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1 Introduction

The purpose of this lecture is to give an introduction to the the S-procedure
and its use in systems and control applications. The notion S-procedure
was coined by researches in the former Soviet union who used it in stability
analysis of nonlinear systems. Several important results in systems analysis,
such as the circle criterion, the Popov criterion, and the Kalman-Yakubovich-
Popov Lemma, are closely related to the S-procedure.

The S-procedure is really nothing but a Lagrange relaxation technique,
which mostly has been used in problems with quadratic constraints. One of
the main results that will be presented in this note is a condition for exactness
(losslessness) of the relaxation. One of the few known, yet extremely impor-
tant, cases when the S-procedure is lossless is when there is one quadratic
objective subject to one quadratic constraint. We will use this to derive the
circle criterion.

The S-procedure is useful also in cases when it is not exact (lossy). The
reason is that it can be used to obtain sufficient sufficient conditions in terms
of Linear Matrix Inequalities (LMI) for a large number of nonconvex problems
in systems analysis. It has numerous applications in analysis of uncertain
differential equations.



Figure 1: The polytope C' = co{z1, ..., x4}

The main results in Section 4 can be found in [10]. The book [1] contains
a large number of applications of the S-procedure and all our examples in Sec-
tion 5 can be derived from it. Other useful references with many applications
of the S-procedure are [5, 3|.

The note also contains some other material and examples related to the
application of LMIs in system theory.

2 Preliminary material

A set C in a linear vector space is conver if axr; + (1 — a)xs € C, for all
x1,22 € C and « € [0,1]. Furthermore, C is a convez cone if it is convex and
in addition ax € C for all x € C and all o > 0.

Convex Polytope

The convex polytope, C, with vertices at xq,...,x, € R™ is defined as the
convex hull of these points, i.e.,

C=co{xy,...,x,} = {En:ozixi:ozi >0, iai: 1}.



Ellipsoids

An ellipsoid £ with center m can be defined by

E={z:(z—m)'Q Yz —m) <1}
={z: 2" Pz +22"b+ ¢ <0}
where () is positive definite and symmetric. In the second characterization
we have P = Q7' b = —Q 'm, and ¢ = m"Q'm — 1. The size, shape,
and location of the ellipsoid is determined by m and (). The center is as we
already noted at m. The orientation of £ is determined by the eigenvectors

of @), and the lengths of the semi-axes of £ are defined by the eigenvalues of
Q. For example, consider the case when (this example is taken from [9])

3 5 4
m:LJ, and Q:L 5}.

Then () has the eigenvalue decomposition

1 1 11
e e ] [l

V2 V2 V2 V2

Hence, we get the ellipsoid in Figure 2. The volume of an ellipsoid is given
as

V(E) = k(n) det(Q)? = k(n) det((b" P~ b — c)P~1)Y/?,

where k(n) is a dimension dependent constraint. A linear transformation
of the matrix £ changes the center, shape and, location of the ellipsoid as
follows

E=AE+b={y:y=Ax+b:z €&}
—{y: (y—b—Am)"(AQA") ' (y —b— Am) < 1},

As an example, the ellipsoid in Figure 2 is projected onto the xs-axis by
a linear transformation with b =0 and A = [0 1], ie., we get

Epy = {13 Az;w € E} = {1 |1y — 4)* < 5},

See Figure 2 for an illustration.
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Figure 2: The ellipsoid £ with its semi-axes. We also see the projection of £
onto the zy-axis in which gives the ellipsoid &£,, in thick solid line.

2.1 The Schur Complement Formula

The Schur complement formula is a very useful tool for manipulating matrix
inequalities. It is often used to transform inequalities that are nonlinear in
the parameters into a linear matrix inequality.

Proposition 1 (Nonstrict Schur Complement Formula). Let @ and R be
symmetric matrices. Then the following are equivalent.

0 & 7] 20

(iil) R>0,Q— SR'ST >0, S(I - RR") =0

where RY denotes the pseudo inverse of R.

