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Find the state transition matrix ®(¢, s) for the following systems

@ i) = [y ] att)
......................................................................... (2p)
Answer: O(t, s) [et e'(cos(s) — cos(t))

0 et
0 1 0

(b) ©(t) = |:O 0 1 ]x(@).

-1 -1 -1
......................................................................... (3p)

Answer: det (sI—A) = (s+1)(s?41). Then we compute et = L71[(sT—A)~1].
The detail is omitted.

(a) Let
T = A(t)x
and assume AT(t) = —A(t). Show ®T(t,s) = ®71(t,8). oovvrniiiiii... (2p)
Answer: Since diCID(t, s) = —®O(t,s)A(s), %(I)T(t, s) = A(s)®T(t,s), Thus,
OT(t,5) = ®(s,t) = (¢, ).
(b) Let
&= A(t)z.
Show that if fst A(r)dr and A(t) commute for all ¢, s, then the state transition
matrix ®(¢, s) = exp( ft A(T)AT). e (3p)
Answer: We use Taylor expansion to show that < dtexp f AT = At exp f A(T)dr).
For this purpose we only need to show & dt f A = (4( f f )kl
fs A(r))k-ta( f A(T)) = EA(t f A(r
Consider
& = Ax, r€R"
= Czx, yeR?
z(0) = xo

where A and C' are constant matrices.
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(a)

Show that if 2(0) € ker Q, then x(t) € ker Q, Vt > 0, where Q = (CT, ATCT ...
(3p)

Answer: If Qz(0) = 0, then by Cayley-Hamilton theorem, QAx(0) = 0, thus
Az(0) € ker Q. We then show A*2(0) € ker Q by repeating this step, thus
etx(0) € ker Q.

Show that the above system is observable if and only if the only solution that
satisfies Cx(t) =0,Vt > 018 (t) = 0. .o ooiininii i (2p)
Answer: Cz(t) = 0,Vt > 0 implies that for any k, Czt¥}(t) = CA*Fz(t) =
0,vt > 0. Once again by Cayley-Hamilton we have x(t) € ker Q and the
conclusion follows.

4. The following is linearized model of a so-called inverted double pendulum

Tt = Az -+ Bu

= (b,

where
01 0 0 0 0] [0 ]
00 01 0 o o 100000

A= , B= ,C=10 01 0 0 O

0 0 a9 0 —as 0 —15b2 0000T10
00 0 0 0 1 0
_0 0 3(13 0 —Qay 0_ _b2

and all the parameters are positive.

(a) Check controllability for this system. Can we find at least one set of parameters

a;j, b; such that the system is controllable? (you can use, for example, Maple to
1CY o) (3p)
Answer: The purpose here is to let you practice Maple. As we will see, for
almost all parameters the system is controllable.

(b) Is the system observable? ............ . i (2p)

Answer: One can easily see observability by using 3(b).

, (Anfl)TCT)T'



