
StateFeedbackandObserverBasedControl

1.Statefeedbackcontrol

Multivariablecase

2.Observerbasedcontrolandobserverdesign

3.Whenisstabilizationpossible?

(a)Thestatefeedbackcase

Ifthesystemisstabilizable

(b)Outputfeedbackcasewithobserverbasedcontroller

Ifthesystemisstabilizableanddetectable
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StateFeedback

+

PSfragreplacements

u v

x

y

K

Σ:







ẋ=Ax+Bu

y=Cx

�Howdowechangethesystempropertiesbystatefeedback?

–Poleplacementofmultivariablesystems.
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MultivariableCase

Thereexistsseveralsystematicapproaches

1.Usemultivariablegeneralizationofthecontrollerform

�Youdonotneedtoknowhowtoderivetheform.

�Youneedtoknowhowtouseit.

2.Transformtothesingleinputcase(seeLindquistandSand)

(optional)

3.UseLypaunovequations(beyondthescopeofthecourse)
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Suppose(A,B)iscompletelycontrollable,where

B=
[

b1b2...bm

]

.Followthefollowingconstruction

1.Findthelargestindexr1suchthat{b1,Ab1,...,A
r1−1

b1}are

linearlyindependent(thismeansthatA
r1

b1islinearlydependentof

thesevectors).

2.Findlargestr2suchthat{b1,Ab1,...,A
r1−1

b1,b2,Ab2,...A
r2−1

b2}

arelinearlyindependent

3.Continuethisprocessuntilwehavefoundindicesr1,...,rmsuch

that

Γ̂=
[

b1Ab1...A
r1−1

b1b2Ab2...A
r2−1

b2...A
rm−1

bm

]

isaninvertiblen×nmatrix.

Lecture11-124SF2832



4.Findrowvectorstk,k=1,...,msuchthat















t1

t2
..
.

tm















Γ̂=















00...100...0...00...0

00...000...1...00...0
..
.

00...000...0...00...1















(1)

wherethe1areatpositionr1,r1+r2andsoon.Thereisaunique

solutiontothisequationbecauseΓ̂isinvertible.
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5.Definethematrix

T=





















































t1

t1A

..

.

t1A
r1−1

t2

t2A

..

.

t2A
r2−1

..

.

tmA
rm−1





















































ItcanbeproventhatTisinvertible.TheproofisanalogoustotheSISO

caseinthelecturenotesanditmakesuseof(1).
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6.ThechangeofcoordinatesF=TAT
−1

andH=TBgives

F=











































































01...000...0...0000

..
.

00...100...0...0000

∗∗...∗∗∗...∗...∗∗∗∗

00...001...0...0000

..
.

00...000...1...0000

∗∗...∗∗∗...∗...∗∗∗∗

..

.
..
....

..

.

00...000...0...0100

..
.

00...000...0...0001

∗∗...∗∗∗...∗...∗∗∗∗











































































H=











































































00...0

000

..

.

10...0

00...0

000

.

..

01...0

..

.

00...0

000

..

.

00...1
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7.Inthenewcoordinatesconsiderastatefeedbacku=Gzsuchthat

F+HG=











































































01...000...0...00...0

..
.

00...100...0...00...0

00...010...0...00...0

00...001...0...00...0

..
.

00...000...1...00...0

00...000...0...00...0

..

.
..
....

..

.

00...000...0...01...0

..
.

00...000...0...00...1

−γn−γn−1...−γn−µ1
∗∗...∗∗∗...−γ1
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8.IfweletK=GTthen

χA+BK(s)=det(sI−A−BK)

=det(sI−T
−1

FT−T
−1

HGT)

=det(T
−1

)det(s−F−HG)det(T)

=det(s−F−HG)=s
n

+γ1s
n−1

+...+γn

whichisthedesiredcharacteristicpolynomial.
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Outputfeedback/Observerbasedcontrol

v
+

PSfragreplacements

uy

x̂
KΣ̂

Σ:







ẋ=Ax+Bu

y=Cx

�Theroleoftheobserveristoestimatethestate.

�Howtoconstructanobserver,Σ̂,withdesiredconvergence

propertiesfortheestimationerrore(t)=x(t)−x̂(t)→0.

�Usethestateestimateforstatefeedbacku=Kx̂+v.
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Observer

Theobserverconsistsofacopyoftheplantandatermthat

compensatesfortheestimationerror

Σ̂:˙̂x=Ax̂+Bu+L(y−Cx̂)(2)

Theestimationerrore=x−x̂satisfies

ė=(A−LC)e

�Theobserverpoles,i.e.therootsof

χA−LC(s)=det(sI−(A−LC))=0,determinesifandhowfast

theestimationerrorconvergestozero.

