQ" {e Jotrntdu ( —1)‘? _ .7-"}
(4 T ) T-1||Ft
= NE? [eLT“’“n<“>d“EQn [e‘ffil’“”(“”“( [T —1>’fT_1 ./rt]
I(Ti-1)
(1.2.20)
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The inner expection is recognized as ZCILS(T;_1,T;,I(T;—1),1) so that we finally
obtain

T;_
YYIIS(t,T;-1,T;, ¢, N) = Np; EQr [e_ft Hrn(w)du [P (Ti-1,T;) — Pn(Til,Ti)]‘]:t}

T
_ NWEQ,L [e— ft 1Tn(u>dupr(71i71711i>

ft] — NP1, T)
(1.2.21)

The last expectation can be interpreted as the nominal price of a derivative paying
out at time 7;_; (in nominal units) the T; maturity real zero coupon bond price. If
real rates were deterministic then we would get

T;_
E@n [eft ratwdup (T

F| = Pt T P (T, T

P (t,Ty)

=TT

which is simply the nominal present value of the T;_; forward price of the T; ma-
turity real bond. In practice however it’s not realistic to assume that real rates are
deterministic . Real rates are stochastic so that the expectation in (1.2.21) is model
dependent.

1.2.4 Inflation Linked Cap/Floor

Definition

An Inflation-Linked Caplet (ILCLT) is a call option on the net increase in forward
inflation index. Whereas an Inflation-Linked Floorlet (ILFLT) is a put option on
the same quantity. At time T; the ILCFLT pays out

I(T3) -
N, {w( 1/{)} 1.2.22
v I(T;-1) ( )
where k is the IICFLT strike, ; is the contract year fraction for the interval
[T;—1,T;], N is the contract nominal, and w = 1 for a caplet and w = —1 for a
floorlet.
Pricing

Setting K := 1+ k we get the time ¢ value of the payoff (1.2.22) as

ILCFLT (¢, T;—1, T}, i, K, N,w)

— Ny B [e S ratwaa [w (If:(FT)l) - K)
]-"t]

+

ft} (1.2.23)

IT) K)T

= N P, (t, T} E: H“ (I(Til)
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Figure 1.2: Quotes for Year-On-Year Inflation Caps and Floors, 13 jul-2012.

Where ETi denotes expectation under the (nominal) 7; forward measure. The
price of the Inflation Linked Cap/Floor(ILCF) is obtained by summing up over the
individual Caplets/Florlets. Clearly this price is model dependent as well.

1.3 Inflation and interest rate risk

1.3.1 Breakeven inflation vs expected inflation
Compounding effect

It seems intuitive to think of break-even inflation rate as a measure of expected future
inflation. There are however, a number of problems with that assumption. The first
is a simple compounding effect. Denote the annualized inflation rate between ¢t = 0
and T as

1)T

IOy (1.3.1)

i(0,T) = [Io




1.3. INFLATION AND INTEREST RATE RISK

By the definition of the breakeven-inflation rate and Jensens Inequality we have
[1+5(0,7)]" = E [[14(0,1)]"| > 1 + E[i(0, D))" (1.3.2)
Hence, the break-even rate is an overestimation of future inflation.

Inflation risk premium

The second argument to why break-even rates can not be directly translated into
expected inflation, is that nominal rates are thought to carry a certain inflation risk
premium. A risk averse bond investor would demand a premium(a higher yield) to
compensate for the scenario where realized inflation turns out to be higher than
expected inflation.

Consider a risk-averse investor who wishes to obtain a real return. The investor
can either buy a T-maturity inflation linked bond, receiving a real rate of return
yr(0,T) or a T-maturity nominal bond, receiving a nominal rate of return y,, (0, 7).
Assuming that both bonds are issued today, the real return on the nominal bond is

Iy

ﬁ [1 + yn(ov T)]T

whereas the real return for the index linked bond is
(14 y-(0,7)]"

To compensate for the inflation risk, i.e. the scenario where realized inflation over
[0,7] turns out be greater than the expected inflation, the risk averse investor
would demand an additional return on vy, in effect demanding a higher yield than
motivated by inflation expectations

I(T)

1+ O T 2 (1430 E |70 = 145 0.1 B [l +i0,7)7]

Denoting the inflation risk premium over [0, 7] as p(0,7"), we can express the nom-
inal return as

(14 9(0, D) = [14p(0, )" [1 4,0, 7)) B [[1 +i(0,T))" |

Consequently , break-even inflation rates will include the risk premium , i.e overes-
timate future inflation rates.
Assuming a correction factor ¢(0,7") > 0 such that we can rewrite (1.3.2) as

E [[1+i(0,1)]"] = [+ c(0, 7)) [1 + E[i(0, D))" (1.3.3)
, then we can express the nominal return in the style of the famous Fisher Equation

1+ yn(0,T) = [1+p(0, T)] [1 + (0, T)] [1 4 ¢(0, T)] [1 + E[:(0, T)]] (1.3.4)
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1.3.2 Inflation risk
Since the annually compounded nominal yield y,, is defined as

Yn(t,T) = P,(t,T)" YT —1 (1.3.5)
by (1.2.5) and (1.2.16) we can write the price of an ILB in terms of the break-even
inflation curve and the nominal yield curve

M T T
th i 14+b(t. T M
ILB(t, Tar, Io, N, sp, Sn) = CZ 1+ ) + ) (14 b(t, Ths) + )

Lty (6, T3) 4+ 50)T (14 yn(t, Tar) + 50) ™0
(1.3.6)

where s, and s, should equal zero in order for the price to be fair. Thus it’s clear
that the price is sensitive to shifts in the inflation curve as well as to shifts in the
nominal interest curve.

The effect of a parallel shift in the nominal interest curve is then obtained as

OILB(t, T, Io, N,0,0) _ I CZ (t, T}) T Py(t, Tur)
ds,, 1+yn(t T) M4 ya(t, Tn)
(1.3.7)

And the effect of a parallel shift in the inflation curve as

OILB(t, Tar, I, N,0,0) _ I(t) P,(t,T;) P,(t,Tar)
dsp I CZT 1+ b(t,T;) * TMl +b(t, Tnr) (13.8)

Since the inflation delta and the nominal yield delta have opposite signs, the net
effect will be small if the inflation and nominal curves are equally shifted. Typically,
a rise in inflation expectation pushes up the nominal interest rates, so it’s natural
to impose some correlation p, ; between the two, by - for instance - setting s, =
Sp X pp,1- Indeed when modeling the evolution of interest rates and inflation in the
short rate model of Jarrow and Yildirim[1] and the market model of Mercurio[2]
and Belgrade, Benhamou, and Koehler[4], a correlation structure is proposed in the
model dynamics.

