
RealizationTheory,PartIII

1.Theoryoverview(recapfromlasttime).

2.Equivalentrealizations.

3.Ho’salgorithm.

�Alternativeproof(optional)

4.Realizationtheoryfordiscretetimesystems

5.Kalman’sexperimentrevisited(optional)
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Theoryoverview

GivenastrictlyproperrationaltransfermatrixR(s)suchthat

R(s)=
1

χ(s)

(
N0+N1s+...Nr−1s

r−1)

=R1s
−1

+R2s
−2

+R3s
−3

...

χ(s)=s
r
+a1s

r−1
+...+ar(istheleastcommondenominator

oftheelementsRij(s)ofR(s))

theblockHankelmatrixisdefinedfromtheMarkovparametersas

Hν=






R1R2...Rν

R2R3...Rν+1

..

.
..
.

RνRν+1...R2ν−1





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Givenanyrealization(A,B,C),theMarkovparametersaregivenas

Rk=CA
k−1

B.Thisimpliesthat

Hr=






CBCAB...CA
ν−1

B

CABCA
2
B...CA

ν
B

..

....
..
.

CA
ν−1

BCA
ν
B...CA

2ν−2
B






=






C

CA
..
.

CA
ν−1






[
BAB...A

ν−1
B

]
=ΩνΓν

If(Ã,B̃,C̃)isanotherrealizationthenHν=Ω̃νΓ̃ν=ΩνΓν
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OverviewofTheory

������
������

Thm 5.2.6

Thm 5.2.9

Lem 5.1.6

Lem 5.2.8
Cor 5.2.10

PSfragreplacements

(A,B,C)Hν=ΩνΓν(A,B,C)minimal⇔(A,B)controllable

(A,C)observable

δ(R)=rank(Hn)

r=degχ(s)

δ(R)=rank(Hr)
n=rank(Ωr)

n=rank(Γr)

rank(Hr)=rank(Hν),ν≥r

Ho’salgorithm

Givesminimalrealization
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Mainpointsfortheuser
�TheMacMillandegreeδ(R),i.e.thedimensionofanyminimal

realization,canbedeterminedfromtheHankelmatrixas

δ(R)=rank(Hr).

�Anyminimalrealizationiscompletelyreachableandcompletely

observable.

�Therealwaysexistsaminimalrealization.Indeed,wealreadyknow

howtoconstructastandardreachablerealization.Ifthisrealization

isnotobservablethenwecanremovetheunobservablestatesusing

aKalmandecomposition.Thisgivesaminimalrealization.
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EquivalentRealizations

Considerachangeofbasis




ẋ=Ax+Bu

y=Cx

z=Tx
⇔





ż=Ãz+B̃u

u=C̃z

whereÃ=TAT
−1

,B̃=TB,C̃=CT
−1

.

Invariantsunderchangeofbasis(statespacetransformation)

�Thesystemseigenvaluesareinvariantunderachangeofbasissince

χ(Ã)(s)=det(sI−Ã)=det(sI−Ã)=χ(A)(s)

�Thesystemtransferfunctionisinvariantunderchangeofbasis

G̃(s)=C̃(sI−Ã)
−1

B̃=C(sI−A)
−1

B=G(s)
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TheIsomorphismTheorem

Let(A,B,C)and(Ã,B̃,C̃)betwominimalrealizationsofastrictly

propertransferfunction.ThenthereexistsaninvertiblematrixTsuch

that

Ã=TAT
−1

,B̃=TB,C̃=CT
−1

If

Γ=
[
BAB...A

n−1
B

]

Γ̃=
[
B̃ÃB̃...Ã

n−1
B̃

]
,Ω=







C

CA

..

.

CA
n−1







,Ω̃=







C̃

C̃Ã

..

.

C̃Ã
n−1







thenT=Γ̃Γ
T
(ΓΓ

T
)
−1

=(Ω̃
T
Ω̃)

−1
Ω̃

T
Ω.
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Howtoobtainminimalrealizations

ThreewaystoobtainaminimalrealizationfromastrictlyproperR(s)

R(s)=
1

χ(s)

(
N0+N1s+...+Nr−1s

r−1)

=R1s
−1

+R2s
−2

+R3s
−3

+...(Rkisthek
th

Markovparameter)

where

χ(s)=s
r
+a1s

r−1
+...+ar,(Leastcommondenominator)

1.Standardreachablerealization+Kalmandecomposition

2.Standardobservablerealization+Kalmandecomposition

3.Ho’salgorithm
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TheshiftofaHankelmatrix

Hr=






R1R2...Rr

R2R3...Rr+1

..