�Theobserverpolescanbeassignedarbitrarilyif(A,C)isobservable.

�Theobserverdesignproblemisdualtothestatefeedbackdesign

problem.
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Observer

Theclosedloopdynamicsoftheobserverbasedcontrolsystemis




ẋ

ė





=





A+BK−BK

0A−LC









x

e





v+





B

0





v

y=
[

C0
]





x

e





Itfollowsthattheclosedloopeigenvaluescanbeassignedarbitrarilyif

1.(A,B)iscontrollable

2.(A,C)isobservable
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Stabilizability

Considerthesystem

ẋ=Ax+Bu(3)

ConsideraKalmandecomposition




ẋr

ẋr̄





=





A11;rA12;r

0A22;r









xr

xr̄





+





B1;r

0





u

Definition1.Thepair(A,B)iscalledstabilizableif(A11;r,B1;r)is

controllable(completelyreachable)andifA22;risstable.

Theorem1.Thesystem(3)canbestabilizedusingastatefeedback

u=Kxif(andonlyif)(A,B)isstabilizable.
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Proof.Theclosedloopsystemẋ=(A+BK)xcanincoordinatesfromthe

Kalmandecompositionberepresentedas(u=K1xr+K2xr̄)




ẋr

ẋr̄





=





A11;r+B1;rK1A12;r+B1;rK2

0A22;r









xr

xr̄





(i)Theeigenvaluesofthissystemaretherootsof

χA+BK(s)=det(sI−A−BK)

=det(sI−A11;r−B1;rK1)det(sI−A22;r)=0

(ii)Since(A11;r,B1;r)iscontrollableweknowthattheeigenvaluesof

A11;r+B1;rK1canbemadestablebysuitabledesignofK1

(iii)A22;risstable

Hence,(i)−(iii)impliesthatA+BKcanbemadestablebysuitablechoice

ofK.
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Detectability

Considerthesystem

ẋ=Ax

y=Cx
(4)

ConsideraKalmandecomposition




ẋō

ẋo





=





A11;oA12;o

0A22;o









xō

xo





y=
[

0C2;o

]





xō

xo





Definition2.Thepair(A,C)iscalleddetectableif(A22;o,C2;o)is

observable(completelyobservable)andifA11;oisstable.
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Theorem2.Theestimationerrorė=(A−LC)eofanobservercanbe

stabilizedusingobservergainLif(andonlyif)(A,C)isdetectable.

Proof.InthecoordinatesoftheKalmandecompositionwehave




ėō

ėo





=





A11;oA12;o−L1C2;o

0A22;o−L2C2;o









eō

eo





(i)Theeigenvaluesaretherootsof

χA−LC(s)=det(sI−A11;o)det(sI−A22;o+L2C2;o)=0

(ii)A11;oisstable

(iii)A22;o−L2C2;ocanbemadestablebychoosingL2suitablysince

(A22;o,C2;o)isobservable.

Lecture11-1216SF2832



Hence,(i)−(iii)impliesthatA−LCcanbemadestablebychoosing

Lsuitably.
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Whenisstabilizationpossibleusinganobserverbasedcontroller?

Theclosedloopsystemis




ẋ

˙̂x





=





ABK

LCA−LC+BK









x

x̂





+





B

B





v

Inthenewcoordinates(x,e)=(x,x−x̂)thisbecomes




ẋ

ė





=





A+BK−BK

0A−LC









x

e





+





B

0





v

y=
[

C0
]





x

e





Thepredictionerror,e,isnotcontrollable!
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Decompositiongives















ẋr

ẋr̄

ėō

ėo















=















A11;r+B1;rK1A12;r+B1;rK2−B1;rK1−B1;rK2

0A22;r00

00A11;oA12;o−L1C2;o

000A22;o−L2C2;o





























xr

xr̄

eō

eo















+















B1;r

0

0

0















v(5)

�A11;r,A12;r,A22;r,B1;risadecompositionwithrespectto

reachability.

�A11;o,A12;o,A22;o,C2;oisadecompositionwithrespectto

observability.
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Theorem3.Thesystem

ẋ=Ax+Bu

y=Cx

canbestabilizedusingobserverbasedcontrolif(andonlyif)(A,B)is

stabilizableand(A,C)isdetectable.

Proof.TheerrordynamicscanbemadestablebysuitablechoiceofL2

if(A22,o,C2;o)isobservableandA11,oisstable.Thenthecomplete

dynamicsin(5)canbemadestablebysuitablechoiceofK1if

(A11;r,B1,r)iscontrollableandA22,risstable.
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