10



Chapter 2

The HJM framework of Jarrow and
Yildirim

2.1 Definitions
Using a foreign currency analogy, Jarrow and Yildirim reasoned that real prices
correspond to foreign prices, nominal prices correspond to domestic prices and the
inflation index corresponds to the spot exchange rate from foreign to domestic
currency. We introduce the notation which will be used throughout this section.

o P,(t,T) : time t price of a nominal zero coupon bond maturing at time 7'

o I(t): time t value of the inflation index

o P.(t,T) : time t price of a real zero-coupon bond maturing at time T

o fr(t,T): time ¢ instantaneous forward rate for date T where k € {r,n} i.e.
T
Py(t,T) = efft fr(t.s)ds

o 15(t) = fr(t,t) : the time ¢ instantaneous spot rate for k € {r,n}

o DBy(t) : time t money market account value for k € {r,n}

2.2 Model specification

Under the real world probability space (2, F, P), Jarrow and Yildirim introduce
the filtration {F; : t € [0, T]} generated by the three brownian motions

dWE (), dw?r ), aw} (t) (2.2.1)

11



CHAPTER 2. THE HIM FRAMEWORK OF JARROW AND YILDIRIM

The brownian motions are started at 0 and their correlations are given by
AW, (t) AW, () = pprdt
dWE () dWF (t) = purdt (2.2.2)
dW,L (t) AWT (t) = p,rdt
Thus, we will be working with a three-factor model.
Given the initial nominal forward rate curve, f(0,7), it’s assumed that the

nominal T-maturity forward rate has a stochastic differential under the objective
measure P given by

dfy(t,T) = (¢, T)dt + o (t, T)dWE (1)
fn(ov T) = f;(()? T)
where «,, is random and o, is deterministic.
Similarly, given the initial market real forward rate curve, f(0,7), it’s assumed

that the real T-maturity forward rate has a stochastic differential under the objective
measure P given by

(2.2.3)

df.(t,T) = o, (t, T)dt + o,.(t, T)dW] (t)
fr(ov T) = f:(oa T)

where «,, is random and o, is deterministic. The final entity to be modeled is the
inflation index with dynamics

df(sf)) = pr(t)dt + o (t)dWE (t) (2.2.5)

(2.2.4)

where g7 is random and oy is deterministic. The deterministic volatility in (2.2.5)
implies that the inflation index follows a geometric brownian motion so that the
logarithm of the index will be normally distributed.

Jarrow and Yildirim go on to show the evolutions introduced so far are arbi-
trage free and the market is complete if there exists a unique equivalent probability
measure () such that

PAtT) IWP(LT) 1B, (t.T)
Bn(t) 7 By(t) By (t)
Furthermore, by Girsanov’s theorem, given that {dW[(t),dW[L (t),dWF ()} is a

P-Brownian motion, and that @Q is a equivalent probability measure, then there
exists market prices of risk {\,,(t), A+ (¢), A7(¢)} such that

are () martingales (2.2.6)

WkQ(t) = WF(t) - /Ot Ae(s)ds, ke {n,r, I} (2.2.7)

are (Q-brownian motions.

Finally, they provided the following proposition, which characterizes the neces-
sary and sufficient conditions on the various price dynamics such that the economy
is arbitrage free.

12



2.2. MODEL SPECIFICATION

Proposition 2.2.1 (Arbitrage Free Term Structure)

ngf(’f) ), I(tj)gir(%’T) and [(tgir(%j) are () martingales if and only if

T
an(t, T) = on(t, T) ( /t oty 5)ds — /\n(t)> (2.2.8)

T
a(t,T) = o.(t,T) </t or(t,s)ds —or(t)prr — )\r(t)> (2.2.9)
pr(t) =rn(t) — re(t) — or()Ar(t) (2.2.10)

(2.2.8) is recognized as the well known HJM drift condition for the nominal
forward rates under the objective probability measure. Analogously, (2.2.9) is the
drift condition for the real forward rates. It is to be noted that the inflation volatility
and the inflation-real rate correlation appears in this expression. Finally (2.2.10) is
a fisher equation(compare with the heuristics in (1.3.4) ), relating nominal and real
interest rates to expected inflation(u;) and inflationary risk premium.

13



CHAPTER 2. THE HIM FRAMEWORK OF JARROW AND YILDIRIM

2.3 Zero Coupon Bond term structure

2.3.1 General form

It can be shown(see [5]) that, for k € {n,r}, the log-bond price process can be
written as

In P(t,T) = — tTfk(t,u)du =
t[ (T t[ T
=In P,(0,7) —/0 l/v ak(vju)du] dv —/0 l/v Uk(v,u)dul dWl (v)
+ trk(v)dv
0
(2.3.1)
Let
T
ap(t,T) = —/t on(t, u)du (2.3.2)
T 1
bi(t, T) = —/t ult, u)du + Sad(1,T) (2.3.3)
Then we can write
=1In t ri(v v v 1 ta2 v v
I P(tT) = P0.7) + [ )+ (. D)) do = 5 [ a}(w.7)a .

+ /Ot ak(v,T)dW,f(v)

dln Py(t,T) = [rk(t) + b(t,T) — %ai(t, T)] dt + ag(t, T)dW{ (t) (2.3.5)

Applying It6’s lemma yields the bond price process

dPy(t,T)

Pt~ R+ ot T+ ag(t, T)dWE (t)

. X (2.3.6)
= [rk(t) - /t ag(t,u)du + Qai(t, T)] dt 4 ay(t, T)dW{E ()

2.3.2 Jarrow Yildirim drift conditions
Nominal bond price

We note that for the nominal drift condition

w a?(t,u an(t,u
(1) = o (£, 1) (/t an(t,s)ds—/\n(t)) Z;d( ’Zl(i’ ) | d(i D st

(2.3.7)

14



2.3. ZERO COUPON BOND TERM STRUCTURE

So that with (2.3.6), under P, the dynamics of the nominal zero coupon bond is
given as

= [rp(t) — an(t, T)\(t)] dt + an(t, T)de(t) (2.3.8)
and under @

= rp()dt + an(t, T)AWS (1) (2.3.9)

Real bond price

Similarly, for the real drift condition

an(t 1) = op(t, ) (/tu o0 (£, 5)ds — o1 (E)prr — )\T(t))

2.3.10
_Ld@e) | data) o (23.10)
=3 du du o1 \t)prI r
So that under P the dynamics of the real zero coupon bond is given as
dP.(t,T
P((tT> = [rr(t) — ar(t,T) {o1(t)prr + A\e(t)}Y] dt + a,(t, T)AWT (1) (2.3.11)
and under @Q
dP,.(t,T)

bt — et Dortpulde+an(, T)dWE (1) (2.3.12)

These results, and applying the drift conditions on the forward rates and the infla-
tion index processes and integration by parts on the process I(t)P,(t,T), yields the
following proposition

Proposition 2.3.1 (Price processes under the martingale measure)
The following price processes hold under the martingale measure

dfy(t,T) = —on(t, T)an(t, T)dt 4+ 0,(t, T) AW (t) (2.3.13)
df, (4, T) = —o,(t,T) [ar(t, T) + prro1(t)] dt + o (t, T)AW 2 (t) (2.3.14)
C?(Sf)) — rnt) — o ()] dt + or (IO () (23.15)
dP,(t,T)
BT Fn(t)dt + an(t, T)AWS(t) (2.3.16)
(w = [ry(t) — ar(t, T)o1(t)pr1] dt + a,(t, T)dAWS(t) (2.3.17)
APt 1) dIOBT)) iy o (1) daW @) + ap(t, T)AWR() (2.3.18)

Pri(t,T) I(t)P.(t,T)

We note here that with these expressions, the nominal and real forward rates
are normally distributed, whereas the inflation index is log-normally distributed.
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2.4 Hull-White specification

2.4.1 Nominal term structure

For the nominal economy, Jarrow and Yildirim chose a one factor volatility function
with an exponentially declining volatility of the form

on(t,T) = gpe (Tt (2.4.1)

This yields the zero coupon bond volatility as

T T
an(t,T) = —/ on(t,u)du = —Jn/ e~ Dy = —g, B, (8, T) (2.4.2)
t t

where

Bn(t,T) = L [1 —~ e‘“"<T—’f)] (2.4.3)