Remark 1. Let R have the singular value decomposition

R:Uﬁ 8} Ut (1)

where U is an orthogonal matrix (U7U = I), and ¥ is diagonal. Then

o
[ U7
i = [ 0 0]



Proof. We follow the proof in [1]. It is clear that the singular value decom-
position of R in (1) will have ¥ > 0. The inequality in (7) holds if and only

if
Q S S
IOHQSHI()} .
=|(ST 2 0|>0 (2)
T| | QT 1
[OUSROU ST 0 0

where [5’1 SQ] := SU is consistently partitioned. We thus need
(a) Sy = 0 which is equivalent to S(I — RR") = 0, since S(I — RR') =
[0 S| UT.
(b) The LMI
< Q Si| _ [I SV [Q—-9271T 0 I 0
0= ST v o xv? 0 I |n-128T w2
must hold. This implies that Q — S;271ST > 0 or equivalently Q —
SRIST > 0.
[

The strict version of this proposition will be used frequently in this chap-
ter.

Corollary 1 (Strict Schur Complement Formula). Let QQ and R be symmetric
matrices. Then the following are equivalent.

(i) [é?T f%} >0

(i) R>0, Q— SR™1ST > 0.
Remark 2. Note that the equality S(I — RR') = 0 in (1) is redundant since
Rt = R,

Example 1. Let P = PT be a matrix variable and let Q = Q*, R = RT
and S be given. Then the LMI

PA+A™P+Q PB+S

BTP + ST R
is equivalent to the LMIs R > 0 and PA+ ATP+Q — (PB+ S)R™*(PB +
S)T > 0. The last LMI is called a Riccati inequality. The LMIs in this exam-

ple appear in connection to LQ optimal control and the Kalman-Yakubovich-
Popov Lemma.

>0



3 Separating Hyperplane Theorem

The separating hyperplane theorem is one of the most useful results in convex
analysis. We will here discuss a finite-dimensional version of this theorem.

We first need to introduce some notation. Let V' be a linear vector space.
A linear functional on V is a function f : V — R, which is linear, i.e.
flaqvr + agvy) = a1 f(v1) + agf(ve) for all vy,ve € V and ay, s € R (we
assume V is a vector space over the real numbers). It is easy to see that
the (continuous) linear functionals on V' also make up a vector space, which
is called the dual of V' and is denoted V*. For each v* € V* the linear
functional is also denoted v*(v) =: (v,v*). In our applications we will only
consider finite dimensional Hilbert spaces (over R). Then the dual space can
be identified with V itself, i.e. V* =V and the linear functional (v,v*) is
nothing but the inner product. We will often denote the element from the
primal space V by x and the element from the dual space by z.

Example 2. The dual of the Euclidean space R" is R" itself and the linear
functionals are defined as (z, z) = 27z, where z,z € R".

Example 3. The dual of the vector space of symmetric matrices S™*™ =
{X e R™: X = XT} is S™™ itself and the linear functionals are defined as
(X,Z) =tr(XZ), where X, Z € S™*™,

We will need the notion relative interior of a convex set

Relative interior

The relative interior of a set S C R™ is denoted riS. It is defined in terms
of the affine hull of S, which is denoted aff.S. The affine hull is defined as
the set of all linear combinations on the form > a;x;, where x; € S, and
> a; = 1. We can now define riS as the set of points of S, which are interior
relative aff S. This means that for any =z € riS, there exists ¢ > 0 such
that all y € aff S with |z — y| < ¢ are also members of S. The definition is
illustrated in Figure 3.

Definition 1 (Hyperplane). A hyperplane is an affine proper subsset of max-
imal dimension. In other words, if V' has dimension n then every hyperplane
is a translation of an (n— 1) dimensional subspace. Every hyperplane can be
represented as H = {x € V : (v, z) = ¢} for suitably chosen nonzero z € V*
and c € R.
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Figure 3: Illustration of the relative interior of a set S C R®. The affine hull
of S is the hyperplane, H, illustrated as a plane in the figure. The relative
interior of S consists of the grey area in the figure. It does not contain the
solid contour.