.
..
.

RrRr+1...R2r−1






isdefinedas

σ(Hr)=






R2R3...Rr+1

R3R4...Rr+2

..

.
..
.

Rr+1Rr+2...R2r+1





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Ho’salgorithm

1.Letr=deg(χ(s))

2.DetermineinvertiblematricessuchthatPHrQ=




In0

00




3.Letn=δ(R)=rank(Hr)(theMcMillandegree)

4.Aminimalrealizationisobtainedas

A=
[
In0

]
Pσ(Hr)Q




In

0


B=

[
In0

]
P







R1

R2

..

.

Rr







C=
[
R1R2...Rr

]
Q




In

0




(1)
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AlternativeProofofHo’sAlgorithm(optional)

ItisnotsodifficulttounderstandwhyHo’salgorithmworksbutthefull

proofiscomplicated.Wewillheretrytobrieflyexplainanalternative

proof,whichprovidessomefurtherintuition.

Remark:ThemainpartoftheproofinLindquistandSandistoshow

thattherealizationformulasinHo’salgorithm,formula(1),infactgives

arealization(A,B,C),i.e.theyshowthatCA
k−1

B=Rk.Thisisfairly

complicatedandinvolvesmanipulationwithso-calledpseudoinverses.
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Weknowthatthereexistsan=δ(R)=rank(Hr)-dimensional

(minimal)realization.Thisimpliesthatthereexistsarealization

(Ã,B̃,C̃)withÃ∈R
n×n

.TheHankelmatrixcannowbefactorizedas

Hr=Ω̃rΓ̃r,where

Ω̃r=






C̃

C̃Ã
..
.

C̃Ã
r−1






Γ̃r=
[
B̃ÃB̃...Ã

r−1
B̃

]

ThisisafullrankfactorizationbecauseImΓ̃r=R
n

andKerΩ̃r=0,and

thusrank(Ω̃r)=rank(Γ̃r)=n(Theorem5.2.9).
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Ifweusethatσ(Hr)=Ω̃rÃΓ̃rthenitiseasytoestablishthat

Ã=Ω̃
†
rσ(Hr)Γ̃

†
r

B̃=Ω̃
†
rHr




Im

0




C̃=
[
Iq0

]
HrΓ̃

†
r

(2)

whereΩ̃
†
r=(Ω̃

T
rΩ̃r)

−1
Ω̃

T
risaleftinverseofΩ̃r,i.e.Ω̃

†
rΩ̃r=Inand

Γ̃
†
r=Γ̃

T
r(Γ̃rΓ̃

T
r)

−1
isarightinverseofΓ̃r,i.e.Γ̃rΓ̃

†
r=In.Forexample,

thesecondformulafollowssince

Ω̃
†
rHr




Im

0


=(Ω̃

T
rΩ̃r)

−1
Ω̃

T
rΩ̃rΓ̃r




Im

0


=B̃
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FromthesecondstepHo’salgorithmwegetthefactorization

Hr=P
−1




In

0




︸︷︷︸
Ωr

[
In0

]
Q

−1

︸︷︷︸
Γr

=:ΩrΓr(3)

Thisisafullrankfactorization,i.e.rank(Γr)=rank(Ωr)=n.Ifwecould

establishthatΩrisanobservabilitymatrixandΓrisareachabilitymatrix

correspondingtoaminimalrealization(A,B,C),i.e.if

Ωr=







C

CA

..

.

CA
r−1







,Γr=
[
BAB...A

r−1
B

]
(4)

thenwecouldproceedasaboveanduse(2)toextractthisrealization.
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Inthiscasewecanuse(3)toderivethefollowingleftandrightinverses

Ω
†
r=

[
In0

]
P

Γ
†
r=Q




In

0




Theformulasin(2)withtheaboveleftandrightinversescorrespondsto(1).