Kn

and that the forward rate under @) evolves as

t t
fat,T) = f2(0,T) + o7, / Bn(s, T)e T~ ds + o, / e T=9)qwQ(s) (2.4.4)
0 0

, the spot rate as

t t
rn(t) = fn(t7t) = fn(oat) + 0—7%/ Bn(sﬁt)e_ﬁn(t_s)ds + Un/ e—nn(t—s)de(s)
0
t 2 t
= / 8ﬁ (5,%) d +Jn/ e_””(t_s)dW,?(s)
0

= £n(0,) + 7@ (/ ﬁ2 (s,1) ds) + op /t Fn(t=8) qW 2 (s)

(2.4.5)

and
/Otrn(u)d = —In Py( / B2(s tds+/ [an/ —rn =) g Q(s) | du
(2.4.6)

We need to do some work in order to evaluate the double integral. Introducing the
process Y (t) = [ e®*dW2(s) we have

d(e” Y (t)) = e~ "dY (t) — ae” ™Y (t)dt = dW,2(t) —ae” ™Y ()dt ~ (24.7)

Integrating, we get

n

Y (1) = W(t) — /0 ey (u)du (2.4.8)
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2.4. HULL-WHITE SPECIFICATION

Inserting the definition of Y'(+) in the expression above yields
t u t
a/ [e_a"/ e“SdW,?(s)} du=We(t) — e_“t/ e dW 2 (u)
0 0 0
¢
_ / (1— e} awe(u) (2.4.9)
0
t
—a [ B aW2(w)
0
Applying the result above in (2.4.6), we get

/Otrn(u)d = —In P,(0, / B2(s,1) ds—i—an/ Bu(s,)dWR(s)  (2.4.10)

Substituting this in the solution to the zero coupon bond price process yields

P,(t,T) = P,(0,T) exp{ ( (ZT> ds + /t an(s,T)dWT?(s)}
t On 52
p(OTexp{/O< 5(ST)> s—an/ﬂnsT ()}
2 t
= ];',;( eXp{U;/O 52 (s,t) — B2(s, T)} ds—f—an/ [Bn(s,t) — Bu(s, T)] dWS (s )}
(2.4.11)
Noting from (2.4.5) that
B T)ral) = a0 T)10(0,0) 4 % [ [B205,0) = Bl T, 1)] ds
. 0 (2.4.12)
0 [ [Buls.t) = Bulo. D] AW
0
, then the term inside the exponential in (2.4.11) simplifies to
Bn(t’ T) [fn(ov t) - Tn(t)]
0_2 t
_ Qn/o [82(5,t) + B2(5,T) — 2Bu(5, T) (5, )] ds
o2t , (2.4.13)
= B, T) [£n0:8) = (0] = 57 | Bals:1) = Buls, T)]" ds
0.2
= (6, T) Un(0,6) = rn(0)] = 225000 T) [1— 2]

So that we get the nominal term structure in terms of the short rate

P,(0,T)
Po(0,1) ©

B(t,T) = Xp {/Bn(t7 T) [fn(0,) = ra(t)] - %53;@, T) [1 - 2] }

17



CHAPTER 2. THE HIM FRAMEWORK OF JARROW AND YILDIRIM

2.4.2 Real term structure

For the real economy, Jarrow and Yildirim chose again chose we a one factor volatil-
ity function with an exponentially declining volatility of the form

or(t,T) = ope (T (2.4.15)

This yields the real zero coupon bond volatility as
T T
ar(t,T) = —/ or(t,u)du = —/ ore W dy = —0,.8,(,T) (2.4.16)
t t

where

B,(t,T) = — [1— errT=0)] (2.4.17)

Ry

For the inflation index process we assume a constant volatility, o7. Similar calcula-
tions as in the previous section then renders the real term structure as

P (0,T)
P,(0,1)

X exp {—pr[O'[O",» /Ot[ﬁr(s,t) — ,BT(S,T)]dS}

0.2 t t
Po(t,T) = exp {5 | [t = g2 1) ds o [ [80(s.0) - @(s,T)]dWﬁ(s)s}

(2.4.18)
or in terms of the real short rate
Pt T) = Mexp Br(t,T) [£(0,1) — r(t)] — i B2(t,T) [1 - e—%rt}
T 9 Pr((),t) T Y T 9 ' 4/4/7. r 9
(2.4.19)

2.5 Year-On-Year Inflation Swap

It turns out that it’s convenient to derive the price of the inflation leg under the
T-forward measure. By (1.2.21) and a change of measure we get

YYIIS(t, Tj1, Ty, v, N) = Ny (Po(t, Ti ) ET 2 [Po(Ti, T)| Fi] = Pt )
(2.5.1)

So we need to work out the dynamics of P.(t,T5) under the Tj-forward measure.
Applying the toolkit specified in Proposition (A.1.1) in (2.3.17), we get the following
dynamics for P,(t,T>) under the T)-forward measure

dP,(t,T)

BT [rr(t) — ap(t, T2) o1 () pr1 + ar(t, To)an (t, T1) pry) dt + ap(t, T1)dWI (1)

(2.5.2)
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2.5. YEAR-ON-YEAR INFLATION SWAP

with solution
t
P’I"(ta TQ) = P’I"(Oa TQ) exXp {/0 (Tr(s) - ar(sa TQ)UI(S)pTI + ar<37 TQ)an(37 Tl)pm") ds}

t 42 T t
X exp {—/ st +/ ar(s,Tg)dWrTl(s)}
0 0
(2.5.3)
And after some straightforward calculations we find that

Pi(t,T5)  Pr(0,T3) t o ”
P.(t,T1) PT(O,Tl)g (/0 [ar(s, To) — ar (s, T1)] dW," ( ))

X exp {/Ot [ar(s,T2) — ar(s,T1)] [an(s, T1) pnr — o1(8)prr — ar(s,T1)] ds}
(2.5.4)

where £ denotes the Doléans-Dade exponential, defined as

£(X (1)) = exp {X(t) _ % (X, X) (t)} (2.5.5)
So that, with ¢ = T7 we get

BT T) — Ms ( / " lar(s,T) — ar(s, 1) dw?%s))

T1
X exp {/0 [ar(s,T2) — ar(s,T1)] [an(s,T1) pnr — o1(8)prr — ar(s,T1)] ds}

(2.5.6)
Or
T
P.(T,T5) | Fy = M(‘: / [ar (s, T2) — ar(s, T1)] dW,(s) | x eCET1T2)
P.(t,T1) :
(2.5.7)

, where

Ct,T1,Ts) = /tTl [ar(s,T2) — ar(s,T1)] [an(s, T1) pnr — 01(S)prr — ar(s,T1)] ds

(2.5.8)
Hence

P.(t, T
ET [P(T1,T3) | Fi] = ]DEtT?ieC(t,ThTﬂ (2.5.9)

So we see that the expectation of the future real zero bond price under the nominal
forward measure is equal to the current forward price of the real bond, multiplied
by a correction factor. The factor depends on the volatilities and correlations of the
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CHAPTER 2. THE HIM FRAMEWORK OF JARROW AND YILDIRIM

nominal rate, the real rate and the inflation index. Applying (2.5.9) in (2.5.1) gives
us

P.(t,T; T
YYIIS(t, T;_1, T}, 0, N) = Nt [Pn(t, E_I)Mec(t,Tz1,Tz) _P(t,T))
(2.5.10)

Straightforward calculations shows that the correction term can be explicitly com-
puted as

C(t, T, T)) = 0,8, (T, T} [ﬁr(t,n_n (pr,m N

- , i (2.5.11)
Prrn ) 4T ) _ PnrOn g }
+ fin'i‘fir( + K /871( s L1 1)) Hn+ﬁrl3n< s L1 1)

This term accounts for the stochasticity of real rates. Indeed it vanishes for o, = 0.
The time ¢ value of the inflation linked leg is obtained by summing up the values
of all payments.

