Robust Control with Classical Methods—
QFT

Per-Olof Gutman

« Review of the classical Bode-Nichols control problem

¢ QFT inthe basic Single Input Single Output (SISO) case

¢ Uncertainty and Fundamental Design Limitations

« QFT for non-minimum phase and computer controlled systems

« QFT for cascaded systems, and for a class of non-linear plants

* QFT for Multi-Input Multi-Output (MIMO) plants

« A comparison between QFT and other robust and adaptive control
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QFT for aclassof non-linear plants

* Theprinciple
« Toobtainthe LTIE set

- The Barrel analogy

- Examples
e LTI design
« Convergence for the non-linear system
- use of Brouwer fixed point theorem
Exercise
Non-zero initial conditions, ...
Cancellation in non-linear QFT
Design of A
Example
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Theprinciple
G(s) H w td

¢ Procedure: Replace the
non-linear plant set ‘W by

alinear timeinvariant
equivalent LTIE set L.

» Assumptionsin the basic
case treated here:
- Zeroinitial conditions

% Fis)

* WeWisanon-linear plant

» Objective: For aspecific
input r(t) it isrequired that
the output y(t) be a member

of an acceptable set  for
al WeWw .

- No disturbance inputs

* Reference: Horowitz,
ch1l
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Toobtainthe LTIE set

* Choose one y;(t)e Y, and one plant W, e W, and solve for
the plant input,
uft-wiyy)

« Define P}[S)ﬁL{yi[t]}/L{U‘j[t]] asthe LTIE of W, w.rt. y(t).

o L{y(t)} must exist
« For given yi(t), u t=w;ty 't must be uniqueand Laplace
transformable. C
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The barrel analogy

. yi(® W e
y ui[t)=w T4 w
Pi[s2 L{yi[t]} L{u'][t)]
>
L
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Examples
o W:y=4u2 o W:y=ku? ke[1,4]
o ¥ :{at>0,ese0},||* ¥:{at>0; dse0},
as[19] ae[1,9]
e y=a= u:\/a/Z e yma= u:\/a/\/k
o« Pyylu=2Vae[26]||* Py=ylu=V(ka)e[1,6]
» Note: even w/o un-

certainty in ‘W, P,
becomes uncertain!
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Examples, cont’d
o« W: y{t]+Hy2[t): Ku[t), He{Hl,Hz}, Ke{Kl,Kz} y[o]:%o]:o

. I |aea, A ae{ls,sﬂ
Y K
sY(sj+H L{yZ[t)]: KU(s) :Peq[s)—u(s)—?
Y[s):,s/[sﬂgf 3 s+ HLly [t][/gf[sj]
yz[tjz A2t2e-20t L+y2[t]}:2A2/[s+20'] K[s+2a)3
Peq[s]: ‘ [s+a]2= s+2a3+2H s+0:2
s 202 (ST §s+20] +2HAs+a|

[s+20x]
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LTI design

* With P(s) defining aset of LTI transfer
function, design the feedback compensator
G(s) and prefilter F(s) such that the closed loop
around P'(s) satisfies the specifications defined
by ¥ and corresponding r(t).

» Will the closed loop around We W a so satisfy
the specifications?
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Convergencefor the non-linear system

» Defineamap @: Y(jw) — C, with F(s), G(s) continuous,
P il
1+ P]![S)G[sj
» Suppose that there exists afixed point, i.e.  Y'=d(Y")
* Recall that Pi(s) = Y(s)/ Ui(9) =
() UI[s+Y(s6(9

, S=jo

« then Y"isthe output of the closed loop system around W.
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Non-linear convergence, cont’d

e If thereisapair F(s), G(s) such that ® hasafixed
point for all Pi(s) , then the output of We ‘W belongs
to the acceptable set V.

* Conditionsfor the existence of fix points (Special
case of Shauder’sf.p.t. called Brouwer’sf.p.t):
1) L{#} convex, compact; Y(jw) is continuousin @
1) o:{H ->{HA
2) @ iscontinuous
3) 1+ Pi()G(s) areanalyticin RHP.
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When do F(s) and G(s) exist such
that a fix point is guaranteed?

