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2.Observabilityfortime-invariantsystems.

3.Decompositionofthestatespace.

4.Whenisthewatertanksystemcompletelyreachable?
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TheObservabilityProblem

t

What initial 
states can be 
determined?

y

PSfragreplacements

u

y

t0t1

x1

x0

ẋ=A(t)x+B(t)u

y=C(t)x,x(t0)=x0

�Useinputsandoutputstodeterminetheinitialcondition

�Mathematicalformulation:Findx0∈R
n

suchthat

Tx0=v,where





(Tx0)(t)=C(t)Φ(t,t0)x0

v(t)=y(t)−
∫t

t0Φ(t,τ)Bu(τ)dτ
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PSfragreplacements

x

xo

xō

T

Im(T)

Ker(T)Ker(T
∗
)

Im(T
∗
)Tx=Txo

R
nL

q
2

�xō∈Ker(T)cannotbeobservedinoutput

�Im(T)⊂L
q
2[t0,t1](functionspace)

�Ker(T)=Ker(T
∗
T)sinceKer(T

∗
)=Im(T)

⊥

–Ker(T
∗
T)iseasytocomputesinceT

∗
T∈R

n×n

�M=T
∗
TiscalledtheobservabilityGramian
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�T
∗

:L
q
2[0,∞)→R

n
isdefinedby

T
∗
v=

∫t1

t0

Φ(t,t0)
T
C(t)

T
v(t)dt

andtheobservabilityGramianbecomes

M(t0,t1)=T
∗
T=

∫t1

t0

Φ(t,t0)
T
C(t)

T
C(t)Φ(t,t0)dt
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Givenu(t),t∈[t0,t1].Thenx(t0)=xk,k=1,2,givesthesame

outputifandonlyifx2−x1∈Ker(M(t0,t1)).

All states on this line
gives the same output. PSfragreplacements

V

Ker(M(t0,t1))
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ObservabilityforTime-invariantSystems

ẋ(t)=Ax(t),x(0)=x0

y(t)=Cx(t)

Definition1.TheObservabilityGramianforatime-invariantsystemis

M(t0,t1)=

∫t1−t0

0

e
A

T
t
C

T
Ce

At
dt

Definition2.Theobservabilitymatrixisdefinedas

Ω=







C

CA

.

.

.

CA
n−1






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Theorem1.Ker(M(t0,t1))=Ker(Ω)

Definition3.Thepair(C,A)iscalledcompletelyobservableif

rank(Ω)=n.

Definition4.TheunobservablesubspaceisdefinedasŌ=KerΩ.

Theorem2.TheunobservablesubspaceisA-invariant,i.e.,AŌ⊂Ō.
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Decompositionofstatespace

PSfragreplacementsV

Ō=Ker(Ω)
x

xo

xō

�Ō=Ker(T)unobservablestates.
�R

n
=Ker(Ω)⊕V,dim(V)=n−r,wherer=dimKer(Ω)

�Considernewstatevectorwithcomponents

–xo∈Vtheobservablepartofthestatevector.

–xō∈Ker(Ω)unobservablestates
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Dynamicsinnewcoordinates


ẋo

ẋō


=




Ã110

Ã21Ã22







xo

xō




y=
[
C̃10

]



xo

xō




Observabilitymatrix

Ω=






C̃10

Ã11C̃10
..
.

Ã
n−1

11C̃10





∼




Ω̃0

00


,Ω̃=






C̃1

Ã11C̃1

..

.

Ã
r−1

11C̃1





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ThelastequivalenceisaconsequenceoftheCayley-Hamiltontheorem.

Ã11isr×rsothelastn−rrowsinΩarelinearcombinationsofthe

rowsinΩ̃.

�AboveweusedthenotationA∼BtoindicatethatAandBare

equivalent.

�TwomatricesAandBarecalledequivalentifA=PBQ,forsome

invertiblematricesP,Qofsuitablesize.

�ThematricesPandQnormallyrepresentselementaryrow

respectivelycolumnoperations.
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DistinctionBetweenTime-varyingandTime-invariantSystems

Thestatesx1,x2∈R
n

cannotbedistinguishedbyobservingtheoutput

overthetimeinterval[t0,t1]if

�x2−x1∈KerM(t0,t1)(whenthesystemislineartime-varying

(LTV))

–SinceM(t0,t2)≥M(t0,t1)whent2≥t1itfollowsthatthe

chancesofdistinguishingx2fromx1increasesthelongerwe

observetheoutput.

�x2−x1∈KerΩ(whenthesystemislineartime-invariant(LTI))

–Thisconditionisindependentoftime.Ifwecan’tdistinguishx2

fromx1byobservingtheoutputover[t0,t1]thenitwillnothelp

ifwewaitlonger.
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WhenistheWaterTankSystemCompletelyReachable
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PSfragreplacements

uβu

x1x2

Linearizeddynamics

ẋ1=−x1+u

ẋ2=−αx2+βu

Sinceitisantime-invariantsystemwemayusethatImW(t0,t1)=ImΓ.
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Weconsidertwocases

1.Ifα=1then

ImΓ=Im




1−1

β−β


=span








1

β








Constantrelationbetweenthetwowaterlevels.

2.Ifβ=1then

ImΓ=Im




1−1

1−α


=









span








1

1








,α=1

span








1

1


,




1

α








,α6=1

Anydesiredwaterlevelsareachievableifα=1.
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