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TheReachabilityProblem

t

What states 
can be reached?

PSfragreplacements

u

x

x

t0t1

x1

x0

ẋ=Ax+Bu

x(t0)=x0

�Thestatex1isreachablefromx0ifthereexistsaboundedcontrol

thatinfinitetimetransfersthestatefromx0tox1.

�Equivalentformulation:Findu∈L
m

2[t0,t1]suchthat

Lu=d,where




Lu=

∫t1

t0Φ(t1,t)B(t)u(t)dt

d=x1−Φ(t1,t0)x0,
(1)
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�Thereexistsasolutionto(1)ifd∈Im(L)=ImLL
∗

�ThesolutionisnotuniquebecauseKer(L)6=0.

�Theminimumnormsolutioncanbeconstructedas

u=L
∗
λwhereλsolvesLL

∗
λ=d.

�Wehave

(L
∗
d)(t)=Φ(t1,t)

T
B(t)

T
d

W(t0,t1)=LL
∗

=

∫t1

t0

Φ(t1,τ)B(τ)B
T
(τ)Φ(t1,τ)

T
dτ

whereW(t0,t1)istheReachabilityGramian.
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Terminology

������
������

Reachability=uppnåbarhet

Controllability=styrbarhet

To go from zero (or other point) to any point

To go from any pointto zero
PSfragreplacements

x1

x1

x1

x1

�Inthecoursewenormallydonotalwaysdistinguishbetweenthese

definitionssoreachability,controllability,(uppn̊abarhet,styrbarhet)

willmeanthatyoucantransferfromsomepointtoanother.
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SubspaceAlgebra

Wenextsummarizeafewresultsonsubspacealgebra
�AsubsetV⊂R

n
isalinearsubspaceif∀v1,v2∈Vand

∀α1,α2⊂R,α1v1+α2v2∈V.

AsubspaceV⊂R
n

issaidtobespannedbythesetofvectors

v1,...,vr∈Vifeveryv∈Vcanbewrittenasalinearcombination

ofthevk,i.e.,thereexistsαk∈Rsuchthatv=
∑r

k=1αkvk.The

abovecaninmorecompactnotationbewritten

V=span{v1,...,vr}:=

{r
∑

k=1

αkvk:αk∈R

}

Example1.V=span{v1,v2}=span











1

2

0



,





0

0

1











⊂R
3
.
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�Thesetofvectorsv1,...,vriscalledlinearlyindependentif
∑r

k=1αkvk=0impliesαk=0,k=1,...,r.Alinearlyindependent

setofvectorsthatspansViscalledabasisforV.

IfV=span{v1,...,vr}wherethevectorsvk,k=1,...,rare

linearlyindependent(i.e.abasisforV)thenwesaythatVhas

dimensionr,whichisdenoteddimV=r.

�Subspaceadditionisdefinedas

V1+V2={v1+v2:v1∈V1,v2∈V2}

IfthevectorsinV1andV2arelinearlyindependentthewewritethe

vectorspacesumisadirectsumV1⊕V2.

�IfR
n

=V1⊕V2thenV2=R
n
	V1.
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�IfV1=span{v1,...,v4}andV2=span{v4,...,v5},where

v1,...,v5arelinearlyindependent.Then

V1+V2=span{v1,...,v5}.

�IfV1=span{v1,...,v4}andV2=span{v5},wherev1,...,v5are

linearlyindependent.Then

V1+V2=V1⊕V2=span{v1,...,v5}

Inotherwords,inthisexamplethesubspaceadditionisadirectsum.

�AsubspaceVisA-invariantifAV⊂V.Thismeansthatforany

v∈V,Av∈V.
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CayleyHamiltonTheorem

Theorem1:AnysquarematrixAsatisfiesitscharacteristicpolynomial.

Inotherwords,giventhecharacteristicpolynomialofthematrix

A∈R
n×n

χA(λ)=det(λI−A)=λ
n

+a1λ
n−1

+...+an

then

χ(A)=A
n

+a1A
n−1

+...+anI=0

Remark1:Thetheoremhastwoimportantconsequences:

1A
n

=−a1A
n−1

−a2A
n−2

−...−αnI

2Everymatrixpolynomialψ(A)ofordern+i,i≥0canbeexpressed

bya(n−1)-orderpolynomial.Notethate
At

isaninfinityorder

polynomialwhichcanalsobeexpressedasa(n−1)-order

polynomial.
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Inparticular,inthelectureweusethat

A
k

=
n−1
∑

l=0

αklA
l
,∀k≥0

Noteifk<nthen

αkl=





1,l=k

0,otherwise
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ReachabilityforTime-invariantSystems

ẋ(t)=Ax(t)+Bu(t)

Definition1.ThecontrollabilityGramianforatime-invariantsystem

becomes

W(t0,t1)=

∫t1−t0

0

e
At
BB

T
e

A
T

t
dt

Definition2.Thecontrollabilitymatrixisdefinedas

Γ=
[
BAB...A

n−1
B

]

Theorem1.Im(W(t0,t1))=Im(Γ)
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Definition3.Thepair(A,B)iscalledcompletelyreachableif

rank(Γ)=dimIm(Γ)=n.

Definition4.Thereachablesubspaceisdefinedas

R=Im(Γ)={x∈R
n

:xcanbereachedfromtheorigin}.

Theorem2.ThereachablesubspaceisA-invariant,i.e.AR⊂R.

Corollary1.e
At
R⊂R.
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Decomposition

PSfragreplacementsV

R=Im(Γ)
x

xR̄

xR

�R=ImΓthereachablesubspace.
�R

n
=Im(Γ)⊕V,dim(V)=n−r,wherer=dimIm(Γ)

�Considernewstatevectorwithcomponents

–xR∈Rthereachablepartofthestatevector

–xR̄∈Vstatesthatcannotbereachedfromtheorigin
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Dynamicsinnewcoordinates


ẋR

ẋR̄


=



Ã11Ã12

0Ã22






xR

xR̄


+



B̃1

0


u

Thereachabilitymatrix

Γ=



B̃1Ã11B̃1...Ã

n−1

11B̃1

00...0


∼




Γ̃0

00




whereΓ̃=
[
B̃1Ã11B̃1...Ã

r−1

11B̃1

]
Thelastequivalenceisa

consequenceoftheCayley-Hamiltontheorem.Ã11isr×rsothelast

n−rvectorsinΓarelinearcombinationsofthevectorsinΓ̃.
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EquivalentMatrices

�TwomatricesAandBarecalledequivalentifA=PBQ,forsome

invertiblematricesP,Qofsuitablesize.

�ThematricesPandQnormallyrepresentselementaryrow

respectivelycolumnoperations.

�AboveweusedthenotationA∼BtoindicatethatAandBare

equivalent.

Example2.Wehave




112

112


∼




112

000


∼




100

000



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DistinctionBetweenTime-varyingandTime-invariantSystems

Thestatex(t1)=x1canbereachedfromx(t0)=0if

�x1∈ImW(t0,t1)(whenthesystemislineartime-varying(LTV))

–SinceW(t0,t2)≥W(t0,t1)whent2>t1itfollowsthatthe

chancesofreachingx1from0increasesthelongerwetry.

�x1∈R=ImΓ(whenthesystemislineartime-invariant(LTI))

–Notethatthisconditionisindependentofthelengthofthe

time-interval.Ifwecansteerfrom0tox1thenwecandoit

arbitrarilyfast.

Thesituationismorecomplicatedifwestartfromarbitraryx(t0).Why?
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