The sets {z € V : (v,2) > ¢} and {z € V : (v,2) < ¢} are (closed)
poitive/negative halfspaces.

In the next three results we assume that all sets involved are nonempty.

Lemma 1 (Separation Lemma). Let C' C V be a relatively open' convex set
in a finite dimensional vector space V' and let Vi be a linear subspace of V.
such that CN'Vy = 0. Then there exists a hyperplane containing Vi and such
one of the open half-spaces associated with the hyperplane contains C, i.e.,
there exists nonzero z € V* such that

(x,2z) >0, Vexel
(x,2) <0, Vxel.

Proof. See Rockafellar’s book [8]. O

We can specialize the above lemma to the following result, which will be
used in the next section.

Theorem 1. Let C be an open convex cone and Cy be a convex set, which
are disjoint, i.e., C1 N Cy = (. Then there exists a separating hyperplane,
i.e., there exists nonzero z € V* such that

(x1,2) >0, Vi, €C
(x9,2) <0, Vg€ Cs.

Proof. The set C = C; — (5 is open and convex and since C; N Cy = 0 it
follows that 0 ¢ C'. Hence, by the previous lemma there exists a nonzero
z € V* such that (z,z) >0, Va € C (the claim follows since C' is open and

1C is relatively open if 1i(C) = C



thus relatively open, and since V; = {0} is a zero-dimensional subspace with
CNVi =0). This can equivalently be written (x1, z) > (2, 2), Vo, € Cy and
sz € 02.

Now let o = inf, ¢¢, (21, 2). Since C] is a cone we have

Ay, 2) = (A\xg, 2) > a, Vo e Cp, A > 0.

This implies that o < 0, and since a = inf,, ¢¢, (z1,2) we need a = 0. We
have thus proven that (zq,z) > 0, x; € C and (x5, 2) <0, x93 € Cs. Finally,
note that the first inequality (x1, z) > 0 must be strict since C} is open. [

4 The S-procedure

The S-procedure is frequently used in system theory to derive stability and
performance results for nonlinear and uncertain systems. In fact, the idea
has been used (often implicitly) in the former soviet union since the work of
Lure and Postnikov, [6]. The idea has since then been developed by many
researchers. The most notable early results are due to Yakubovich, see, for
example, [10, 11, 4]. The S-procedure became popular in the robust control
community during the 1990s, largely due to new developments by Megretski
and Treil [7]. We will mainly discuss the use of the S-procedure in finite
dimensional spaces.

The basic idea behind the S-procedure is trivial. Let o4 : V — R,
k=0,1,...,N be real valued functionals defined on a linear vector space V'
(e.g., V.=R™) and consider the following two conditions

S1: oo(y) > 0 for all y € V such that ox(y) >0, k=1,...,N.

Sy : There exists 7, > 0, k =1,..., N such that
N
oo(y) — ZTkOk(y) >0, VyeV.
k=1

It is a obvious fact that Sy implies S;. Indeed,



since the 7, > 0. The S-procedure is the method of verifying S; using S,.
This is useful since Sy generally is much simpler to verify than S;. We will
consider the case with quadratic functionals defined over V' = R™

or(y) :yTQky+2$Zy+rk, k=0,1,...,N (3)

where Qp = QF € R™™, s, € R™, 7, € R. The problem with S; is then
that

1. op is not a convex function in general.

2. The constraint set
Q={yeR":04(y) >0, k=1,...,N}
is not convex in general.

This means that condition S; in general corresponds to verifying that the
minimum of a nonconvex function over a nonconvex set is positive, i.e., S; <
ming,ecq og(y) > 0. This is a NP hard problem.

Condition S5 on the other hand corresponds to a linear matrix inequality
(LMI). In fact,

Sy & I > 0.t ooy) + Z,ivzl mok(y) >0, Yy € R™

T
Yy Qo+ > mQr So+ > TkSk| |v m
> >
< dr, > 0 s.t. M L;{ n ZTkS;‘f ro+ S mr| 1] 2 0, Vy e R

Qo s0] . ~—_ [Qx s
o I >0st. |90 0 +§ ookl >
Th= LT 7"01 kZITk A N

0 S Tk

The two conditions S; and Sy are in general not equivalent. However, there
are some special cases when S; < Sy and the S-procedure is then called
lossless. Before stating a number of important losslessness results for the
S-procedure we supply some additional remarks.