1. P(s) isminimum phase, and u'(t) is
uniformly bounded

2. A uniform bound exists for the unstable
polesof P(s) _

3. Ass—e, Plsoki/sT where Agi<l
(may be relaxed)

P-O Gutman
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Exercise: van der Pol plant

o W YHAY By2—1]+Ey= Ku, y{o]= y{o]: ;{0]:0
Ae{l,3, BEM, Ee{fz,l}, Ke{31,124}
o ¥ Y(9=T(9R()

T(s12480 (5+2 , ze[1200
9="2 [s+2][s+3][s+4][s+20] {l }

R(s|=Qss, 26{0,2}

* Find P(s), and design G(s) and F(s)!
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Non-zeroinitial conditions,
disturbanceinputs, ...

¢ See Horowitz, ch. 11
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Cancdlation in non-linear QFT

* Problem: In the ”Barrel Analogy” method, the
LTIE plant set, P, isuncertain even if Wis
certain.

« Solution: "Cancellation” at the nomina plant.
Choose anominal plant W, and find a network
A such that Wy(A(V)) = LY H(s)V()}, where
H(s) isfixed LTI.
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Cancdllation, example

o W:y=4u?
e ¥ :{a t>0; e 0}, ac[1,9]

e W:y=ku? ke[1,4]
¥ :{a t>0; else 0}, ac[1,9]

» y=a= u=Vahk

e y=a= u=va/2 o Peq:y/u=\/(ka)€ [1,6]

P=Ylu=2Vae[2,6]

A w y v 4 u w y
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Designof A 1 4 [+ »

* Desired: y(t)= h(t)*v(t) or Y(s)= H(s)U(s)
» Thenon-linear plant is described by
W NLy=N,u=z, or y=N,Ngu, or u=N;N,y

A W,
z - | y=h*
LHN,,o[h*v]H Nyl HLH Ny, H N1 P v

Example
W: Nay=y+¥y2signy|=ku=N,u, \Pe{l,G}, ke{l,z}
Y Y(9)=T(9)R(s)
R(s)=M/s, Me[-10,10]
T(s)=w,H(s*+2Lw,s+tw,2),w,e[0.7,4], (e[0.7,1.2]
e Designof A

Choose nominal =6, k=1
NyoU=Kou=2 = U=(1/Kp)Z=Nyy 1z 1N

N = Nao[h*v): h*v]+6[h*v)25igr{ h*v]:z

A

T

s Py =yiv=4 Pey =yiv=k e[14]
« Note: with zeroi.c., L{y}:sH[s]\/[s):y:h*v
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Example, cont’d

N[h*v] z"

.. for Wy Ngy= No[h* G{h* sgr{h*

VSHT }_ﬁz)ﬂ

» So, for W:

(s sl L
A

=|h*v =z giving A:

1<
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Example, cont’d
j }(ﬁ Vk,=1
* Theeguation for the plant with cancellation, y=WAv
2

y=y+WPy2s gn[y):[k/ko){[h* vJ+6{h*v) sign[h*v]} ‘}‘e[l,G}, k e{l,Z

* Find LTIE Y(s)/V(s) asabove.

* Alternatively, find LTIE Y(s)/X(s) with X(s)=H(s)V(s)
* Notethat H(s) is known, and arbitrary.
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Example, cont’d
e Templates with k=1

WLRHRAIRIIOT: KT = K = S+ LYY SIgn YIY(s) {1

4s) M
ST P
W

Fig. 11-33 gp(w) no canc.

Fig. 11-32. go(w) with canc.
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Example, cont’d
Y Y(9)= T(9R(9), R(9=M/s, Me[-10,10]
T(=@(+20mst@?),qe[0.7,4], {e[0.7,1.2]
PR

Fig. 11-348,b. Lo ‘Bounds with and without canc.
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