()

Pr(t,Ty)) — Pult, TL(t))]
P.(t,T;)

M
+N > W [Pn(t7Ti—1)W

(LT ) _ Pn(t,Ti)]
i=u(t)+1
(2.5.12)

where we set T := {T1, -+ , T}, ¥ := {¢1, - ,¥u}, ¢(t) = min{i: T; >t} and
where the first cash flow has been priced according to the zero coupon inflation leg
formula derived in (1.2.13). Speficially, at ¢t = 0

YYIIS(0, T, ¥, N) = Ntpy, [P(0,Ty) — Po(0,T})]

P(0,T;)

oy LCO0Ti-nT) _ p o T
P07 ) (01

M
+ N U [Pn(o, T, 1)

=2
(2.5.13)

The advantage of the Jarrow-Yildirim model is the simple closed formula it results
in. However, the dependence on the real rate parameters, such as the volatility of
real rates is a significant drawback, as it is not easily estimated.

2.6 Inflation Linked Cap/Floor

We recall that the inflation index, I(t), is log-normally distributed under ). Under
I(T)

the nominal forward measure, the inflation index (T, ) breserves a log-normal
i

distribution. Thus, (1.2.23) can be calculated when we know the expectation of the

20



2.6. INFLATION LINKED CAP/FLOOR

ratio and the variance of it’s logarithm. Using the fact that if X is a log-normally
distributed random variable with E[X] = m and Std[In(X)] = v then

1

E|w(X - K)]"| =wma (ﬂl%j%”z) — wK® ( mv_f’z) (2.6.1)

The conditional expectation of I(7;)/I(T;—1) is obtained directly from (1.2.19) and
(2.5.10)

T;

I(E) :| _ Pn(t7 E_l) Pr(t7 E) ec(t,Tifl,Ti)
2| =
I(Ti-1) Po(t,Ti) Pr(t,Ti-1)

Since a change of measure has no impact on the variance, it can be equivalently

calculated under the martingale measure. By standard calculations it can then be
shown that

(2.6.2)

. I(T;)
Varli |1 . f} =V, Ti-1,T; 2.6.3
ar nI(T%_l) t ( 1—1 z) ( )
, where
2 U??L 2 260 (T, t)
VAT, ) = 5 B(Tim, T0) [1 = e 2T D] 4 o} — Ty
2Kn,
2
Or n2/m 4 =2k (Ti_1—1)
e BT T [1 - }
_ _n0r _ o= (Rntre)(Tioi—t)
2pmﬂ(’£n+/€r)ﬁn( i—1, )57‘( i—1, )[1 € }
2
+ i; [Tz T+ iefﬁn(Ti*Tifl) _ ie*QNn(Ti*Tifl) _ 3]
Ry Rp 2’€n 2/‘571
2
—i—% {Tz—Tz—1+6_'$’"(TL'_TZ 1) 1 e~ 2kr(Ti=Ti-1) 3 ]
K:T‘ T 2’%7‘ 2K7‘
On0. 1— e_(’fn'i‘ﬁr)(Ti_Ti—l)
_2Pnr::[T T 1 — Bn(zla ) ﬁr(zly )+ Ko + For
Ono o,
+ 201 L [T} = Tyt = Bu(Tim1, Ti)] = 2001 = [Ty — Tiot — Bp(Ti1, T3)]

n (s

(2.6.4)
The quantities derived in this section then yields the Caplet/Floorlet price as

ILCFLT(t,T;-1,T;, ¢, K, N,w) =
P”(t Ti—l) P.(t,T;) C(L.T; : ) )
N fLPn 112 ? 9 (t7T1—17T1)® 7 o K(D i :|
WNYiFat, T) Pu(t.T}) Po(t.Ti1)" (wdi(t)) (wds(®))

Pn yLqg— r\lyLq
di(t) = o K}{?;Tl)) P]:(t(,tTf:)) + Ot Ty, Ti) + 5V2(t, Ty, i)
! V(t,Ti-1,T;)

dy(t) = dy — V (¢, Ti-1,T;)
(2.6.5)
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Just as for the year-on-year inflation swap, the price depends on the volatility of
real rates. In the following sections we will present two market models that have
been proposed as an alternative for valuation of inflation linked instruments. The
models strive to arrive at valuation formulas , where the input parameters are more
easily determined than in the short rate approach of the Jarrow-Yildirim model.
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Chapter 3

Market Model | - A Libor Market Model
for nominal and real forward rates

3.1 Year-On-Year Inflation Swap

By a change of measure, the expectation in (1.2.21) can be rewritten as

P (Tioa, T;)

Po(t, Ti) BT [P(Tia, T)| i) = Pa(t, T BT [P(Tm

d

3.1.1
1+Ti'Fn<ﬂ—1771i—1>71i) ( )

= P,(t,T;)ETi
n( Z) 1+7_Z"F7“(11i7171—’i7171—‘i)

;

where 7; denotes year fraction between T;_1 and T; and Fy : k € {n,r} denotes
the simply compounded forward rate. The expectation can be evaluated if we
know the distribution of simply compounded nominal and real forward rates under
the nominal T;-forward measure. This inspired Mercurio[2] to choose them as the
quantities to model, with the following dynamics under Q¢

dFn(t, Ti-1,T3)

= 0y dWy;(t 3.1.2
Ty el (3:12)
And under Q%
dF.(t,T,-1, T))
———— =0, dW,(t 3.1.3
Bt Tty (3:13)
To obtain the dynamics of the real forward rate under Q% |
adjustment using Proposition (A.1.1) to find that under Q%

we compute the drift

dF,(t, T,1.T)

Ft. T T = —0,i071,ipIridt + op i dW, ;(t) (3.1.4)

where 0, ; and o0;.; are positive constants and py ,; is the instantaneous correlation
between I(-,T;) and F,.(-,T;—1,T;).
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Since I(t)P-(t,T) is the price of the inflation linked bond, which is a traded
asset in the nominal economy, it holds that the forward inflation index

Pr(tv T’L)

(3.1.5)

is a martingale under Qi where it is proposed to follow log-normal dynamics

dZ(t,T;)
— AW 7 - 1.
I(t, Z) U]Jd I,z(t) (3 6)

where o7 ; is a positive constant and Wy ; is a QZZ’ brownian motion.
Mercurio noted that under QX' and conditional on F; the pair

Fo(Tim1, T, T5) 1 Fr(Ti—laTi—laTi)) (3.1.7)

X‘,Y = (h’l , AN
(X, ¥i) Fo(t, Ti-1, Ti) Fu(t,Ti1, To)

is distributed as a bivariate normal random variable with mean vector and covari-
ance matrix, respectively given by

fha,i (1) J?cz‘(t) Pnriaxi(t)gyi(t)
My y. = [F=0\9 1y = ; e, : 3.1.8
Xo¥, [uy,i(t)] Xy, [pn,r,m,xt)ay,@-(t) o2 (t) (3-18)

