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There may be alternative solutions to the problem.

1. (a) The problem (P) can be written on standard form
min ¢’z
(Ps) S.t. ALE = b
x>0
where
1 310 3 T
A_[l 10 1], b_[l], c=[-1 -2 0 0] .

We start with 23 and x4 in the basis, giving the solution z = (0,0,3,1) from
(a).

Basic and non-basic variable indices are given by § = {3,4} and n = {1,2},

and
10 1 3
=y V]v=[1 7]

Then the equations BTy = ¢ and 67];, = C% —yT'N gives

y:[g], nv=[-1 -2].

Let x5 enter the basis. Which one should exit ?

From Bag = ag, we get a2 = (3, —1)7, and since the second element is negative,
T3 exits the basis.

Update the basis and nonbasis matrices: Basic and non-basic variable indices
are given by 8 = {2,4} and n = {1, 3}, and

3 0 11
s-[2a]-[1e
Then the equations BTy = c¢p and 67];, = C% —yT'N gives
2/3 R
y:[ /1}, cy=1[-8/3 —2/3].
Let x1 enter the basis. Which one should exit ?

From Bay = ay, we get a1 = (1/3,4/3)T. b= (1,2)T satisfies Bb = b, and since
bl/(&l)l =3 > 4/3 = bg/(dl)g, T4 exits the basis.
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Update the basis and nonbasis matrices: Basic and non-basic variable indices
are given by 8 = {2,1} and n = {4, 3}, and

31 0 1
o[ 4]V o]
Then the equations BTy = cp and é% = cﬁ —yT'N gives
—3/4 T
yz{_l/ll}, ey =1[1/4 3/4].

Since all reduced costs are nonnegative, the current bfs & = (3/2,1/2,0,0)7 is
optimal.

The dual linear programing problem is

max —bTy m;xx Y1~ 42
Y oy _
(D/) st. —ATy<e ~ 8-t yi—y2 < —1
V= Y1 > 0,92 > 0.

Since xga) and a:ga) are both non-zero, it follows by complementarity that —y; —
yo = —1 and —3y; + y2 = —2, i.e. y; = 3/4 and y, = 1/4. This solution also
satisfies the positivity constraints, so it is feasible for the dual.

The dual solution can also be obtained from the last simplex iteration in (b).
In problem (P,) the constraint that zo = 1 — 2z > 0 has disappeared, but it
still has to be valid for (P;) and (P) to be equivalent.

The problem can be written as min, ||Az — b||? with

2

Ty X1 Y1
2
Ty ) o Y2
A= . . y z = ) b= .
. . |: ﬂ :| .
2
Ty, Tm Ym

For given data we get

el 1 14 —36 35
B 98-14—362| —36 98 15 |-
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3. (a)

For the optimization problem to be convex, it is necessary that the feasible
region is convex and that the objective function is convex on the whole feasible
region. The feasible region is convex since it is given by a linear equality
constraint.

The objective function is convex on the feasible region if Z7HZ is positive
semidefinite for some matrix Z whos columns spans the nullspace of A. With

11
Z=101/[,
10

then
enz=[3 ) =[oir 2[5 ] 6 7]

and from the LD LT -factorization we see that it is positive definite.

Evaluating the gradient at © we get

-2
Hi+c=| 2 | =AT(-2),
2

so HZ + c is in the range space of AT, thus there exists no feasible descent
directions at Z.

Since the problem is convex and there exists no feasible descent directions we
know that Z is a global optimum.

The directional derivative in the direction d = (0, —1,0)7 is negative, so it is a
descent direction. (but the direction d is not feasible.)

Using LD L"-factorization

4 2 1 1 00 4 0 0 1 1/2 1/4
H+2I=|2 1 0|=]1/2 1 0 0 0 -1/2 0 1 0
1 0 5 1/4 0 1 0 —1/2 19/4 0 O 1

we get a zero diagonal element on a non-zero row, hence the matrix H + 21 is
not positive definite.

Using LD L"-factorization

5 2 1 1 0 0][5 0 o0 1 2/5 1/5
H+3[=|2 2 0|=|2/5 1 o0]||06/5 o0 0 1 -1/3
10 6 15 —1/3 1|0 o 1730 0o 1

and since all diagonal element are positive the matrix H 431 is positive definite.

The first optimization problem has no finite optimal solution, while the second
one has a unique one which is z = (0,0,0)7.