1. We often use the S-procedure in applications where it can be lossy.
This will in an example of control system stability mean that we ob-
tain sufficient but not necessary conditions for stability. However, the
computational advantage discussed above justifies the potential conser-
vatism.



2. Tt often happens (for example in stability analysis) that we require strict
inequality for the quadratic function og. We then have that S, = 57,
where

S] 1 oo(y) > 0 for all y # 0 such that ox(y) >0, k=1,...,N.
S, There exists 7, > 0, k =1,..., N such that

N
o0(y) — Y mor(y) >0, Vy#0.
k=1

Theorem 3 below shows that S; < S5 when k = 1 and o1 (y) = y" Qry,
k = 0,1, i.e. when we consider two quadratic forms.

We will next give some results due to Yakubovich on S-procedure losslessness.
We need the following regularity assumption.

Definition 2. Let o, : V — R (for example a quadratic function). The
constraint ox(y) > 0 for k = 1,..., N is said to be regular if there exists
y* € V such that ox(y*) >0for k=1,..., N.

Theorem 2 (Yakubovich). Let o, : V — R, k= 0,..., N and assume the
constraint oy(y) > 0, k =1,..., N is reqular. Finally, let sets

K ={(o0(y),01(y),--.,0n(y)) : y €V},

N ={(ng,n1,...,nxn) :ng < 0,n; > 0}.
If KON =0 = co(K)NN = 0 then the S-procedure is lossless, i.e., S; < Sa.
Remark 3. In particular, if K is a convex set then the S-procedure is lossless.
Proof. We have 51 = KNN =0 = co(K) NN = . Since N is an open

convex cone we can use Theorem 1, i.e., there exists a nonzero (N + 1)-tuple
(co,—c1,...,—cy) such that

cong —ciny — ... —eyny < 0, VY(ng,ny,...,ny) €N (4)
cono — ¢ — ... —cnnn >0, Y(1o, 1, ..., nn) € co(K) (5)
For any given € > 0, we have (ng,e,...,e) € N, for all ny < 0. Hence, (4)

implies that ¢y > 0. We can in a similar way show that ¢, > 0, k=1,..., N.
By the regularity assumption there exists y* € V' such that n, = ox(y*) for

10



some 1y, ...,ny > 0. Using this in (5) shows that ¢g > 0. For any y € V' we
have (0o(y),01(y),...,on(y)) € co(K). Hence, (5) and the fact that ¢ > 0
gives

N
Ck
— = >0, YwyeV
oo(y) ;CO%(?J)_ , Vye
This shows that Sy holds with 7, = ¢x/co, for k=1,... N. ]

We will from now on consider the case when V = R™.

Corollary 2 (S-procedure Losslessness in linear case). Consider the linear
case, i.e., when o (y) = sfy+ry, wheres, € R™ andr, € R, k=0,1,...,N.
If the constraint is regular then the S-procedure is lossless for any finite num-
ber of constraints N.

Proof. This follows from Theorem 2 since K in this case is a convex set. [

Remark 4. The proposition is just a version of Farkas lemma. If we let

st r
A=1|:1, B=—]:1, c=5y, d=-—rg
sk rN

then the result shows that the following are equivalent

S?: ey > d for all y such that Ay > B

Sy It = [Tl...,TN}, 7 > 0, such that TA =cand 7B +d < 0.
The following important result can be derived from [10, 11].