1
Hai(t) = —yZ,ATi_l —1), 0wi(t) = oniy/ (Ti1 — 1)
fyi(t) = {—2034 - pI,r,iUI,iUr,i] (Ti—1 —t), o0yi(t) =0/ (Tiz1 — t)

We recall the fact that the bivariate density fx,y;(z,y) of (X;,Y;) can be decom-
posed in terms of the conditional density fx,y,(z,y) as

in,Yi (x7 y) = in|Yi(x7 y)sz (y)

where

T—piai(t) y—pya(t)]?
(S22 = pud Tyall) |

2(1 - p%,r,i)

exp § —

1
02i(t)V2m, /1 — pimi

1 v mao]
fﬁ(y)—am(t)mexp{ 2[ O'y,izét) ] }

Noting that

Fo(Tio1, Ti—1,T;) = eXi By (t, Ty—1, T;)
Fp(Tio1,Tio1,T;) = €V Fu(t,Ti—1, T))
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3.1. YEAR-ON-YEAR INFLATION SWAP

, the expectation in (3.1.1) can be calculated as

—0 1+T¢FT(t, TZ_I’T)ey Y;
s . . H*Myyi(t) 1 9 1
_ /+OO 1 +TiFn(t’717:_1’n)euz,L(t)J"pn,T,zaz’l(t) Uy’i(t) +2011(t)[ pnrl]f ( )d
. 1+ 7 F(t,Ti—1,T;)eY v (y)dy
1 o
= by pei(t) = —fa‘,% ,(t) and variable substitution z = w
| . y,i(t)
/ 0 14 Byt Ty, D)o O 37O 1
= e,
L+ 7 Fy (t7 ,I‘ifl, Ti)e“y,i(t)"rgy,i(t)z \/%

so that
YYIS(t, Ti—1, T}, 05, N)

N¢ P (t T)/+OO 1 +TzF (t Tz 1,T) Pn,riCx, z(t)zféog,i(t)l)%,,«,i 1 7%22d
= i ' e z
iLn\l, Lj oo 1 +TiFr(t,E71,T‘i)6“y’i( )+oy,i(t)z /271'
— NP, (t,T;)
(3.1.9)

Some care needs to be taken when valuing the whole inflation leg. We can’t simply
sum up the values in (3.1.9). To see this, note that by (3.1.5) and the assumption
of simply compounded rates we have

I(tvﬂ) - 1 +TiFn(t7Ti—17Ti)
I(t,Tio1) 14+ 7F(t,Ti1,T)

(3.1.10)

Thus, if we assume that o7, 0y, ; and o0,.; are positive constants then o7 ;1 cannot
be constant as well. It’s admissable values are obtained by equating the quadratic
variations on both side of (3.1.10). For instance, if nominal and real forward rates
as well as the forward inflation index were driven by the same brownian motion,
then equating the quadriatic variations in (3.1.10) yields

i (¢, Tie1, T) o TiFn(t, Tio1, To)
L+ nFp(t, T, T) " 1+ 1By (t, Tioa, Th)

Oli—1 =015+ 0Or;

Mercurio applied a "freezing procedure' where the forward rates in the diffusion
coefficient on the right hand side of (3.1.10) are frozen at their time 0 value, so that
we can still get forward inflation index volatilities that are approximately constant.
In the case where all processes are driven by the same brownian motion, equating
the quadratic variations would yield

7 F (0, Ti—1, T;) o 7 F (0, Ti—1, T})
1+ 7F(0,Ti-1,T;) "1+ 17F(0,Ti-1, Th)

01i-1~ 0+ Orj
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Thus, applying this approximation for each ¢, we can still assume that the volatil-
ities o7 ; are all constant. The time ¢ value of the inflation leg is then given by

I(t
YYIIS(t, T, ¥, N) = Nib, I(Tit))l)P (. Tywy) — Pult. Ty))
M R I N O P I W
! NL(t)Z-i‘l szﬂ(t?T;) ) [oo 1+ TiFr(t,T’iflaT’i)euy”(t)—i_ayv’(t)z vV 271'6 el

(3.1.11)

where we set T := {T1,--- , T}, ¥ := {¢1, - ,¥n}, o(t) = min{i: T; >t} and
where the first cash flow has been priced according to the zero coupon inflation leg
formula derived in (1.2.13).

At t =0 we get

YYIIS(0,7,¥,N) = Ny [P.(0,T1) — P, (0,T1)]

/"‘OO 1+ 7,F,(0,T;—1,T))e Prri02,i(0)2=307 ()07 5 1 1

M
+ N i Pr(0,75) %
22:%/% (0, T3) - 1—I—TZ'FT(O,n—l,n)euy’l(0)+ay’l(0)z fon

/+OO 1+TzF (0 TZ 1,T) Pr,ri0z,i(0)2—3 Esz(o)pi,r,i 1 1.9
—00 1+ TZ'FT(O,ﬂ,l,ﬂ)eﬂyﬂ(o)"'ﬁy,t(o) O
(3.1.12)

M
:Nz¢ipn(0 T
1

The price depends on the following parameters: the instantaneous volatilities of
nominal and real forward rates and their correlations for each payment time 7; :
{1 < i <= M}; and the volatilities of forward inflation indices and their correlations
with real forward rates for each payment time T; : {1 < i <= M}.

This formula looks looks more complicated than (2.5.12) both in terms of input
parameters and the calculations involved. Even with approximations made, we fail
to arrive at a closed-form valuation formula for a benchmark inflation derivative.
And as in the Jarrow and Yilidrim model, the price depends on a number of real
rate parameters that may be difficult to estimate.

3.2 Inflation Linked Cap/Floor

Applying iterated expectation on (1.2.23) we get

ILCFLT(t, T, 1, T, i, K, N W)
)

— N 0n) A\
= Ny P, (t,T;) ET [w( T K) Ft]
. (1) + (3.2.1)
= Nty Py (t, T;) E" _ET [ w(I(TZ 5 K) JrT—l‘| th‘|
= NUPA (L T)ES | g B [0 ((T) ~ 1T K| ]| 7
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3.2. INFLATION LINKED CAP/FLOOR

It is clear the the evaluation of the outer expectation depends on if one models
the forward inflation index(as presented in Market Model II), or the forward rates,
which is the approach of Market Model I.

Assuming log-normal dynamics of the forward inflation index as defined in
(3.1.6) and using that I(T;) = Z(T;,T;), yields the inner expectation as

E™ (o (I(Ty) = KL )Y | Fra] = B [[w (T, ) = KI(Ti, Ti))]F| Froa
I gy + 307G~ Tioy)
orivVITi —Ti1

In I(Ti—1,T3) 2 (T T )
KI(Ti1,1i-1) 291 i—1
— WKI(Ti_1)®
wKI(Tim1) (“’ UMW

= wI(Ti,l, TZ)(I) (w

Hence
ILCFLT(ty ﬂ—l) E) ﬂh', Kv Na w)
I(Ti—1,T;
I(Ti-1,T;) > wln KI((Ti,ll,Tizl) +507;(T; — Ti-1)
I(Ti—1,Ti—1) orivVTi — Ti—q
ft]

T 1,T;

o rrtrt ~ 39740 — i)
OliV T, — T

And by the definition of Z(7;_1,7;—1) in (3.1.5), and the choice to model simply

compounded real and nominal forward rates, we note that

= WN; P (t, T;) E™

(3.2.2)

I(Ti-1, T3) 1 + 1 E(Ti—1, Ti—1,T;)
I(Ti-1,Ti—1) 14+ 7F(Ti1, T, Th)

(3.2.3)

, so that we get the Caplet/Floorlet price as

ILCFLT<t7n—17TZ'a1/}i7K7N7w)
14+ 7 F (T, Ti 1, i
U+ riF (Tio, D1, 7 ® (wdi0) — K (‘*’dm)’ft}

T;)
T;)
In 1473 Fo (T — 17Tz 1, ))}—F le(T T, )

= WN; P, (t,T;) ET

di (t) _ K[1+TzFr(Tz 17 i—1, T;
! orivTi — Tt

dy(t) = di(t) — o131/ (T; — Ty-1)

We recall the assumption that nominal and real forward rates evolve according
o (3.1.2) and (3.1.4) and utilize Mercurios freezing procedure described earlier,
yielding constant forward inflation index volatilities volatilities. Again we use that,

(3.2.4)
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CHAPTER 3. MARKET MODEL I - A LIBOR MARKET MODEL FOR NOMINAL
AND REAL FORWARD RATES

under these assumptions, the pair (3.1.7) is distributed as a bivariate normal random
variable with mean vector and covarience matrix given by (3.1.8). And so we can
evaluate the expectation in (3.2.4).