ThismeansthattheproofofHo’salgorithmiscompleteifwecanshowthat

ΩrandΓrindeedhastheform(4).Todothiswenotethatanytwofullrank

factorizationsarerelatedvia

Hr=ΩrΓr=ΩrT
−1

TΓr=Ω̃rΓ̃r

forsomeinvertiblen×nmatrix.
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SupposeΩr=







F1

F2

..

.

Fr







forsomeFk∈R
q×n

.Fromabovewehave

ΩrT
−1

=







F1

F2

..

.

Fr







T
−1

=







C̃

C̃Ã

..

.

C̃Ã
r−1







ThefirstequationshowsthatF1=C̃T.Ifweintroducethenotation

C=C̃Tandusethisinthesecondblock,weget

F2=C̃ÃT=C̃TT
−1

ÃT=CA,wherewedefinedA=T
−1

ÃT
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IfwecontinuelikethisandsimilarlyforΓrweseethatΩrandΓrindeed

hastheform(4),where

A=T
−1

ÃT,B=T
−1

B̃,C=C̃T

Thisshowsthattherealizationcorrespondingtothefactorization

Hr=Ω̃rΓ̃risrelatedtotherealizationcorrespondingtothe

factorizationHr=ΩrΓrviaacoordinatechange.Thisistheessenceof

thestatespaceisomorphismtheorem.
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Comments

�Fromanumericalpointofviewitispreferabletousethesingular

valuedecompositioninstep2ofHo’salgorithmtoobtainafullrank

factorization.

�IftheHankelmatrixisobtainedfromexperimentaldatathenthis

techniqueofcomputingthesystemrealizationiscalledsubspace

identification.Therearemanyvariationsonthesameidea.
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Realizationtheoryfordiscretetimesystems

Considertheproblemoffindingadiscretetimerealization

xk+1=Axk+Buk

yk=Cxk

ofastrictlyproperrationaltransferfunctionR(z),i.e.tofind(A,B,C)

ofminimaldimensionssuchthat

R(z)=C(zI−A)
−1

B

Thisproblemcanbesolvedusingthesameresultsandthesame

algorithmsasweusedforthecontinuoustimesystems(wecan,for

example,useHo’salgorithm).
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Kalman’sExperimentRevisited(optional)

PSfragreplacements

Σ
u

u

y

y

F

F
Ut

Ut

Yt
Yt

R̂
X

Ô

t t t0t0

�FactorizeasF=ÔR̂.

�ReachabilityoperatorR̂summarizespriorinputsinthestate.

�ObservabilityoperatorÔgeneratesfutureoutputsusingthestate.

�ThedimensionofthestatespaceXshouldbeassmallaspossible

inordertoobtainmaximaldatareduction.
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Discretetimesystems PSfragreplacements

Σ:





xk+1=Axk+Buk

yk=Cxk

l2(Z−)l2(Z+)

Formalcalculationsshows(witht0=0)






y0

y1

y2

..

.






=






CBCABCA
2
B...

CABCA
2
BCA

3
B...

CA
2
BCA

3
BCA

4
B...

..

.
..
.

..

.






︸︷︷︸
H






u−1

u−2

u−3

..

.





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TheblockHankelmatrixcanbefactorizedas

H=







CBCABCA
2
B...

CABCA
2
BCA

3
B...

CA
2
BCA

3
BCA

4
B...

..

.
..
.

..

.







=







C

CA

CA
2

..

.







︸︷︷︸
Ω∞

[
BABA

2
B...

]

︸︷︷︸
Γ∞

∼




Ωr

0




[
Γr0

]
=




Hr0

00


=




Ω̃r

0




[
Γ̃r0

]
∼Ω̃∞Γ̃∞

�TheequivalencesareduetotheCayley-HamiltonTheorem

�Hr=Ω̃rΓ̃risafullrankfactorization,i.eIm(Γ̃r)=R
n

and

Ker(Ω̃)={0}.
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�H=Ω̃∞Γ̃∞isthedesiredfactorizationintoareachabilityand

observabilityoperatorthatprovidesthemaximaldatareduction.It

canbeimplementedusingaminimalstatespacerealization

correspondingtoΩ̃randΓ̃r

xk+1=Ãxk+B̃uk

yk=C̃xk
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Commutativediagramillustratingthetwofactorizations
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PSfragreplacements

F

Γ∞Ω∞

Γ̃∞Ω̃∞

R

Ō

X

UtYt

R=ImΓr

Ō=KerΩr

X=Vor
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