Theorem 3. The S-procedure is lossless in the case of one quadratic con-
straint. More precisely, we have the following two results

(i) Assume o1(y) = y' Qy + 25Ty + ry > 0 is reqular. Then the following
are equivalent

SB L yTQoy + 2sty+1ro >0, for ally € R™ such that y" Q1y + 2sTy +
™ 2 0
Ség) . there exists T > 0 such that the following LMI is feasible
IRECER

11



(i1) Assume o1(y) = yTQry > 0 is reqular. Then the following are equiva-
lent
CO T
Sy Yyt Qoy > 0, for all y # 0 such that y' Qry > 0
554) . there exists T > 0 such that Qo — 7Q)1 >0
Proof. For part (i) let z = [y” z}T and oi(7) = yTQry + 225ty + 122,

k=0,1. Then K = {(0o(z),01(x)) : € R™"!'} is convex by a result that
follows from e.g. [2, 11]. Hence, by Theorem 2

553) & og(x) >0, VzeR™! st oy(x) >0
& 3r > 0s.t. og(x) — Top(z) > 0, Vo € R™H

The last condition is equivalent to the LMI in Ség). The first equivalence
follows by scaling both quadratic forms in Sf?’) by an arbitrary nonnegative

number p. By defining z = [\//_)yT \/ﬁ]T we get the equivalence. This
finishes the proof.
To prove (ii) we first notice that 554) = S is trivial. For the opposite

direction, note that SYL) implies

Y Qoy
A e
{y:y? Q1y>0} |?J|

where € > 0. Hence y"Qoy — ¢ly|*> > 0, Yy € R™ such that y7Q,y > 0. By
(1) we know that there exists 7 > 0 such that Qy — 7Q); > «. O

Example 4 (Circle criterion). We will here derive a necessary and sufficient
condition for quadratic stability of the system

&= Az + Bw, z(0) =z
v=Cx

where the input and output satisfies the sector constraint
o(v,w) = (fv—w)(w—av) >0,

where o < (3 are real numbers, see figure 4. In order to have quadratic
stability it is necessary and sufficient that there exists P = PT > 0 such that

12
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a=-1, g=1 a=0,3 = large a=0, =1
Figure 4: Illustration of the sector condition.

V(x) = 2T Pz is a Lyapunov function for the closed loop system. Hence, we
require that

V(z) = 22" P(Az + Bw) < 0, ¥Y(x,w) # 0 s.t. o(cz,w) > 0. (6)

The above condition tells us that the quadratic Lyapunov function V(z) =
T Px is strictly decreasing along every possible system trajectory. Let us
now define the quadratic forms

217 [ATP+ PA PB] [z
w BTPpP 0 w

ooz, w) = {

o1 (z,w) = 20(Cr, w) = Lﬂj}r [—(éﬁfgfg (3 +_05)C’T} m

Then condition (6) can then be rewritten as
oo(z,w) <0 VY(x,w)# (0,0) s.t. oy(z,w) >0

It follows from (i) Theorem 3 that the S-procedure is lossless for this case
of two quadratic forms (note that the constraint oy (z,w) > 0 is regular since
a < (3). Hence, the above criterion is equivalent to the existence of 7 > 0
such that og(z,w) + 701 (z,w) < 0 for all (x,w) # 0. It is easily seen that
we need 7 > 0 for this to hold. We can then normalize such that 7 = 1
(and P/ — P). We have thus shown that quadratic stability of a linear
system with sector bounded uncertainty is equivalent to feasibility of the
LMI: 3P = PT > 0 such that

ATP + PA —2BaCTC PB+ (B +a)CT

BTP + (8 + a)C ) <0

This LMI corresponds to the circle criterion.

13



S-Procedure Loslessness in Complex Space

We will here consider the S-procedure for the case of real valued functionals
defined over the complex space C™. Let 0, : C™ — R, Kk =0,1,...,N be
defined as

or(y) = y*"Qry + 2Re siy + ry

where Qr = Q; € C™™, s, € C™, and r, € R. Again, consider the
conditions

S1: op(y) > 0 for all y € C™ such that ox(y) >0, k=1,...,N.

Sy : There exists 7, > 0, k= 1,..., N such that
N

oo(y) — ZTkak(y) >0, VyeC™
k=1

It is obvious that Sy = 57, which is useful since S, corresponds to a complex
valued LMI while S} in general is a NP hard problem. The next result due to
Fradkov and Yakubovich [4] shows that S-procedure in complex linear space
is lossless for the case of two (or one) constraints.