The dimensionality of the problem can be reduced by assuming deterministic
real rates. As a consequence, the future rate F,.(T;—1,7T;—1,T;) is simply equal to
the current forward rate F,.(t,T;—1,7T;), so that we can write the Caplet/Floorlet
price as

ILCFLT(t, Tl',l, TZ', @Z)Z', K, N, w)
14+ 7iFn(Tic1, i1, To)

W wz n(7 l) 1+TiFr(t,ﬂ—laﬂ)

@ (wdi(t)) — K@ (wdb (1)) ' ft}
(3.2.5)

And since the nominal forward rate F,,(-, T;—1,T;) evolves as specified in (3.1.2), we
have

ILCFLT(t,T;—1,T;,¢i, K, N,w)

o0 1 1 +%3<T1f>>2 (3.2.6)
= WNwan(tu ﬂ) / J(.T) e 2 onin/Ti—1—t d
- oniv/2m(Tim1 — 1)
where
147 Fn (t,T5—1,T5)e” 1
J(z) = L+ 7 Fy(t, iy, Ti)exq) wln K[lTJrTizgy(t,Til_l’%«ei)} + 50%7;(11 —Ti1)
1+ mE(L T, T o1V — Tt

1+ iFn(thi— ,T,L) T 1.2
K wln K[1T+TiFr(t,Til_h£)] — 50-171'(Ti — Ti—l)
oriVTi = Tic1

The time 0 price of the Inflation Indexed Cap/Floor is then obtained by summing
up the respective caplets/floorlets

M
ILCF (0,7, ¥, K,N,w) = Y ILCFT(0, T;_1,T;, ¢, K, N,w)
=1

N [P0, (w 0)) — K070 (w5 (0)] 327

M o 1 1(””5":”—1)2
2\ onivTic1
+wN P, (0,T; / J(0, ) —————=e¢ ’ dx
S wi0.1) [ I0.0) e

The advantage of Market Model 1, is that it is based on modeling observable quanti-
ties, i.e. the individual forward rates. A clear disadvantage in comparison with the
Jarrow-Yildirim model is the , relatively, more complicated Caplet/Floorlet prices.
Even though we made the unrealistic simplification that real rates are deterministic,
we still end up with a "non closed-form" price formula.
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Chapter 4

Market Model Il - Modeling the forward
inflation indices

4.1 Year-On-Year Inflation Swap

Both the Jarrow-Yildirim Model and Market Model I share the drawback that
they depend on the volatility of real rates, which might be a difficult parameter to
estimate. To remedy this, a second market model has been proposed by Mercurio|2]
and Belgrade, Benhamou, and Koehler[4]. In Market Model I, Mercurio modeled
the respective nominal and real forward rates for each forward date T;. The core
property of Market Model II is the choice to model each respective forward inflation
index Z(-,T;).

Using that I(T}) = Z(T;, T;) and that Z(t,T;) is a martingale under Q¢ we can
write, for ¢t < T;_4

[ I(T3)

L I(Ti-1)
[ (T, T)

= NuiPo(t, T E™ | =

vibalt, T2) | Z(T5-1, Ti-1)

[ I(T;-1,T0)

_I(Cri—hﬂ—l)

YYIIS(taﬂ—lyTa w’taN) = szan(t7ﬂ)ET’ - 1’ft:|
_ 1‘3] (4.1.1)

= Ny P, (t, T;)ET:

~1|7]

The dynamics of Z(t,T;) under QI is given by (3.1.6). Applying the toolkit in
proposition (A.1.1) yields the dynamics of Z(t,T;_1) under Q7 as

dZ(t,Ti—1) o Tioni (T, T)
I(tvﬂfl) Al 1 +Fn(t7Tiflan)

PIn,idt + dWI,il(t)} (4.1.2)
where 071 is a positive constant, Wy;_; is a Q-Brownian motion with
AWr,i—1(t)dWr,(t) = prdt
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INDICES

and prp; is the instantaneous correlation between Z(-,T;—1) and F, (-, Ti—1,T;)
We see that the dynamics of Z(-, T;—1) under QX depends on the nominal forward
rate F,(t,T;—1,T;). To simplify the calculation in (4.1.1), Mercurio proposed to
freeze the drift in (4.1.2) at it’s current time ¢ value. By this freezing procedure
I(T;_1,T;—1)|F; is lognormally distributed also under QIi. And since integration

by parts on d %(t’ ’)) yields

I(t,T})

dI(ty 117, 1)

TigniFn(t;Ti—laTz’)
: ; +01i-1— 0ripr;|dt
U4 Fo(t, Ty, Ty) Vot Okt = 0Ll (4.1.3)

+ori—1dWri1(t) + o1,:dWr,(t)

=07,i-1 {

, freezing the drift at it’s time-t value and noting the resulting log-normality of
Iﬁ(?ﬁ)ﬂ, enables us to calculate the expectation in (4.1.1) as

ETi |: I(Ti—hn) ]:t:| _ I(tyTz) eDi(t)
I(Ti—1,Ti—1) Z(t,Ti-1)
where
Ti0n,i Fn (t, Ti—1, T}) }
Di(t) = o7 , o (T — ¢t
'L() 0J,i—1 |:1+7—1F (t T,_ I’T)plnz"‘o-lz 1 —0I1iPI,i ( i—1 )
Thus

YYIIS(t, Ty, T, thi, N) = NbiPa(t, )[I(t )eD')—l}

(t,
Bt Ti))Pr (6. T5) oy 1]
P,(t ,T 1) P (t, T;)

(4.1.4)

— NP (0. |

And we get the value of the inflation leg as

M
FN Y WPt T) [Ift(t’Ti)eDi(t)_l}

i=u(t)+1

= N9, l 1)

I(T,1)-1)
M
+N > U |:Pn<t7Ti—1)

i=u(t)+1

Pr(t, Tyy) — Pu(t, Ty ))]

Po(t,Ty)

D;(t) _ P T. ]
Pr(tal—ri—l)e n(t7 Z)

(4.1.5)

where we set T := {Th,--- ,Tp}, ¥V := {¢1, - ,¥m}, ¢(t) = min{i : T; >t} and
where the first cash flow has been priced according to the zero coupon inflation leg
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4.2. INFLATION LINKED CAP/FLOOR

formula derived in (1.2.13). In particular at ¢ = 0

YYIIS(0,7,¥,N) = NZM {I%OTT)l)eD*O)q]
=N¢1[ (0, T1) — Pn(0,T1)]

P.(0,T7) (4.1.6)

+N2w@[ O LD 50,17

PO Po(0.1))
1=2

M +
1+ 7F,0,T-1,T3) p.o ]
_—NE ; P,(0,T; [ 7 71 -t
2 sz n(> 1)|:1+7'Z T(O,E—h i)e

This expression above has the advantage of using a market model approach com-
bined with yielding a fully analytical formula. In addition, contrary to Market
Model I, the correction term does not depend on the volatility of real rates.

