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State transition matrix

. 0 1
i0) = Ax(t) = | ] «t0 1)
can be written as
j?l = T9 (2)
i = txo. (3)
The solution for x4 is
213
z2(t) = w2(to)e 2 (4)
and x7 is
2 —+2
21(8) = wa(to) / et (5)

Now one can build the transition matrix from the solutions for the two initial states z(¢y) =

H and (t) — m

D(t,t0) = [P1(t, o), P2(t, 10)] (6)
12—t
_ |0 fetzizdt )
0 ez
0 1 0
z(t)y=Az(t)=1] 0 0 1 x(t) with k£ > 2 (8)
—2k -2-3k -3-k
To determine the eigenvalues one can use the equation
- 1 0
det(A—=X)=| 0 Y 1 =XNA+3+k) +2k+A2+3k)=0 (9)
-2k —-2-3k —-3-k-—-2\
with

AM=-2 A=-1 JA3=-k (10)

For k > 2 appears every eigenvalue once and the Jordan matrix J is a diagonal matrix. One
can write A as

A=TJT! (11)
with
J = diag(/\l, )\2, )\3) (12)



i 1 & 1 —4k(k—1) 4—4k> 4—4k
T=1|-1 -1 —1f, 7! = 2k(k—2) kK*—4 k—-2]. (13
12 1 1k (k —1)(k —2) 2k2 3k2 k2 1)

The state transition matrix for (8) is
d(t) = et = eTIT ' = TetT—1 = Tdiag(eM?, etz ety =1 (14)

After this matrix multiplication one get the solution

X (k 1) n 2k(k 2) + ekt _4{22;4 + 1&;74 + e% _4412;4 e%
B(t) = 2k(k 1) 2k(k 2) 2k 4k*—4  k=%—4 3k 4k—4 ﬂ _ k.
(k—=1)(k—2) 4k(kt—1) 2k(k 2) 2k2 246135—4 ke;—4 §'If2 243?4 Zt 2 ekt
T et + + ekt T T2t + et + ekt T T2t + + ekt
(15)
0 —as a9
A= a3 0 —-a (16)
—asg aiq 0
With a? + a3 + a% = 1. Using the given hint one can show first
AP = (—1)"A, n >0 (17)
and
A% = (=1)"TP A% > 1. (18)

To show that (17) is satisfied one can bring A in the Jordan normal form. Its eigenvalues
are:
Ajo = £/ —ai —a3 —a} = £V -1 = +i, A3 =0 (19)
and the Jordan normal form is
A = Tdiag(i, —i,0)T* (20)

and so
AP — (Tdiag(i, —i,0)T )" = Tdiag(i*" ™!, (—i)*" "1, 0)T . (21)

The diagonal elements i2"*! and (—i)?"*! can be written as
B 1), (P = i) = i) (22)
And so (21) shows that (17) is true:

AP = Tdiag(i(—1)", —i(—1)",0)T = (—1)" Tdiag(i, —i,0)T* (23)

A

To show that (18) is true one can use an analog way as before:
A?" = (Tdiag(i, —i,0)T~)?" = Tdiag(i*", (—)?",0)T ! (24)
The diagonal elements i" and (—4)?" can be written as
P (B = ()R () = (@) = (1) () (25)
And so (24) shows that (18) is true:

A% = Tdiag((—1)"" 12, (=1)" (=) T = (=1)""* Tdiag(i?, (—i)%,0)T"*  (26)




Now one can calculate the matrix exponential:

k!
k=0
_ i ((At)Qk‘Jrl N (At)2k>
— (2k + 1) (2k)!
i t2k+1 ( )kA i t2k ( ) +1A2
= 1A+ T+ )"
— (2k+ 1)! = (2k)!
O 42k+1 . 42k )
=y (2k+1)|(—1) A+T+ (=Y (%),(—1) +1-1)4
k=0 k=1
St t2k+1 o t2k‘ n
- GV AT (1-> GV )4
k=0 k=0
sin (t) cos (t)
=1+ Asin (t) + A%(1 — cos(t))
Inverted pendulum
a) The linearized equation is
i 9 1.
_9, 1 2
0 LG 7t (27)
with it’s state space model for z1 =60, x5 = 9, u=2and y=0:
i:AerBu[g (l)}xwL[_Ol]u (28)
L L
y=Cz+Du=[1 0]z+[0]u (29)

b) The input-output description of the system is

¢
y(t) :/ Cet=%) Bu(s)ds + Dul(t) (30)
0
' 0
:/ 1 0] eA(t_s)[ 1} u(s)ds (31)
0 L
with
e =5 ] ] g g :
2| /T (e\ﬁf(t—s) _ e—ﬁ(t—@) N E=9) | o=/E(t=9)
After the the matrix multiplication we get solution for (31):
t Le\/%(tfs) _ 67\/%@75) 1
_ [ _ /L Zu(s)d 33
v = [ =/ ; Tuls)ds (%)
= [ snn (/209 )utsia 34
=——— [ sin =(t—s) |u(s)ds
Lg 0 L

¢) To show controllability for time invariant systems one can calculate the reachability matrix
I' and show that this has the rank n:

I'=[B AB] 35)
:Hﬂ {g ﬂ [—O;H (36)
- E _ﬂ (37)

(38)



3

One can see that the matrix has full rank and so the system is controlable. To show observ-
ability we can use an analog way by using the observability matrix €:

r=[c c4] (39)
[1 0]

1 o {—Oi (ﬂ (40)

S

One can see that the row rank is 2 and so the system is also observable.

Control system for a spacecraft

The system of interrest is:

with

a)

. _ (o A 0
m—Am+Bu-(0 O)x—l—(b)u (42)
é
o /100 u
z=|2|, A=(0 1 0|=1, u= . b=(b bm),  (43)
w1 0 0 1 U
wWa m
w3

For the time invariant system (42) one can show controllability like in section 2 with

I'=[B AB A’B A’B A'B A°B| (44)
(45)
with
0 A||0 b
o =[o 3] bl -1 «
and
np [0 AT"T0] o o] o] [n
R -
So the controllability matrix is
0 b 0O O0OO0OO
F_[b 00 0 0 0} (48)

and if b € R3*3 has rank 3, the controllability matrix has rank 6 and so the system is
controlable. This is the case if the three vectors b; are linear independent. An example for a
possible combination of b is

bs = (49)

O = O
_ o O

1
b= |0, b=
0

Using the result of the problem before one can set b3 = 0. So b is a 3x2 matrix and can have
a rank up to two. But the matrix b have to have rank 3 to make the system controllable. So
the system with two pairs of gasjets is not controlable.