Theorem 4. We have

(1) Assume o, >0, k = 1,2, is reqular, i.e., there exists y € C™ such that
o1(9) > 0 and o2(y) > 0. Then the following are equivalent

S1: oo(y) >0 for ally € C™ such that o(y) >0, k= 1,2
Sy : there exists 7,7 > 0 such that the following LMI is feasible

[Qg So} —n {Q*l 811 — [Q*z 82} >0

So To s S5 To

(17) Assume op(y) = y*Qry > 0, k = 1,2, is reqular. Then the following
are equivalent
Sty Qoy > 0, for all y # 0 such that y*Qry >0, k= 1,2.
Sy ¢ there exists 7,70 > 0 such that Qg — 11QQ1 — Q2 >0

Proof. The key part of the proof is to show that I = {(oo(y), 01(y), 02(y)) :
y € C™} is convex. This is done in [4]. Then everything else can be proven
in same way as the proof of Theorem 3. O]

14



Application to Quadratic Programming

We will next apply the S-procedure to a general class of quadratic program-
ming problems

min " Qoy + 254y + 70

. T T (7)
subject to y" Qry + 25,y +1, >0, k=1,...,N

This class of optimization problem includes also integer valued constraints,
since #? — z; = 0 would be a valid constraint. It is thus a huge class of
problems, which generally is NP hard unless the quadratic functions are
convex. Lower bounds on the optimization problem in (7) can be obtained
using the following semidefinite relaxation

min tr(QoY) + 2sp y + 7o

tr(QrY) +2sty +r, >0, k=1,....N
Yoy
y' o1

: (8)
subject to
>0

To see that (8) gives an lower bound of (7) we notice that the last constraint,
by the nonstrict Schur complement formula is equivalent to Y > yyT. Since
tr(Qryy”) = y ' Qry we see that (8) must have a lower (or equal) value
than (7) since we optimize over a larger set in (8).

For the case of one constraint, we have the following interesting result.

Proposition 2. Under the assumption that o1(y) = y* Qry+2sTy+r; > 0 is
reqular and that the last two optimization problems are strictly feasible then
the following optimization problems are equivalent, i.e., they have the same
objective values (and the optima are obtained)

1. Quadratic program

min y' Qoy + 255y + 70
subject to y' Quy + 25Ty + 11 >0

2. FEigenvalue problem for LMI

Qo — A So — As1 >0
max~y subject to st =Xst ro—Arp—~| (10)
A>0,veR

15



3. Semidefinite relazation of (9) (and Dual of (10))

min tr(QoY) + 25y + 70

tr(Q1Y) +2s{y +71 >0
Y oy
y' o1

) (11)
subject to
>0

A survey with emphasis on engineering applications of general quadratic
programs of the form (7) is given in [3]

5 Additional Examples

We here give some additional examples pertaining to the material in this
lecture note.

Example 5. In this example we consider outer and inner approximation of
polytopes by ellipsoids. First consider outer approximation. For simplicity
we only consider ellipsoids and polytopes centered around the origin.
The ellipsoid £ = {z : x7Q 'z < 1} covers the polytope P = co{vy, ..., v, }
if and only if
Q' <1, k=1,...,N

The volume of the ellipsoid is proportional to det(Q)'/?. Hence, if we use

P = Q7! then it follows that the smallest volume ellipsoid that covers the
polyope is given by the optimization problem

vf Py, <1, k=1,...N

min log det(P~') subject to
gdet(P ) ] {P =0

The objective function log det(P~!) can be proven to be convex since P > 0.
The polytope P = co{vy,...,v,} can equivalently be represented as an
intersection of halfspaces, i.e., P ={z :a}x <1, k=1,..., K} for appro-
priately chosen vectors a;. With this representation it is easy to see that the
polytope contains an ellipsoid € = {z : z7Q 'z < 1} if and only if

alr <1, VYexeck& fork=1,...K

In order to obtain a more convenient condition we introduce the weighted
inner product (z,2), = #"Q'z and the corresponding norm |z]g-1 =