A drawback of the formula is that the approximation used when freezing the
drift may be rough for longer maturities. In fact, the formula above is exact only
when the correlations between Z(-,T;—1) and F,(-,T;—1,T;) are assumed to be zero
so that the nominal forward rate is zeroed out from D;.

4.2 Inflation Linked Cap/Floor

From (4.1.3) and again freezing the drift at it’s time ¢ value, we obtain

I(Ti—bTi) I<t7Ti> 2 2 )
In ——~—"-"""_ ~ N | =——"<+Di(t) = Vi*(t),Vi*(t 4.2.1
g | B N (g + D) = VA VA (12.1)
where
Vz(t) = \/[U%,i—l + U%,i - 2/)[71'0[,1‘_10[711 [Tz‘—l - ﬂ (4.2.2)

Choosing to model the forward inflation-index in (3.2.1) then yields
ILCFLT(tv zq’ifla z_’ia 17[12', Ka Na w)
T;
ItTi)  pitg wln ez + Dilt) + Vi)
Z(t,Ti—1) Vi(t)

I(t.T) 12
e (wan(tTl S+ Di(t) — QVi(t))]

Vi(t) (4.2.3)

B 1+ 7t Tie,Th) py i i ]

— WNGP(ET) [HHF e (wdi(®)) — K (wdi(t))
1+7 Fn(t,Ti—1,

(1) = In K[l-l—nFr((t T T))] + D;(t) + 3VA(t)

B Vi(t)
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where

Vilt) = \JVE(t) + 03, (T; — Ti 1)

The price at time ¢ of the Cap/Floor is obtained by summing up the individual
caplets

ILCFL(t,7,¥, K, N,w)
M

=Y ILCFLT(t,T;_1, T}, ¢, K, N,w)
i=1

M

E 1+ 7F,(t, Ti—1,T;
=wN ¢1Pn(t,n)[ + 7 n(, i—1, 7,) D

=1

T EGT T (wdi (1) ~ K@ (wdé(t))]

(4.2.4)

As in the YYIS price (4.1.6), the Cap/Floor price depends on the instantaneous
volatilities of forward inflation indices and their correlations, the instantaneous
volatilities of nominal forward rates and the instantaneous correlations between
forward inflation indices and nominal forward rates. And again, there is no depen-
dency on the volatilities of real rates and the formula is analytic.
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Chapter b

Calibration

5.1 Nominal- and Real Curves

2.5 T T T T T
2 - -
Nominal Zero—Coupon Curve
15 Real Zero—Coupon Curve
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o
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|
o
Ul
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!

_1.5 1 1 1
0 5 10 15 20 25 30

Maturity(years)

Figure 5.1: Calibrated Euro Zero-Coupon Curves, 13 jul-2012

We need to extract the nominal zero-coupon rates, P,(0,7;) from the swap
quotes, S(T;), that we showed in Figure 1.1. The fixed leg on the EUR denominated
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N
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Figure 5.2: Calibrated Euro Forward Curves, 13 jul-2012

swaps rolls on a yearly basis, yielding the simple relation
_1-PO,T)
Z;:l P (O’ T])

, so that for all maturities {T;,7 > 0}, we can iteratively back out the zero-coupon
rates as

S(T;) = (5.1.1)

1-S(Ty) X2y P(0,Ty)
1+ S(Ty) (5.1.2)
P(0,Ty) = P(0,0) := 1

P(OaTi) =

To obtain the real zero-coupon rates, we take the break-even inflation rates, b(T;),
that we showed in Figure 1.1 and apply (1.2.16), i.e.

P.(0,T;) = P,(0,T;)(1 + b(TZ,))Ti

The resulting nominal and real spot rates are shown in Figure 5.1. The correspond-
ing forward rates are displayed in Figure 5.2.
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5.2. SIMPLIFIED JARROW-YILDIRIM MODEL

5.2 Simplified Jarrow-Yildirim Model

As a starting point for our calibration, we consider a simplistic model with the
following evolution of the inflation index

dI(t

I((t)) = [rn(t) — rr(t)] dt + O'IdW[Q(t) (5.2.1)
where the nominal and real short rates, r,(.) and r,.(.), are (unrealistically) assumed
to be deterministic. And the inflation index volatility, o , is constant. In this model,
the Fisher equation is still preserved since.

Joe [II%)‘ ;t] _ o @) ru()du (5.2.2)

Note that, by Proposition (2.3.1) , this model is equivilant to the Jarrow-Yildirim
model with o, = 0, = 0. Since there is then a 1-1 correspondence between Year-On-
Year Floor price and implied wvolatility, we can recover the implied Floor volatility
surface, as shown found in Figure 5.3.

The Floorlet volatility surface is constructed as follows. First, we construct the
Floorlet prices by bootstrapping the quoted Year-On-Year Floor prices. Since we
are only dependent on the inflation index volatility parameter, we may then - for
each Floorlet with expiry T; and strike K; - imply the corresponding inflation index
volatility o7, k,. The result is displayed in Figure 5.4.

Clearly, the skew shape of the Floor surface and the rifled wing shape of the
Floorlet surface indicates that the assumption of a single constant volatility is not
realistic. However, the simplistic model can still be of some use. When pricing
Inflation Caps/Floors, it can be utilized as a volatility parameter(by interpolating
in strike and expiry dimensions) to retrieve the appropriate volatility.
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15

1 25

Maturity(years) Strike(inflation rate)

Figure 5.3: EUR Year-On-Year Inflation Floor Volatilities, 13 jul-2012
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15

, Strike(inflation rate)
Maturity(years)

Figure 5.4: EUR Year-On-Year Inflation Floorlet Volatilities, 13 jul-2012
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5.3 Jarrow Yildirim Model

5.3.1 Calibrating nominal volatility parameters to ATM Cap volatilities

90 T T T T T
+  ATM Cap Volatilitites

80

\‘
o
T
1

ATM Volatility (%)
(2]
o

50 y
a0t : -
30 L I I 1 e ! S .

0 5 10 15 20 25 30

Maturity(years)

Figure 5.5: EUR ATM Cap Volatility Curve, 13 jul-2012

By the choice of nominal volatility function, pricing a nominal Cap under the
J-Y model renders the well known Hull-White Cap/Floor valuation formula. We
may then estimate the nominal volatility parameters with the following scheme. For
each maturity T;, we observe the ATM Cap (Black) volatility quote, O',L»ATM, shown
in figure 5.5, and the accompanying ATM strike level KATM. We can then fit the
nominal volatility parameters k,, o, by performing a least squares optimization

over
Hull-Whit: ATM Black ATM _ATM
Cap " ! e(t7ﬂ7¢i7Ki 70—717’{"’77,) - Cap ac (t7n7¢17[(1 , 05 )

From the resulting theoretical Hull-White prices we then back out the implied Black
volatility. The result is shown in Figure 5.6. The fit is not too bad in the long end of
the curve. In the short end, we suffer from the limitations of our choice of nominal
volatility function. The exponentially declining form of volatility can not recover
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5.3. JARROW YILDIRIM MODEL

the "hump" observed in the short end of the curve. However, note that although it
was the choice of Jarrow and Yildirim , the J-Y framework is not limited to Hull-
White term structures. We are free to choose other volatility functions for a better
fit to Cap/Floor volatilities.

