
Homework 1
Mathematical Systems Theory, SF2832

Spring 2011
You may use min(5,(your score)/5) as bonus credit on the exam.

1. Solve the following linear state equations

(a) ẋ(t) =

⎡
⎣−1 0 0

0 λ −σ
0 σ λ

⎤
⎦x(t), x(0) =

⎡
⎣11
0

⎤
⎦ , where λ �= 0, σ > 0. . . . . . . . . . . . . (2p)

(b) ẋ(t) = t
1+t2

x(t), x(t0) = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2p)

(c) Let

A(t) =

[
a11(t) a12(t)
a21(t) a22(t)

]
.

Show
det Φ(t, t0) = e

∫ t
t0
(a11(s)+a22(s))ds.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3p)

2. Determine when the system is reachable

(a)

ẋ(t) =

⎡
⎣

t
1+t2

0 0

0 λ1 0
0 0 λ2

⎤
⎦x(t) +

⎡
⎣11
1

⎤
⎦u(t),

where λ1, λ2 are real numbers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3p)

(b)

ẋ =

[
A1 A2

A3 A4

]
x+

[
B1

0

]
u(t)

where B1 has full row rank and

A3 =

[
1
1

]
A4 =

[
a1 0
0 a2

]

and a1, a2 are real numbers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3p)

3. Consider

ẋ(t) = Ax(t)

y(t) = cx(t)

1
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where

A =

[
a11 a12
a21 a22

]
, c =

[
c1 c2

]
.

(a) Show that if the two eigenvalues of A are distinctive, then we can always find
a c such that (c,A) is observable. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3p)

(b) Show that if the imaginary part of the eigenvalues is none-zero, then (c,A) is
observable for all c �= 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2p)

(c) Now let a11 = a22 = 0, a12 = −a21 = σ > 0 and suppose we can only measure
y(t) where c �= 0 at t = 0, T, 2T, .... What are the sampling periods T we should
avoid if we want to reconstruct the initial state x0 from the measurements?
(2p)

4. (a) A solution x(t) is called periodic if x(t + T ) = x(t) ∀t for some T > 0. A
periodic solution is called non-degenerated if x(t) is not constant. Show that
linear time-invariant systems

ẋ = Ax

can never have just one non-degenerated periodic solution. What further con-
clusion can you draw from your proof? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3p)

(b) Verify that X(t) = eAtX0e
Bt is the solution to the matrix differential equation

Ẋ = AX +XB, X(0) = X0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2p)
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