16



(zTQ'2)Y/2. Then the condition afx < 1 for all # € £ can equivalently
be written max|y,_, <1 (Qag, x)g-1 < 1. Since, maxjy <1 (Qag, x)g-1 =
|Qay|g-1, this is equivalently written af Qay < 1. The maximal volume
ellipsoid included in the polytope can thus be obtained from the optimization
problem

alQa, <1

Q>0

Example 6. A polytopic linear differential inclusion (LDI) is a linear differ-
ential equation where the system matrix takes values in a convex polytope

min logdet(Q') subject to {

#(t) = A()z(t), A(t) € cofdy, ..., Ax}, ¥t > 0.

The only restriction on the time-variation for the matrix function A is that
the solution must be well-defined. The polytopic LDI can be used to model
simple classes of switched hybrid systems and uncertain time-varying sys-
tems. The advantage of the LDI model is that it is simple to obtain condi-
tions for quadratic stability, it is simple to compute invariant sets and other
system properties.

A quadratic Lyapunov function V(z) = 27 Pz proves global assymptotic
stability for the LDI if and only if

AP+ PA, <0, k=1,...,N

An ellipsoid € = {z : 27Q 'z < 1} is invariant for the LDI dynamics if
every trajectory that starts in £ also stays in this set for all future times,
ie., if z(0) € € then z(t) € € for t > 0. Let V(z) = 27Q 'z and assume

z(0) € € and Viz) _ 2T (ATQ71 + Q'A)x < for all z € R"™. Then clearly
Viz) =x2t)TQ a(t) < 1fort >0, ie. z(t) € € for t > 0.

Example 7. Consider the transfer function G(s) = C(sI — A)~'B, where
A is a Hurwitz matrix. We will use LMIs to find an upper bound on its
induced Ly,-norm (for the case when the Euclidean norm is used as spatial
norm of the input and output vectors. This is not so important in its own
right, the idea can also be applied when there is uncertainty and then this is
more useful.

In other words, we need to show that |y(t)| < 1, for all y = Gu, where
lu(t)] < 1, for all £ > 0. We address the problem by separating it into two
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subproblems. First we introduce the state space realization
&= Az + Bu, z(0)=0 (12)
y=Cr

and derive an ellipsoid that contains the reachable set
T
R={x(T):2(T) = / AT Bu(r)dr, 2(0) = 0;|u(t)| < 1; T > 0}.
0

Then we transform this ellipsoid with the output map y = C'x.
Consider the Lyapunov function V(x) = 27 Pz, where P = PT > (0. If
we have

dV(x)/dt <0, for all (z,u) such that V(z) > 1 and |u| <1, (13)

then we know that the ellipsoid €& = {z : 27 Pz < 1} is an invariant set for
the state equation (12). The condition (13) can equivalently be stated as

227 P(Ax + Bu) <0, for all (x,u) with 27 Pz > 1, |u| < 1,
which by the S-procedure is true if there exists 7, 75 > 0 such that
227 P(Ax + Bu) + (27 Pr — 1) + (1 —u'u) <0

holds for all (x,u). It is clear that 7 > 7, since otherwise the inequality
would be violated for (z,u) = 0. It is also clear that if the inequality holds
for some T{) > 79 then it also holds for 7 = 75. Hence, it is nonrestrictive to
use 71 = 7o =: 7. The last inequality is thus equivalent to the LMI

AP+ PA+7P PB
<
[ BTP —7l| — 0 (14)
We have thus shown that if (14) holds then y(t) € C€ = {y : yT(CP~1CT) 1y <
1}. Hence, we have |y(t)| <7 := Apax (CP71CT).
Putting everything together we can formulate the result as follows. If
there exist () > 0 and 7 > 0 such that

T T
[QA + 40+ 1Q jz] <0 and {CQQ o ] -

18



then |y(t)| < 7, for all y = Gu, where |u(t)| < 1. We obtained the first LMI
by replacing by using @ = P~ and multiplying in (14) with

Q 0

0 I
The second LMI is by the Schur complements formula equivalent to v >
Amax(CPICT).
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