The implementation of nominal volatility structure calibration is a subject in
itself and is beyond the scope of this thesis. We simply point out that we are free to
choose a nominal volatility structure, other than that of Hull-White. For instance,
had we set 0,,(t,T) = o then we would have rendered a Ho-Lee term structure.

250 T T T T T T T T T T T T T T T
Market ATM Volatilities
O O  Model ATM Volatilities
200+ -
m
= O
c . .
£ 150
o
0
(7]
®©
L
8 100 © .
o o
@)
. . . (.)
50 b 04 - -
OOOO@OOOO@OOOO@OOOO(
0 1 1 1 1 1

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29
Maturity(years)

Figure 5.6: EUR Market vs Model ATM Cap volatilities, 13 jul-2012

5.3.2 Fitting parameters to Year-On-Year Inflation Cap quotes

The remaining parameters to estimate are {k,, oy, o1, pnr, p1r p1n - All these param-
eters enter the YoY inflation Cap/Floor valuation formula, so that we may attempt
to calibrate to market prices. However, given the indicative shape of the volatility
surface recovered in the previous section, we know that we cannot fit to the whole
surface. Removing the two OTM contracts at strike 0 and 0.5 still results in high

39



CHAPTER 5. CALIBRATION

relative errors as shown in Figure 5.7. Excluding the longer dated contracts from
the calibration (Figure 5.8), still results in a poor fit.

We conclude that we must restrict ourself to the (closest to) ATM contract and
restrict the expiry dimension to get a reasonable fit, as shown in figure in 5.9. The fit
in the expiry dimension can be improved by choosing more sophisticated volatility
functions for the real rate and the inflation index. The presence of a "strike skew"
however, makes calibration unfeasible for non ATM contracts.

60 -
= 40\
S
S
W 20
()
2
©
¥ 0-
~20-

Strike(inflation rate)

Maturity(years)

Figure 5.7: Relative Error, EUR Year-on-Year Inflation Floor Model Prices, 13
jul-2012
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Relative Error(%)

6 25 Strike(inflation rate)

Maturity(years)

Figure 5.8: Relative Error, EUR Year-on-Year Inflation Floor Model Prices, 13
jul-2012
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Relative Error, Strike = 1.5%

Relative Error(%)

_3 1
1 2 3
Maturity(years)

Figure 5.9: Relative Error, EUR ATM Year-on-Year Inflation Floor J-Y Model
Prices, 13 jul-2012
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5.4 Market Model Il

5.4.1 Nominal volatility parameters

For each maturity T; we need to estimate the volatility , oy, ;, of the (simply com-
pounded) nominal forward rate F,(-,7;). By the log-normal dynamics of F,(-,T;)

we get an automatic calibration to the quoted (Black) cap volatility JZATM.

5.4.2 Fitting parameters to Year-On-Year Inflation Cap quotes

The remaining parameters to estimate, for each each maturity {7;,7 > 2}, are

{011,013, PL,i» PImsi }

The fitting procedure is run iteratively. That is, o7 is directly obtained from the
1-Year Floor, since it depends on no other unknown parameters. We then proceed
to use least squares estimation to fit the rest of the parameters to the corresponding
Floor prices. The resulting price error surface is plotted in Figure 5.10.

Since each expiry has it’s own set of parameters, there is no need to restrict
the number of contracts in the expiry dimension. The skew in the strike dimension
however, results in a poor fit if we want to include non ATM contracts. From
the figure, it’s clear that if we assume constant volatility in the expiry dimension,
then OTM contracts are underpriced and ITM contracts are overpriced. As in
the J-Y model, we must restrict ourselves to (close to) ATM contracts to recover
market prices. Or alternatively, take the "practitioners approach" and imply a set
of parameters for each Expiry/Strike pair.
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Relative Error(%)

Maturity(years) 0

Strike(inflation rate)

Figure 5.10: Relative Error, EUR ATM Year-on-Year Inflation Floor Market Model
II Prices, 13 jul-2012
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Chapter 6

Conclusions and extensions

6.1 Conclusions

In this thesis, we have presented the market for inflation derivatives and compared
three approaches for pricing standard contracts.

The first approach is a HJM framework where we have set a Hull-White term
structure both for the nominal and the real economy. The result is analytically
tractable prices for Year-On-Year Inflation Swaps and Caps/Floors. A practical
downside is that it requires real rate parameters that are not trivial to estimate.
Furthermore, the model cannot be reconciled with the the full volatility surface of
inflation Caps/Floors. That is, since the model does not account for the "inflation
smile" it can only be calibrated to ATM contracts.

The second approach is a market model were the modeled quantities are the
simply compounded nominal and real forward rates. The advantage of this approach
is that is that it models observable quantities, i.e. the forward rates. The downside
is that it leads to non-closed form prices of the standard contracts. And it still
requires the estimation of real rate parameters. Finally, the forward rate is assumed
to follow a Log-Normal distribution, which may not be a realistic assumption in the
presence of negative real forward rates.

The third approach models the respective forward inflation indices. By usage
of "drift freezing" approximations , this approach leads to closed form prices of the
standard contracts. And there is no dependence on real rate parameters. Fur-
thermore, the nominal volatility parameter is automatically calibrated to quoted
nominal cap volatilities. And since each respective forward inflation index is mod-
eled, adding contracts in the expiry dimension has no negative impact on calibration
performance. Of the models evaluated, this approach seems the most promising. In
the strike dimension however, the smile effect makes it difficult to reconcile OTM
contracts.

45



CHAPTER 6. CONCLUSIONS AND EXTENSIONS

6.2 Extensions

In light of the conclusions drawn so far, a natural next step is to attempt to take
the inflation smile into account. There has been research in this area. Mercurio
and Damiano[6] extend Market Model II by by a stochastic volatility framework
with 'Heston’ dynamics. They produce smile consistent closed-form formulas for
inflation-indexed caplets and floorlets.

Taking a different approach, Kenyon[8] proposed that by the low inflation volatil-
ities, it’s natural to model the Year-on-Year inflation rate itself, with a normal dis-
tribution. He proceeds with proposing normal-mixture models and normal-gamma
models to take the smile effect into account. The result is closed form price formulas
that well recover the inflation smile.

As a final note, Mercurio and Damiano[7] developed a framework that leads
to SABR-like dynamics for forward inflation rates, and closed-form prices for the
standard contracts.
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Appendix

A.1 Change of numeraire

The following proposition is taken directly from [3].

Proposition A.1.1 (A change of numeraire toolkit)
Consider a n-vector diffusion process whose dynamics under Q° is given by

dX(8) = % (1) + ox (HCAWS (1)

where W* is n-dimensional standard Brownian motion, 15 (t) is a n x 1 vector ,
ox(t) is a n x n diagonal matrix and the n x n matrix C is introduced to model
correlation, with p := CC’

Let us assume that the two numeraires S and U evolve under QU according to

ds(t)
dU (¢)

(- )dt + o° () CdWY (1)
(--)dt + oV ()Caw'¥ (1)

where both 0 (t) and oV (t) are 1 xn vectors , WU is n-dimensional standard Brow-
nian motion and CC" = p. Then, the drift of the process X under the numeraire U
is

o)  oY(t)

pS(t) = pS(t) — ox(t)p ( Sty U®) )
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