The gradient of f is given by
Vf(x)=[ (z2 = 1/3)(x3 = 1/4) (21 —1/2)(x3 —1/4) (22— 1/3)(x1 —1/2) ].
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(d)

The gradient is zero if two of the three conditions z; = 1/2, 9 = 1/3 and
x3 = 1/4 holds. This holds true in for example the three points

(1/2,1/3,€)  (e,1/3,1/4)  (1/2,¢,1/4),

where € = 1/10, or some other value in (0,1).

The hessian of f is given by

0 z3—1/4 x2—1/3
Vif(zx)= | 23 —1/4 0 2 —1/2 |,
xo—1/3 x1 —1/2 0

and for the particular z(9) given, the matrix is all zero and therefore positive
semidefinite, hence the point satisfies the second order necessary conditions.

However, the point is not a local minimum. We know that f(z(®)) = 0. Consider
the point z. = (1/2 —€)(1/3 — €)(1/4 — ¢), then f(z.) = —€> < 0 for any € > 0,
which demonstrates that there is no neighborhood of (9 such that the minimal
value in that set is zero.
Let

go(x) =1 — (af + a3 + a3)

qi(z) =z1, go(z) =22, g3(2) = 73.

Then, the problem can be written min f(z) subject to g;(x) > 0 for i = 0,1, 2, 3.
At x(l), constraints 0,1 and 2 are active.

—3/12
Ve = =3/8 |,
1/6
0 1 0
Vgo(:x(l))T = 0 , Vgl(x(l))T =10 |, Vgg(:v)T =11
-2 0 0

For the KKT-conditions to be satisfied we need to find non-negative Lagrange
parameters such that

—1/4 0 1 0 0
—3/8 | = o |x=|0]x=[1]x=]o0
1/6 —2 0 0 0

Now )\0 = —1/12,)\1 = —1/4, )\2 = —3/8 and )\3 = 0.
So the KKT-conditions are not satisfied.
Then we can say that (1) is not a local minimum.

At 2@, constraints 1,2 and 3 are active.
1/12

Via®=1 1/8 |,
1/6
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1 0 0
Vo= 0|, Ve@T=[1], Va®)=[o0
0 0 1

For the KKT-conditions to be satisfied we need to find non-negative Lagrange
parameters such that

1/12 1 0 0 0
18 | = o ]x—=(1]x=[0]x=](0
1/6 0 0 1 0

Now )\0 = 0, )\1 = 1/12,)\2 = 1/8, and )\3 = 1/6.
So the KKT-conditions are satisfied.
But this is not enough to say that z(?) is a local minimum.

5.  (a) The tangent at (:cgk),xék)) is given by cos(vg)z1 + sin(vg)ze = 1.

A linear approximative solution is then given by
minimize —x1 — 222
s.t. cos(vg)wy +sin(vg)ze +yp =1, k=0,1,--- N
21 >0,29 > 0,9, >0, k=0,1,--- N.
where y;, are slack-variables.

(b) Since the feasible region to the linear approximative problem is larger than the
original nonlinear problem, the optimal value of the linear problem is lower or
equal to the nonlinear one. The optimal point for the nonlinear problem will
always be feasible also for the approximative linear one.

(c) The Lagrange function is
L(z,\) = —x1 — 239 — A (1 — 2] — 23)

It is well defined for x; > 0, and separates into two independent convex
quadratic minimization problems that are minimized for the x;(\) such that

oL oL
—(x, A\)=—-1+ X221 =0 —(z, A\) = =24+ X229 =0
95, (z, ) + A2z " D (z,\) + A2x9 ,

e, z1(A) =1/(2\) and x2(N) = 1/A.
The dual function is obtained by inserting this z; in the Lagrange function

T\ = —1/(20) —2/)\—)\<1—4i2— ;) a2

Sy
(d) The derivative of the dual objective function is given by f'(\) = & — 1, and
the tangent at A\ is given by y = KA+ m for K = & — 1 and m such that
k
5
M —— =KX\, +m

AN
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that is m = —5/(2\x).
The tangent to the dual objective function is then given by

5 5
S R P
Y <4A§ > 2

and the piecewise linear approximation is given by

5) 5
A) = i I — .
v kan,;?.,N{ug m}

Finally, the linear optimization problem

maximize ¢

5 5 _
s.t. tg(m—l),\_m, k=01, N

approximates the dual optimization problem.

All the tangents of the concave dual objective function lies above the the func-
tion and therefore the optimal value of the linear problem in (d) gives a larger
value than the nonlinear dual optimization problem.



